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Chapter 1

Introduction

Control theory is an interdisciplinary branch of engineering and mathematics that deals with
influence behavior of dynamical systems. Controllability is one of the fundamental concepts in
mathematical control theory. This is a qualitative property of dynamical control systems and
it is of particular importance in control theory. Systematic study of controllability was started
at the beginning of sixties in the last century, when the theory of controllability based on the
description in the form of state space for both time-invariant and time-varying linear control
systems was worked out.

Roughly speaking, controllability generally means, that it is possible to steer dynamical control
system from an arbitrary initial state to an arbitrary final state using the set of admissible
controls. It should be mentioned, that in the literature there are many different definitions of
controllability, which strongly depend on one hand on a class of dynamical control systems and
on the other hand on the form of admissible controls.

In recent years various controllability problems for different types of linear semilinear and non-
linear dynamical systems have been considered in many publications and monographs. More-
over, it should be stressed, that the most literature in this direction has been mainly concerned
with different controllability problems for dynamical systems with unconstrained controls and
without delays in the state variables or in the controls.

The main purpose of the chapter is to present without mathematical proofs a review of recent
controllability problems for a wide class of dynamical systems. Moreover, it should be pointed
out, that exact mathematical descriptions of controllability criteria can be found for example

in the following publications [49, 46]
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Controllability significance

Controllability plays an essential role in the development of modern mathematical control the-
ory. There are various important relationships between controllability, stability and stabilizabil-
ity of linear both finite-dimensional and infinitedimensional control systems. Controllability is
also strongly related with the theory of realization and so called minimal realization and canon-
ical forms for linear time-invariant control systems such as the Kalmam canonical form, the
Jordan canonical form or the Luenberger canonical form. It should be mentioned, that for
many dynamical systems there exists a formal duality between the concepts of controllability
and observability. Moreover, controllability is strongly connected with the minimum energy
control problem for many classes of linear finite dimensional, infinite dimensional dynamical
systems, and delayed systems both deterministic and stochastic.

Therefore, controllability criteria are useful in the following branches of mathematical control
theory:

e stabilizability conditions, canonical forms, minimum energy control and minimal realization
for positive systems,

estabilizability conditions, canonical forms, minimum energy control and minimal realization
for fractional systems,

eminimum energy control problem for a wide class of stochastic systems with delays in control
and state variables,

e duality theorems, canonical forms and minimum energy control for infinite dimensional sys-
tems,

e controllability, duality, stabilizability, mathematical modeling and optimal control of quan-
tum systems.

Controllability has many important applications not only in control theory and systems theory,
but also in such areas as industrial and chemical process control, reactor control, control of
electric bulk power systems, aerospce engineering and recently in quantum systems theory.
Systematic study of controllability was started at the beginning of the sixties in the 20-th cen-
tury, when the theory of controllability based on the description in the form of state space for
both time-invariant and time-varying linear control systems was worked out. The extensive list
of these publications can be found for example in the monographs [43] and [42] or in the survey

papers [44| and [45].
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During last few years quantum dynamical systems have been discussed in many publications.
This fact is motivated by possible applications in the theory of quantum informatics |27, 95].
Quantum control systems are either defined in finite-dimensional complex space or in the space
of linear operators over finite-dimensional complex space. In the first case the quantum states
are called state vectors and in the second density operators.

Control system description of a quantum closed system is described by bilinear ordinary differ-
ential state equation in the form of Schrodinger equation for state vectors and Liouville [18, 24]
equation for density matrices. Therefore, controllability investigations require using special
mathematical methods as Lie groups and Lie algebras.

Traditional controllability concept can be extended for so called structural controllability, which
may be more reasonable in case of uncertainties [43, 42]. It should be pointed out, that in prac-
tice most of system parameter values are difficult to identify and are known only to certain
approximations. Thus structural controllability, which is independent of a specific value of
unknown parameters are of particular interest. Roughly speaking, linear system is said to be
structurally controllable if one can find a set of values for the free parameters such that the
corresponding system is controllable in the standard sense [43, 42]. Structural controllability
of linear control system is strongly related to numerical computations of distance from a given
controllable switched linear control system to the nearest an uncontrollable one [43, 42|. First
of all let us observe, that from algebraic characterization of controllability and structural con-
trollability immediately follows that controllability is a generic property in the space of matrices
defining such systems [43, 42|. Therefore, the set of controllable switched systems is an open
and dense subset. Hence, it is important to know how far a controllable linear system is from
the nearest uncontrollable linear system. This is especially important for linear systems with
matrices whose coefficients are given with some parameter uncertainty. An explicit bound for
the distance between a controllable linear control system to the closed set of uncontrollable
switched linear control system can be obtained using special norm defined for the set of matri-

ces and singular value decomposition for controllability matrix [43, 42].

Nonlinear and semilinear dynamical systems
The last decades have seen a continually growing interest in controllability theory of dynam-

ical systems. This is clearly related to the wide variety of theoretical results and possible
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applications. Up to the present time the problem of controllability for continuous-time and
discrete-time linear dynamical systems has been extensively investigated in many papers (see
e.g. 43, 42, 44, 93] for extensive list of references). However, this is not true for the nonlin-
ear dynamical systems especially with different types of delays in control and state variables,
and for nonlinear dynamical systems with constrained controls. Similarly, only a few papers
concern constrained controllability problems for continuous or discrete semi-linear dynamical
systems. It should be pointed out, that in the proofs of controllability results for nonlinear
and semi-linear dynamical systems linearization methods and generalization of open mapping
theorem [8, 76] are extensively used. The special case of nonlinear dynamical systems are semi-
linear systems. Let us recall that semi-linear dynamical control systems contain linear and pure

nonlinear parts in the differential state equations [38, 8, 73, 87|.

Infinite-dimensional systems

Infinite-dimensional dynamical control systems plays a very important role in mathematical
control theory. This class consists of both continuous-time systems and discrete-time systems
[43, 42, 44, 45, 93|. Continuous-time infinite-dimensional systems include for example, a very
wide class of so-called distributed parameter systems described by numerous types of partial
differential equations defined in bounded or unbounded regions and with different boundary
conditions.

For infinite-dimensional dynamical systems it is necessary to distinguish between the notions
of approximate and exact controllability [43, 42]. It follows directly from the fact that in
infinite-dimensional spaces there exist linear subspaces which are not closed. On the other
hand, for nonlinear dynamical systems there exist two fundamental concepts of controllability;
namely local controllability and global controllability [43, 42|. Therefore, for nonlinear abstract
dynamical systems defined in infinite-dimensional spaces the following four main kinds of con-
trollability are considered: local approximate controllability, global approximate controllability,
local exact controllability and global exact controllability [43, 42, 44, 45].

Controllability problems for finite-dimensional nonlinear dynamical systems and stochastic dy-
namical systems have been considered in many publications; see e.g. [43, 42, 45, 57|, and [58|,

for review of the literature. However, there exist only a few papers on controllability problems
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for infinitedimensional nonlinear systems |73, 29].

Among the fundamental theoretical results, used in the proofs of the main results for nonlinear
or semi-linear dynamical systems, the most important include:

egeneralized open mapping theorem,

espectral theory of linear unbounded operators,

e linear semi-groups theory for bounded linear operators,

eLie algebras and Lie groups,

efixed-point theorems such as Banach, Schauder, Schaefer and Nussbaum theorems,

e theory of completely positive trace preserving maps,

emild solutions of abstract differential and evolution equations in Hilbert and Banach spaces.

Nonlinear neutral impulsive integrodifferential evolution systems in Banach
spaces.
In various fields of science and engineering, many problems that are related to linear viscoelas-
ticity, nonlinear elasticity and Newtonian or non- Newtonian fluid mechanics have mathematical
models which are described by differential or integral equations or integrodifferential equations.
This part of the paper centers around the controllability for dynamical systems described by the
integrodifferential models. Such systems are modelled by abstract delay differential equations.
In particular abstract neutral differential equations arise in many areas of applied mathematics
and, for this reason, this type of equation has been receiving much attention in recent years
and they depend on the delays of state and their derivative. Related works of this kind can be
found in [72, 77].
The study of differential equations with traditional initial value problem has been extended in
several directions. One emerging direction is to consider the impulsive initial conditions. The
impulsive initial conditions are combinations of traditional initial value problems and short-
term perturbations, whose duration can be negligible in comparison with the duration of the
process. Several authors [72, 77| have investigated controllability of the impulsive differential
equations.
As far as the controllability problems associated with finite-dimensional systems modelled by
ordinary differential equations are concerned, this theory has been extensively studied during

the last decades. In the finite-dimensional context, a system is controllable if and only if the



Introduction 13

algebraic Kalman rank condition is satisfied. According to this property, when a system is con-
trollable for some time, it is controllable for all time. But this is no longer true in the context
of infinite-dimensional systems modelled by partial differential equations.

The large class of scientific and engineering problems modelled by partial differential and inte-
grodifferential equations can be expressed in various forms of differential and integrodifferential
equations in abstract spaces. It is interesting to study the controllability problem for such
models in Banach spaces. The controllability problem for first and second order nonlinear
functional differential and integrodifferential systems in Banach spaces has been studied by
many authors by using semigroup theory, cosine family of operators and various fixed point
theorems for nonlinear operators [73] and [87| such as Banach theorem, Nussbaum theorem,
Schaefer theorem, Schauder theorem, Monch theorem or Sadovski theorem.

In recent years, the theory of impulsive differential equations has provided a natural frame work
for mathematical modelling of many real world phenomena, namely in control, biological and
medical domains. In these models, the investigated simulating processes and phenomena are
subjected to certain perturbations whose duration is negligible in comparison with the total
duration of the process. Such perturbations can be reasonably well approximated as being in-
stantaneous changes of state, or in the form of impulses. These process tend to be more suitably
modelled by impulsive differential equations, which allow for discontinuities in the evolution of
the state.

On the other hand, the concept of controllability is of great importance in mathematical con-
trol theory. The problem of controllability is to show the existence of a control function, which
steers the solution of the system from its initial state to final state, where the initial and final
states may vary over the entire space. Many authors have studied the controllability of nonlin-
ear systems with and without impulses, see for instance [52, 70, 87].

In recent years, significant progress has been made in the controllability of linear and nonlinear
deterministic systems [7, 72, 59] and the nonlocal initial condition which in many cases, has
much better effect in applications then the traditional initial condition. The nonlocal initial
value problems can be more useful than the standard initial value problems to describe many
physical phenomena of dynamical systems. It should be pointed out, that the study of Volterra-
Fredholm integrodifferential equations plays an important role for abstract formulation of many

initial, boundary value problems of perturbed differential partial integro-differential equations.
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Recently, many authors have studied about mixed type integrodifferential systems without
(or with) delay conditions. Moreover, controllability of impulsive functional differential systems
with nonlocal conditions has been studied by using the measures of noncompactness and Monch
fixed point theorem and some sufficient conditions for controllability have been established.

It should be mentioned, that without assuming the compactness of the evolution system the
existence, uniqueness and continuous dependence of mild solutions for nonlinear mixed type in-
tegrodifferential equations with finite delay and nonlocal conditions has been also established..
The results were obtained by using Banach fixed point theorem and semi-group theory. More
recently, the existence of mild solutions for the nonlinear mixed type integro-differential func-
tional evolution equations with nonlocal conditions was derived and the results were achieved
by using Monch fixed point theorem and fixed point theory.

To the best of our knowledge, up to now no work reported on controllability of impulsive mixed
Volterra- Fredholm functional integrodifferential evolution differential system with a finite de-

lay and nonlocal conditions.

Stochastic systems
Classical control theory generally is based on deterministic approaches. However, uncertainty is
a fundamental characteristic of many real dynamical systems. Theory of stochastic dynamical
systems is now a well-established topic of research, which is still in intensive development and
offers many open problems. Important fields of application are economics problems, decision
problems, statistical physics, epidemiology, insurance mathematics, reliability theory, risk the-
ory and others methods based on stochastic equations. Stochastic modelling has been widely
used to model the phenomena arising in many branches of science and industry such as biology,
economics, mechanics, electronics and telecommunications. The inclusion of random effects
in differential equations leads to several distinct classes of stochastic equations, for which the
solution processes have differentiable or non-differentiable sample paths. Therefore, stochastic

differential equations and their controllability require many different method of analysis.

The general theory of stochastic differential equations both finite-dimensional and infinite-

dimensional and their applications to the field of physics and technique can be found in the
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many mathematical monographs and related papers. This theory formed a very active research
topic since provides a natural framework for mathematical modelling of many physical phe-
nomena.

Controllability, both for linear or nonlinear stochastic dynamical systems, has recently received
the attention of many researchers and has been discussed in several papers and monographs,
in which where many different sufficient or necessary and sufficient conditions for stochastic
controllability were formulated and proved [56, 57, 58, 66, 67|. However, it should be pointed
out that all these results were obtained only for unconstrained admissible controls, finite di-

mensional state space and without delays in state or control.

Stochastic controllability problems for stochastic infinitedimensional semi-linear impulsive
integrodifferential dynamical systems with additive noise and with or without multiple time-
varying point delays in the state variables are also discussed in the literature. The proofs of
the main results are based on certain theorems taken from the theory of stochastic processes,
linearization methods for stochastic dynamical systems, theory of semi-groups of linear oper-
ators, different fixed-point theorems as Banach, Schauder, Schaefer, or Nussbaum fixed-point
theorems and on so-called generalized open mapping theorem presented and proved in the sur-

vey paper [59, 67].

Delayed systems

Up to the present time the problem of controllability in continuous and discrete time linear dy-
namical systems has been extensively investigated in many papers (see e.g. [43, 42, 44, 41, 56,
40, 33]). However, this is not true for the nonlinear or semi-linear dynamical systems, especially
with delays in control and with constrained controls. Only a few papers concern constrained
controllability problems for continuous or discrete nonlinear or semi-linear dynamical systems
with constrained controls [40, 39].

Dynamical systems with distributed [52] delays in control and state variable were also consid-
ered. Using some mapping theorems taken from functional analysis and linear approximation
methods sufficient conditions for constrained relative and absolute controllability will be de-
rived and proved.

Let us recall that semi-linear dynamical control systems with delays may contain different types
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of delays, both in pure linear and pure nonlinear parts, in the differential state equations. Suf-
ficient conditions for constrained local relative controllability near the origin in a prescribed
finite time interval for semi-linear dynamical systems with multiple variable point delays or dis-
tributed delays in the control and in the state variables, which nonlinear term is continuously
differentiable near the origin are presented in [40] and [39].

In the above mentioned papers it is generally assumed that the values of admissible controls are
in a given convex and closed cone with vertex at zero, or in a cone with nonempty interior. The
proof of the main result are based on a so called generalized open mapping theorem presented
in the paper [76]. Moreover, necessary and sufficient conditions for constrained global relative
controllability of an associated linear dynamical system with multiple point delays in control

are also discussed.

Positive systems
In recent years, the theory of positive dynamical systems has become a natural frame work
for mathematical modelling of many real world phenomena, namely in control, biological and
medical domains. Positive dynamical systems are of fundamental importance to numerous ap-
plications in different areas of science such as economics, biology, sociology and communication.
Positive dynamical systems both linear and nonlinear are dynamical systems with states, con-
trols and outputs belonging to positive cones in linear spaces. Therefore, in fact positive
dynamical systems are nonlinear systems. Among many important developments in control
theory over last two decades, control theory of positive dynamical systems [33] has played an

essential role.

Controllability, reachability and realization problems for finite dimensional positive both
continuous-time and discretetime dynamical systems were discussed for example in monograph
[33] and paper [50], using the results taken directly from the nonlinear functional analysis
and especially from the theory of semi-groups of bounded operators and general theory of un-

bounded linear operators.

Fractional systems

The development of controllability theory both for continuous- time and discrete-time dynami-
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cal systems with fractional derivatives and fractional difference operators has seen considerable
advances since the publication of papers [34, 35] and monograph [71]. Although classic math-
ematical models are still very useful, large dynamical systems prompt the search for more
refined mathematical models, which leads to better understanding and approximations of real
processes.

The general theory of fractional differential equations and fractional impulsive integrodiffer-
ential equations and their applications to the field of physics and technique can be found in
the monograph [71]. This theory formed a very active research topic since provides a natural
framework for mathematical modelling of many physical phenomena. In particular, the fast
development of this theory has allowed to solve a wide range of problems in mathematical
modelling and simulation of certain kinds of dynamical systems in physics and electronics.
Fractional derivative techniques provide useful exploratory tools, including the suggestion of

new mathematical models and the validation of existing ones.

Mathematical fundamentals of fractional calculus and fractional differential and difference
equations are given in the monographs |[71], and in the related papers [33, 35]. Most of the
earliest work on controllability for fractional dynamical systems was related to linear continuous-
time or discretetime systems with limited applications of the real dynamical systems. In ad-
dition, the earliest theoretical work concerned time-invariant processes without delays in state
variables or in control.

Using the results presented for linear fractional systems and applying linearization method the
sufficient conditions for local controllability near the origin are formulated and proved in the
paper [50]. Moreover, applying generalized open mapping theorem in Banach spaces [76] and
linear semi-group theory in the paper [93] the sufficient conditions for approximation control-

lability in finite time with conically constrained admissible controls are formulated and proved.

Quantum dynamical systems
Fast recent development of quantum information field in both theory and experiments caused
increased interest in new methods of quantum systems control. Various models for open-loop

and closed-loop control scenarios for quantum systems have been developed in recent years

27, 24].
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Quantum systems can be classified according to their interaction with the environment. If
a quantum system exchange neither information nor energy with its environment it is called
closed and its time evolution is described completely by a Hamiltonian and its respective uni-
tary operator. On the other hand if the exchange of information or energy occurs, the system
is called open.

Due to the destructive nature of quantum measurement in some models one has to be con-
strained to open-loop control of a quantum system. This fact means that during the time
evolution of the quantum system it is physically impossible to extract any information about
the state of the system.

In the simplest case open-loop control of the closed quantum system is described by the bi-linear
model. In this case the differential equation of the evolution is described by the sum of the
drift Hamiltonian and the control Hamiltonians. The parameters of the control Hamiltonians
may be constrained in various ways due to physical constraints of the system. Many quantum
systems can be only controlled locally, which means that control Hamiltonians act only on one
of the Hilbert spaces that constitute larger tensor product Hilbert space of the system.

The control constrained to local operations is of a great interest in various applications, es-
pecially in quantum computation and spin graph systems. Other possible constraints, such
as constrained energy or constrained frequency, are possible. They are very important in the
scope of optimal control of quantum systems.

In the most generic case open quantum systems are not controllable with coherent, unitary
control due to the fact that the action of the generic completely positive trace preserving
map cannot be reversed unitarily. For example Markovian dynamics of finite-dimensional open
quantum system is not coherently controllable. However, many schemes of incoherent control of
open quantum systems have been described. Some of these schemes are based on the technique
known as quantum error correcting codes. In incoherent control schemes quantum unitary evo-
lution together with quantum measurements is used to drive the system to the desired state

even if quantum noise is present in the system.

Controllability problems for different types of dynamical systems require the application
of numerous mathematical concepts and methods taken directly from differential geometry,

functional analysis, topology, matrix analysis and theory of ordinary and partial differential
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equations and theory of difference equations. The state-space models of dynamical systems
provides a robust and universal method for studying controllability of various classes of sys-
tems.

Finally, it should be stressed, that there are numerous open problems for controllability con-
cepts for special types of dynamical systems. For example, it should be pointed out, that up
to present time the most literature on controllability problems has been mainly concerned with

unconstrained controls and without delays in the state variables or in the controls.

In this thesis in the second chapter we recall some definitions and properties of the theory
of stochastic calculus the third chapter is concerning about some controllability conditions via
one of the fixed point methods, namely the contraction mapping principle. In this method,
assuming controllability of the associated linear system under some natural conditions, we
proved the controllability of semi-linear stochastic system, and we used the generalized implicit
function theorem to show the local null controllability of non-linear stochastic system.

In the fourth chapter we talk about the controllability of stochastic dynamical system in general
case, and we study the controllability of fractional stochastic dynamical systems with delays
in control, this chapter is divide in three sections in the first section we define the Reimann-
Liouville fractional operators, Caputo fractional derivative, Mittag-Leffler function..., in the
second section we study a relative controllability of fractional stochastic dynamical systems
with multiple delays in control, in the third section we study a global relative controllability of
fractional stochastic dynamical systems with distributed delays in control.

The last chapter is about controllability of fractional stochastic dynamical systems without
delays in control, we study the relative controllability of semilinear fractional stochastic control

systems in Hilbert spaces.



Chapter 2

Preliminary Background

2.1 Basic Definitions

In this section the basic notations of the theory of stochastic calculus are considered. Let
(Q, F,P) be a complete probability space equipped with a normal filtration {F} satisfying the

usual conditions:

o Fy =)o, Ft forall s > 0;

e All A€ F with P(A) = 0 are contained in F;.

A family (X(t),t > 0) of R%valued random variables on (€2, F,P) is called a stochastic
process, this process is adapted if all X (¢) are Fi-measurable. Denoting B, the Borel o—field
on [0,00). The process X is measurable if (t,w) — X (¢,w) is a B Q) F—measurable mapping.
We say that (X (t),t > 0) is continuous if the trajectories t — X(t,w) are continuous for all

w e Q.

2.2 Brownian Motion

2.2.1 Definition and Properties

Definition 2.2.1. A stochastic process (W;)ier, is called a standard Brownian motion if it

satisfies the following conditions:

20
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1. P[Wy(w) =0] =1, for allw € Q,

2. Independent increments. For each 0 < t; <ty <...<t,, the real valued

W(t), W(ta) = W(t1),...,W(tm) — W(tm-1),

are independent.

3. Stationary increments. For each 0 < s <t,W(t)—W(s) is a centered real valued normally

distributed with variance (t — s),i.e.,

W(t) —Wi(s) ~N(0,t—s).

4. Plwe Qt - Wi(w) is continuous) = 1.

Remark 2.2.1. 1. Notice that the natural filtration of the Brownian motion is F)¥ =
o(Ws, s <t).

2. We can define the Brownian motion without the last condition of continuous paths, be-
cause with a stochastic process satisfying the second and the third conditions, by applying
the Kolmogorov’s continuity theorem, there exists a modification of (Wi)ier, which has

continuous paths a.s.

3. A Brownian motion s also called a Wiener process since, it is the canoncial process

defined on the Wiener space.

Proposition 2.2.1. The Brownian motion (W;)icr, is a Gaussian process with mean 0 and

covariance function Cov(W;, Wy) = s A t.

Proof. We have that W, = W, — Wy. Thus W, ~ N(0,t) by definition. Moreover, without

loss of generality, we assume s < t. Hence, we have

EWW,) = EOW, (W, — W) + W2 =0+ s =s. O

Note that since the Brownian motion is a continuous Gaussian process, the proposition 2.2.1
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characterizes uniquely the Brownian motion.

We will give here some properties of the standard Brownian motion.

Properties 2.2.1.1. Let W(t)icr, be a standard Brownian motion
1. Self-similarity. For any T >0, {T~Y2W (Tt)} is Brownian motion.
2. Symmetry. {=W(t),t > 0} is also a Brownian motion.
3. {tW(1/t),t > 0} is also a Brownian motion.
4. If W(t) is a Brownian motion on [0,1], then (t + 1)W(1/t + 1) — W(1) is a Brownian

motion on [0,00).

2.2.2 Quadratic variation and Brownian motion

Proposition 2.2.2. Let W(t);ery be a Brownian motion. For t > 0, for all sequence of

subdivisions A,[0,t], such that lim,,_, |A,[0,t]] = 0 we have
2n 2
T}Lllgoz (W;;&L - W(iw%)t) =1, p.-Ss.
i=1

2.2.3 Brownian paths

Proposition 2.2.3. A Brownian motion has its paths a.s., locally v-Hélder continuous for

v €10,1/2).

Proposition 2.2.4. The Brownian motion’s sample paths are a.s., nowhere differentiable.

2.2.4 Brownian motion and martingales

As a stochastic process, we could ask, knowing all well properties of martingales, if the

brownian motion is one.

Proposition 2.2.5. Let (W;)icr, be a Brownian motion. Then the following processes are

(FV)-martingales:
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1. W(t),
2. W2(t) — t,

3. For any u, e*

2.3 Stochastic Integration with respect to Brownian Mo-
tion

This section is devoted to the study of an integration where the integrator is a Brownian

motion. In fact, we would like to define

/T £V, (2.1)

where f, is a stochastic process.

2.3.1 Wiener integral

The Wiener integral is an integral where we have deterministic integrands and a Brownian
motion (or more generally a Gaussian process) as an intergrator. First of all, we will define it

for step functions.

Integrands as step functions

Let us denote by &£ the set of step functions. For f € £ | ie., f = Zfifll(ti_hti]v where
i=1
to = a and t, = b, we define the Wiener Integral as follows

b n
1(f) = / FOAW, = 3 (W, = W) (2.2)

Proposition 2.3.1. For f € &£, we have that I(f) is a gaussian random variable with mean

zero and variance

E(I(f)?) = / f(t)2d. (2.3)
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Integrands as square integrable function

Let f € L*([a,b]) and (f,)nen € € such that f,, — f in L*([a,b]). By the Proposition 2.3.1,
I(fn)nen is a Cauchy sequence in L?(2). Because it is a Hilbert space, it is complete and thus
I(fu)nen converges in L*(€2). Therefore, let us define the Wiener Integral as the L%-limit of the

sequence I(f,)nen , i-e.,

I(f) = lim I(f,), in L*). (2.4)

n—o0

Definition 2.3.1. For f € L*([a,b]), we define the Wiener integral of f by

1) = [ FOdWs =l 1(£,) = T £, (0 (2.5)

2.3.2 It6 integral

Here we will study the simplest stochastic integral, where the integrand and the integrator
are random variable. The first who defined this integral was K. Itd in 1944 . Therefore we
named this integral after him. In fact, the integrand will be an adapted stochastic process w.r.t
the natural filtration of the Brownian motion. Let us start with the simplest case of random

integrands.

Integrands as stochastic step processes

Let us denote by & the set of simples (F;)-predictables processes (Hy)ier, , i.e.,
Hy(w) = Z hi(w)1(ti1, til(t), teT.
i=1

with 0 <ty < t; < ... <t, and h; a (F;,_,)-measurable random variable which belongs to

L?(2). Then we can define the integral for H € £ w.r.t a Brownian motion by

i hl<Wtz - Wtz‘&) if T= Ry,
I(H) = (HW), = / H,dW, .= { iz (2.6)
4 > hi(Winr = Wi_iar)  if T=1[0,T).

i=1
Clearly, if our integrand, namely H, is a constant, in the sense it is not a random variable,

then we come back to the above definition of the Wiener integral.
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Integrands as square integrable stochastic processes

The idea is to extend, by density of £ in L*(Q2), the definition of I(H) in (2.6) to larger
processes, i.e., processes in L?(Q) as the limit of processes in &, like we did for the Wiener

integral. Indeed, by density, we have for each (H;)ier, € L*(2) there exists a sequence

((Hip)ter, € L*(Q))nen € € such that

n—oo Jgp.
However, our integrands, as the L? limit of processes in &£, must satisfy certain constraints
to be well-defined. Therefore, we will take as the space of integrands L2,(Q x T, (F;)ser)-
Obviously we have & € L2,(Q x T, (F)ier) and € = L2,(Q x T, (Fi)ier). In this way, we have

the following theorem which defines the so-called It6 integral.
Theorem 2.3.2.1. There exists a unique linear application
T:L2(2x T,(F)er) — L*(Q, (F),P) (2.7)

such that: 1. For
Ht(w) =Y hi(w)1(ti-1, :](1) € €,
i=1

n

Z hl(Wtz - Wtifl) Zf T= R—H

I(H)=1{ = (2.8)
Z hi(Wti/\t - Wti,l/\t) if T= [07 t]~
i=1

2. For
e L2,(Q x T, (Fier),

E(I(H)?*) =E (/T ﬁffds) : (2.9)



Chapter 3

Controllability of non-linear stochastic

systems

The problem of controllability of a linear stochastic system

dx(t) = [Az(t) + Bu(t)|dt + o (t)dw(t), te€[0,T],
x(0) = xo,

(3.1)

has been studied by various authors (see [25] ). In this paper, we examine the controllability

of a semi-linear stochastic system

dx(t) = [Az(t) + Bu(t) + f(t, z(t))]dt + o(t, x(t))dw(t),

(3.2)

J](O) =1z0 € R",

and a non-linear stochastic system
da(t) = Flt,a(t), u(t)dt + S(t,a(t),u(®) (). .

z(0) = o,

where A and B are matrices of dimension n x n and n x m respectively,s : [0, 7] — R™*",
[0, T]xR* = R, 0:[0,T]xR" - R™"™, F:[0,T]xR"*XR™ — R", £ :[0,T]xR"xR™ —
R™™ and w is a n-dimensional Wiener process. Deterministic analogue of these problems has
been examined by several authors (see [69, 96]) using one of the following methods : methods
based on stability theory of Lyapunov, methods for systems defined on a manifold, methods

which are geometrical in nature and fixed point methods.

26
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For fixed ¢, p [94] and [57] gave conditions for 0 € AP(T, z() via the Lyapunov approach for
several types of non-linear stochastic systems, where A?(T, xy) is the set of non-random (g, p)-
attainable points from zg in time T defined by AP(T, z) = {h € R" : Ju € Uy, P(||z(T)—h|]* <
) > p} |23] studied the sample controllability for non-linear random differential equations. In
this chapter, we study the controllability and the local null controllability of the systems (3.2)
and (3.3) respectively.

3.1 Definitions

In this section, we adopt the following notation:

o {F;|t € [0,T]}: the filtration generated by {w(s): 0 < s < t}.

o L5(Q), Fr,R™) the Hilbert space of all Fr-measurable square integrable variables with values
in R"

e L7([0,T],R"): the Banach space of all p-integrable and F;-measurable processes with values
in R" for p > 2

e H, : the Banach space of all square integrable and F;-adapted processes ¢(t) with norm

lol|> = sup Elo(t)]?
te[0,7)

e L(X,Y): the space of all linear bounded operators from a Banach space X to a Banach space
Y.
o ¢(t) = exp(At),Usq = L5 ([0, T],R™) or Uyq = L7 ([0, T],R™) (In section 3)

Now let usintrodu ce the following operators and sets.
1. The operator

Lg € ‘C(L;—([O? T]? IR‘m)’ L?(Qa fT? Rn))

is defined by
T
L{u = / &(T — s)Bu(s)ds
0

and set of all states attainable from xy in time ¢ > 0

Ri(xo) = {x(t, zo,u) - u(.) € L3 ([0,T],R™)}
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where x(t, zo,u) is the solution of (3.3) corresponding to zo € R™,u(.) € L3 ([0,T],R™).

Clearly the adjoint (LJ)* : Lo(Q, Fr,R™) — (L3 ([0, 7], R™) is defined by
(Lo)'z = B'¢"(T — )E{2| F;}
2. The controllability operator IT{ associated with (1.)
T
ML) = U3 (b= [ olT =086 (T~ E(IR)
which belongs to L(L3 ([0, T], R™), Ly(€2, Fr,R™)) and the controllability matrix 'l € £L(R", R")
T
't = / ¢(T — t)BB*¢* (T — t)dt

In what follows, we will use the following definitions.

Definition 3.1.1. The system (3.3) is completely controllable on [0,T] if
Rr(wo) = La(2, Ft, R™)
that is, all the points in Ls(Q2, Fy, R™) can be reached from the point xy at time T.

Definition 3.1.2. Let any trajectory x(.,x,u’) = 2°(.) of (3.3) with u® € U,q and 2°(0) = x
such that x°(T) = 0 be given. Then the system (3.3) is approximate controllable on [0,T]
if there is a neighborhood N(xzo) of xo in R™ such that for any x, in N(x), there exists an

admissible control u* such that (T, x,,u*) = 0.

The following lemma givesa formula for a control transferring the state xq to an arbitrary

state xp.

Lemma 3.1.1. Assume that the operator 11T is invertible. Then for arbitrary xp € Lo(Q, F;, R™,
f() € L3 ([0, T, R"), o(.) € Ly ([0, T], R™"), the control

w(t) = BT —DE {(Hg’)—l X (xT — ¢(T)xo — /OT O(T —s5)[(s)ds (3.4)
- [ ot = 9tortus)) 17} |

transfers the system

£(t) = o(t)zo+ / ot — )[Bu(s) + [(s))ds + / ot — s)o(s)du(s)  (35)
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from xq € R™ to xp at time T and

w(t) = G{thro + 11, {qb*( (T (xT— xo—/ o(T — 1)

(3.6)
/gf) —r)o )} /gbt—s sd5+/¢t—sasdw(s)
0
Proof. By substituting (3.4) in (3.5), one can easily obtain
T
o) = St + 10 o (7 — ) x (r = oTpna— [ olT = 1f(r) ar
(3.7)

/¢ —r) dw(r))}—i—/otgb(t—s ds—i—/gbt—s dw(s)

Writing t = 7" in (3.6), we see that the control u(.) transfers the system (3.5) from zy to 7.

U

3.2 Controllability via contraction mapping principle

In thiss ection, we derive controllability conditions for the semi-linear stochastic system (3.2)
using the contraction mapping principle.

We impose the following conditions on data of the problem:

(A1) (f,o) satisfies the Lipschitz condition with respect to x
1F (1) = f(t zo)l| + ot 1) = ot z2)|| < Li|zy — a2
(A2) (f,o) is continuous on [0,7] x R™ and satisfies
1t 2) + llo(t )| < Lzl + 1)
(A3) The linear system (3.1) is completely controllable.

Remark: In [64], it is shown that complete controllability and approximate controllability of
the system (3.1) coincide. That is why we study the complete controllability of the semi-linear
stochastic system (3.2).

By a solution of the system (3.2), we mean a solution of the non-linear integral equation

() = o(t)mo+ / ot — 5)[Bu(s) + f(s,2(s))ds + / o(t — s)o(s, 2(s))dw(s)  (3.8)
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It is obvious that, under the conditions (A1) and (A2); for every u(.) € U,q the integral
equation (3.8) has a unique solution in H,. To apply the contraction mapping principle, we

define the non-linear operator T from H, to Hs as follows:

(Tz)(t) = ¢(t)xo —i—/o o(t — s)[Bu(s) + f(s,z(s)]ds +/O d(t — s)o(s,x(s))dw(s) (3.9)

where

wt) = 5o @B { @ x (vr = o~ [ o = Gsa(o)as
~ [ ot = st atsius)) 17}

From precedent Lemma, the control (3.10) transfers the system (3.8) from the initial state zg

(3.10)

to the final state xr provided that the operator T has a fixed point. So, if the operator T has
a fixed point then the system (3.8) is completely controllable.

Now for convenience, let usintr oduce the notation
h=max{||¢(t)[: t € [0, T}, =B
ly = Bllarl2, M = max{|[7)?: s € [0,7]}

Lemma 3.2.1. For evry z € Ly(Q, Fr, R") there exists a process ¢(.) € L3 ([0, T], R™*") such
that

z=FEz+ /OTgo(s)dw(s) (3.11)

T
M7: — ITE= + / I (s)duw(s) (3.12)
0
Moreover
Bz < ME|E{z|F}
< ME|z||?, Vz € Ly(Q, Fr,R")
Proof. For the proof of (3.11) see [60], for (3.12) see [64]. One can easily obtain the

(3.13)

boundedness of IT}, from (3.11) and (3.12) in such a way that

t
B2~ OE=|? + E [ rte(s)|Pas
t
2 2
< ot (eI + [ BlotoPas) )
— ME|E{:|F} P

< ME|z|?
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U
Note that if the assumption (A3) holds, then for some v > 0
E(ll}z, 2) > yE|z||?, for allz € Ly(Q, Fr, R")
see [64] and consequently
) < = =1
Theorem 3.2.1. Assume that the conditions (A1), (A2) and (A3) hold. If the inequality
ALL(MIyly + 1) (T + 1)T < 1 (3.15)

holds, then the system (3.8) is completely controllable.

Proof. See [67]
Remark: Obviously hypothesis (3.15) is fulfilled if L is sufficiently small.

3.3 The local null controllability

In this section, we use the generalized implicit function theorem to consider the local null
controllability of the non-linear stochastic system (3.3) via a suitable associated linearized

system.

Theorem 3.3.1. ([4]): Let X be a topological space, Y and Z be Banach spaces. W be a neigh-
bourhood of (xg,yo) in X XY, G be a mapping from W to Z, G(xo,v0) = z0. If

e The mapping x — G(xg,yo) is continuous at o
e There exists a linear bounded operator A :'Y — Z such that for € > 0 there exist 6 > 0 and

a neighbourhood N (x¢) of xo such that

1G (2, y) = Gla,y") = Ay — ")l <elly’ =" (3.16)

e \Y =7
Then there exists K > 0, a neighbourhood N(xg,z0) of (xo,20) in X X Z and a function

¢ : N(xg,20) = Y such that
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1. G(z,p(x,2)) = .
2. |z, 2) — yoll < K||G(z,90) — z]|.
We impose the following conditions on problem of the data:
(B1) (F,X) is continuously differentiable with respect to (x,u).
(B2) There exists M > 0 such that
1t @ u)l| + [[Za(t, 2, w)l| + [[Fu(t, 2, w) || + [Zu(t 2, )| < M

where F,(X,) denotes the derivative of F'(3) with respect to x, F,,(%,) denotes the deriva-
tive of F'(X) with respect to u.

(B3) The system (3.17) defined below is completely controllable. Associate (3.3) with the linear

stochastic system

d2(t) = [A(t)z(t) + B)w()ldt + [C(t)2(t) + D(t)o(t)]dw(t)

(3.17)
where
v € Uy = L ([0,T],R™), A(t) = F(t, 2°(t),u’(t))
B(t) = F,(t,2°(t),u°(t)), C(t) = S, (¢, 2°(t),u’(t))
D(t) = Su(t, 2"(t),u’(t))

Theorem 3.3.2. Let 2°(.) = x(., 2o, u°) and 2°(.) = x(., g, u?) be the solutions of (3.3) corre-

sponding to u®, u = u® + cv respectively, where v € Uyg and € > 0 then

€ .0 2

OrgtagcT]E\|x t)—z"®))|*—=0 as —0 (3.18)
€ .0 4

OréltegcTEHx (t)—z"®)]* =0 as e—0 (3.19)

Proof. By the definitions of 2°(.) and z°(.)
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e(t) — 2%(t) = /0 [F(2°(5),u"(s) + ev(s)) — F(2"(s),u’(s))]ds
/ [2(2°(5), u’(s) + ev(s)) — 2(2°(s), u’(s))]dw(s)

/ 0

= [F(z°(s), uo(s) +ev(s)) — F(:co(s), uo(s) + ev(s))|ds
0 (3.20)
+/ [F(2°(s),u’(s) +ev(s)) — F(2°(s),u’(s))]ds

+ /0 S(5(5), u0(s) + 2v(s)) — S(@°(s), u0(s) + ev(s))|duw(s)

—i—/o [S(2%(s), u’(s) + ev(s)) — B(2°(s), u’(s))]dw(s)

+

Taking norm of both sides of the above equality and using the Lipschitz condition (which
follows from (B2)) we infer that there exist L; > 0 and Ly > 0 such that

E||ze(t) — 2°(1)|* < L1/0 E||2°(s) — 2°(s)||?ds + €2L2/0 E|jv(s)||*ds (3.21)

By the Gronwall lemma

Ell25(t) — 2°(t)||? < [exp (/OT lesﬂ X 2Ly /OTEHU(S)H?ds (3.22)

By tending ¢ to zero, we obtain (3.18). The limit (3.19) can be proved in a similar way.

Corollary 3.3.1.

() — 2°(t)

max |
0<t<T

2n T T
< [e:vp (/ les)} X L2/ Ellv(s)||*ds, n=1,2 (3.23)
0 0

Proof. For case n =1 see [67]. Case of n = 2 can be similarly be proved.

Theorem 3.3.3.
—0 (3.24)

max &
0<t<T

as € — 0 where z(.) is the solution to (3.17) with hy =0

Proof. see [67].
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Lemma 3.3.1. [67]
Let z5(.) be a solution of

dz7(t) = [A%()2°(t) + B (t)v(t)|dt + [C°(t)2°(t) + D°(t)v(t)]dw(t)
25(0) =0
and z(.) be a solution of (3.17) with ho =0, v € L] (0,T,R™) Suppose that there exists M > 0
such that for each t € [0,T]
A= + 1B + [C=@)II* + |1 D*(B)I* < M
and

B[l A*(t) — A" + B[ B=(t) - BO)|I* + EIC*(t) — C#)|I* + BID*() — D(t)|*

tends to zero uniformly in t as € — 0. Then

1/2 T
max{(max EHzE(t)—z(t)H2> ,E/ |v||*dt < 1} —0 as =0
0

0<t<T

Theorem 3.3.4. Suppose that (B1), (B2). Then if the system (3.17) is controllable then the

system (83.3) is approzimately controllable.

Proof. Assume that there is an admissible control u%(.) such that the solution (., zg, u°)
of (3.3) satisfies z(T,xg,u’) = 0. In others words, G(zg,u’)(T) = 0 where G maps R" X
LT ([0, T],R™) to L3 ([0,T], R") and is defined as

G(z,u)(t) == —I—/O F(s,x(s),u(s))ds +/0 (s, z(s),u(s))dw(s)

where the process z(.) is the solution to equation (3.3) corresponding to the control u(.) and
initial condition x. By Theorem 3.3.3, G is differentiable at u%(.) with derivative z(.) which is

the solution of (3.17) with hg = 0, and
Gu(wo,u’)(T)(v) = 2(T)

On the other hand by precedent Lemma G, (zg,u’)(T) is continuous at u’(.). So, A =
Gu(zo,u’)(T) satisfies the inequality (3.16) (see [4]). It is known that the system (3.17) is
controllable if and only if

ImG. (20, u°)(T) = Ly(Q, Fr, R")
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By theorem 3.3.1 with zg = 0 there exists a neighbourhood N(xy) C R™ and a function
¢ : N(zg) = L7 ([0,T],R™) such that G(z., p(z.))(T) = 0 for every z, € N(zo).
Thus for every x, € N(xy), there exist u*(.) = p(x,) € L7 ([0, T], R™) such that z(T, x.,u*) = 0.

Therefore the system (3.3) is locally null controllable.



Chapter 4

Controllability of fractional stochastic

dynamical systems with delays in control

This chapter is concerned with the global relative controllability of fractional stochastic dy-
namical systems with multiple delays in control for finite dimensional spaces and global relative
controllability of linear and nonlinear fractional stochastic dynamical systems with distributed
delays in control for finite dimensional spaces. Sufficient conditions for controllability results
are obtained using Banach fixed point theorem and the controllability Grammian matrix which

is defined by the Mittag-Lefller matrix function.

4.1 Preliminaries

Let (€2, F,P) be a complete probability space with a filtration {F;}:>¢ satisfying the usual
conditions (i.e. right continuous and Fy containing all P-null sets). Let o, 5 > 0, with n — 1 <
a<nn—1<p <nandn € IN,D is the usual differential operator. Let R™ be the m-
dimensional Euclidean space,R, = [0,00) and suppose f € L'(R,) The following definitions

and properties are well known, for «, 5 and f as a suitable function (see, for instance, [35]):

(a) Riemann-Liouville fractional operators:

(15 f) () = % / "o — 0 (1)

(Dg+f)(z) = DIy * f)()

36
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(b) Caputo fractional derivative:
(“Dg+ f)(x) = (Ig=*D" f)(x),
in particular I, °Dg, f(t) = f(t) — f(0)(0 < a < 1).

The following is a well known relation, for finite interval [a,b] € R

n—1 (‘7 A
(D3 f)(0) = (D5 o)+ 3 i o= a)*on = Ria) + 1
=0

.

The Laplace transform of the Caputo fractional derivative is

n—1

L{DG f(1)} = s"F(s) = Y _ fP(07)s" 1"

k=0
The Riemann-Liouville fractional derivatives have singularity at zero and the fractional dif-
ferential equations in the Riemann-Liouville sense require initial conditions of special form
lacking physical interpretation. To overcome this difficulty Caputo introduced a new definition
of fractional derivative but in general, both the Riemann-Liouville and the Caputo fractional
operators possess neither semigroup nor commutative properties, which are inherent to the
derivatives on integer order. Due to this fact, the concept of sequential fractional differential

equations are discussed in [35].

(c) Linear Sequential Derivative:

For n € N, the sequential fractional derivative for suitable function y(z) is defined by

Yy = (D*y)(w) = (DD V) (),
where k = 1,...,n, (D%)(z) = y(z), and D* is any fractional differential operator, here we
mention it as ‘D, .

(d) Mittag-Leffler Function

Zk

I'(ka+B)’

NE

E.p(z) = for «a,p>0.

>
I

0

The general Mittag-Leffler function satisfies

1

/ e HPTIE, 4(t°2)dt = ——,  for 2| <1
0 1—-=z
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The Laplace transform of E, g(t*z) follows from the integral

o0 a—pf
/ e P E, 5(at®)dt = ——.
0 s“Fa
That is
L{P B, 5(+ g
tP1E, tN} = ,
{77 B p(kat)} = S

In particular, for § =1,
> \F ko
Ean(A2") = E,(A2%) =Y —————, Az€C

have the interesting property D*E, (%) = AE,(At*) and

a—1

L{E,(£at*)} = for = 1.

SOL

For brevity of notation let us take Ij. as I? and °D{, as °D? and the fractional derivative is

taken as Caputo sense.

(e) Solution representation:

Consider the linear fractional stochastic differential equation of the form

‘Dix(t) = Az(t) + o)Lt e[0T,
(4.1)
z(0) = xo,
where 0 < ¢ < 1, z € R" and A is an n X n matrix, w(t) is given l-dimensional Winer
process with filtration JF; generated by w(s),0 < s < t and o : [0,7] — R"*! is appropriate

function. In order to find the solution, apply Laplace transform on both sides and use the

Laplace transform of Caputo derivative, we get

dw(s)'

s1X(s) — 571w (0) = AX(s) + X(s) ds

Apply inverse Laplace transform on both sides (see [10]) we have

LX)} = £ 57 (0T — A) Mg + £ {%)dﬁ—f)} LT = AT,

Finally, substituting Laplace transformation of the Mittag-Leffler function, we get the solution

of the given system

2(t) = E,(At%)zo + /0 t(t —g)r! ( /0 TJ(G)dw(H)) B, (A(t — s)7)ds
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Where E,(At?) is the matrix extension of the mentioned Mittag-LefHler functions with the

following representation:

N LA
(A7)
kz:% ['(1+ kq)

with the property “D?E,(At?) = AE,(At9).

4.2 Relative controllability of fractional stochastic dynam-
ical systems with multiple delays in control

Let L% (J x ©,R") be the Banach space of all F;-measurable square integrable processes x(t)
with norm ||z||2, = sup E||z(¢)||*, where E(.) denotes the expectation with respect to the mea-
sure P. Let C' = (t]e(][O,T];L%) be the Banach space of continuous maps from [0, T| into
L% (J x Q,R") satisfying sup E[|z(t)||* < co. Consider the linear fractional stochastic dynam-
ical system with multiple (izfays in control represented by the fractional stochastic differential

equation of the form

(t), teJ:=[0,T],
t (4.2)

dw
cDix(t ) + ZBW (he(t)) + o(t) ¥
z(0) = o,
Where 0 < ¢ < 1,z2(t) € R, u € R, A is an n x n matrix, By are n x [ matrices, for
k=0,1,..., M, w(t) is a given l-dimensional Wiener process with the filtration F; generated by
w(s), 0 <s<tando:[0,T] = R™! is appropriate function.
Let us assume the following assumptions

(i) Assume the function hy : J — R,k =0,1,..., M are twice continuously differentiable and

strictly increasing in J. Moreover,

hi(t) <t forte Ji=0,1,.., M. (4.3)

(ii) Introduce the time lead functions 7 (t) : [hx(0), h(T)] — J,k = 0,1,..., M such that
ri(hi(t)) =t for t € J Further assume that ho(t) = ¢ and for t=T, the following inequal-
ities hold

hat(T) < har (T) < b1 (T) < 0 = hon(T) < honr(T) = by (T) = ho(T) =T, (4.4)
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(iii) Let h > 0 be given. For functions u : [—h,T] — R! and t € J, we use the symbol u; to
denote the function on [—h, 0], defined by u.(s) = u(t + s) for s € [—h,0).

The following definitions of complete state of the system (4.2) at time t and relative controlla-

bility are assumed.
Definition 4.2.1. The set ¢(t) = {x(t), u:} is the complete state of the system (4.2) at time t.

Definition 4.2.2. System (4.2) is said to be globally relatively controllable on J if for every
complete state ¢(0) and every vector xy € R™ there exists a control u(t) defined on J such that

the corresponding trajectory of the system (4.2) satisfies x(T) = x;.

Note that the solution of system (4.2) can be expressed in the following form

z(t) = Eq(A(t)q)xO—l—/ (t—s)"'E,, ZBkU (hi(s

0

+/Ot(t —5)07! (/OTO(Q)dw(O)) Eoq(A(t — 5)%)ds.

Taking into account the time lead functions ry(t), this solution can be further changed into

M t)
w(t) = EfA{))zo+ ) /h o (t = (5)) By (A(t — 74(5))?) Byry(s)u(s)ds

+ /Ot(t - s)q—lkzo/of O(e)dw(e)) E,q (A(t — 5)7)ds.

Using the inequalities (4.4), the above equation becomes,

(4.5)

m 0

w(t) = Ey(A(t)")xo + Z/h (t = 74(3))" By q(A(t — 74(5))") Byry,(s)uo(s)ds

k=0 “ hr(0)
+> / (t = ri(5))" " Eqq(A(t — ri(5))?) Biry(s)u(s)ds
S (4.6)
M h(t)
+ 2 / (t = 11(5)"" Bq g (A(t — ra(s))*) Byry (s)uo(s)ds
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and
(t) = /0 (= syt < /0 ' o—(e)dww)) E,,(A(t — 5)7)ds.

Recall the controllability Grammian matrix
m T , ) N
0 =30 [ =) [BrAT = 6D Buri)] [Fua( AT = 1)) Buri9)] s
k=0

Theorem 4.2.1. The linear stochastic control system (4.2) is relatively controllable on [0, T

if and only if the controllability Grammian matriz 1l is positive definite for some T > 0.

Proof. Since is positive definite, it is non-singular and therefore its inverse is well defined.

Define the control function as,

u(t) = [BiEqq(A(T = re()) )iy on = Ey(At)zo — o(T) = x(T)],  k=0,1,...,m.
(4.8)
where the complete state ¢(0) and the vector z; € R”™ are chosen arbitrarily. Inserting (4.8)

in (4.6) and using (4.7) we get

m_ T
oT) = Az +o(T) + 3 [T = (o) [Epa( AT = ) ) Bl
k=00
X [Bi Eqq(A*(T = 13,(5)) )1 ()] ¥ oy — Ey(AT)wo — o(T) — x(T))ds
T T
+ / (T — sy ( / a(e)dw(e)) B, (A(T — 5)%)ds
0 0
= I.
Thus the control u(t) transfers the initial state ¢(0) to the desired vector z; € R™ at time T.
Hence the system (4.2) is controllable.

On the other hand, if it is not positive definite, there exists a nonzero ¢ such that ¢*1¢ = 0,
that is

P z"j: /OT(T —ri(s))7! [Eq,q(A(T — rk(s))q)Bkr;(s)] [Eqvq(A(T _ Tk:(8>)q)Bkr;€(s)] * s — 0

m

0D (T = 1ul(s))' ™ [ By (AT = 1)) Buri ()| = 0, on [0, 7],
k=0
Let 2o = [E,(A(T)%)] " ¢. By assumption, there exists a control u such that it steers the

complete initial state ¢(0) = {x(0), uo(s)} to the origin in the interval [0, 7]. It follows that
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oT) = EfAT) a0 +9(T) + Y [ (0= (o) [Egal AT = rs)) ) Buri(s)

Thus,
0=¢'6+y / 6" (T = 1(3))" | By (A(T = 1(5))) By ()| u(s)ds + 6" (o(T) + x(T))

But the second and third term are zero leading to the conclusion ¢*¢ = 0. This is a contradiction

to ¢ # 0. Thus 9 is positive definite. Hence the desired result.

a

Consider a nonlinear fractional stochastic dynamical system with multiple delays in control
represented by the fractional stochastic differential equation of the form
dw(t
“Dix(t )+ ZBkU (hi(t)) + f(t,x(t))a(t,x(t))ﬂ, teJ:=10,T],
dt (4.9)

z(0) = zo,
Where 0 < ¢ < 1,z2(t) € R",u € R}, A, By, are defined as above and f : J x R® — R",0
J x R — R™! are appropriate functions.Then the solution of the system (4.9) can be ex-

pressed in the following form

z(t) = Eq(A(t)q)xo+/t(t—s)q_1qu (t —s)1 ZBku (hi(s

0

() By = 5ol + / sy ( [ ot.atopa)
X E, (At — 5)9)ds.
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using the time leader functions 74 (t) the solution becomes,

M hy(t)
a(t) = Eg(A(t)")zo +Z/h o (t = 14(5)" " Eqg(A(t — 14(s))?) Bery (s)u(s)ds

- = ) By (Al — 9))f(s,2(s))ds + / T ( | . x<9>>dw<9>)

XEq (At — s)?)ds.
(4.10)

Now using the inequalities (4.4), the above equation for t = T can be expressed as

o(T) = By(AT))zo+ ) /h o (T = 1)) By g (A(T — ri(s))*) Biry(s)uo(s)ds

M hi(t)
+ ) /h (T = 1(8))1 7 By g (A(T — 71(5))7) By, (8)uo(s)ds (4.11)

k=m+1 k(0)
T

n / (T — )7 By (AT — 5)0)f (s, 2(s))ds

#[Fa =t ([ ot0.00000)) £ - syas

For brevity, let us introduce the following notation using (4.7)

T(p(0),z1,2) = x1 — E(A(T))xo — (T) — /0 (T — s)q_lEq,q(A(T — )1 f(s,z(s))ds
—/0 (T —s)! (/OTU(9,$(9))CZW(9)) E, (At —s)?)ds.
(4.12)

Now let us define the controllability Grammian matrix and the control function

Yo = Z/O (T = rk(9)* [ Egq(A(T = ()% Biry (s)u()][Eq g (AT —r1(s))?) Bery (s)u(s)]*ds
- (4.13)
u(t) = [ByEyq (A (T — rk(t))q)r;g(t)]@b_l'f(gzﬁ(()), xry,z) for k=0,1,...m (4.14)

where the complete state ¢(0) and the vector x; € R"™ are chosen arbitrarily and * denotes the
matrix transpose. Inserting (4.14) in (4.11) by using (4.12) and (4.13), it is easy to verify that
the control u(t) transfers the initial complete state ¢(0) to the desired vector z; at time T for

each fixed x. Now observing (4.12) and substituting (4.14) in (4.10), we have
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2(t) = E,(A)")zo + Z/ ( )(t — 1i(8)) " Eyq(A(t — i) ") Brry (s)uo(s)ds
k=0 */ k(0

" Z:/O (t = 7i(5)) By (At — r4(s))") Biry(s)

X B Eqg(A*(T = ri(s)))ri(s)¢ ™ Y (6(0), 21, x)ds

[ , (4.15)
i Z /h (0) (t B Tk(s))q_lEq’q(A(t - Tk(S))q)Bka(s)uo(S)ds

t

T / (1= 5) Eyg(A(t — 5)0)f (s, 2(s))ds

t T
+/ (t—s)r ! (/ U(G,x(ﬁ))dw(e)) E,,(A(t — s)Y)ds.
0 0
Now, we impose the following conditions on data of the problem:
(iv) The linear fractional stochastic dynamical system (4.2) is globally relatively controllable.

(v) fand o satisfy Lipschitz and linear growth conditions. That is, there exists some constants
N, N,L,z > ( such that
1f(tx) = ft,y)|* < Nz —yll? |t 2)]P < N1+ ]z]?)
lo(t,z) —o(t,y)||* < Lllz — ylI? lo(t,2)||> < L1+ |[=]]?).

For our convenience, let us introduce the following notations.

a1 = max {||E,(At) %t € T}, ay = max {Juo(t)||t € T}, 7 = max{y\r;(t>|\2;t € J}

b= e (| Epa(A(L = )55 € 0.7} cx = [ (T =)oV
hi(T)

0
G [ @ nt e asao- [ - npe s
hi(0) hi(0)

We claim that if (iv) holds, the operator ¢! is strictly positive definite and thus the inverse

linear operator (¢0)~! is bounded, say, by 1, (see [6] for more details).

Theorem 4.2.2. Under the conditions (iv) and (v), the nonlinear system (4.9) is globally

relatively controllable on J.

Proof.  Firstly, from the definition (4.14) we can write the control function u as
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u(t) = [BiEyq(A(T — ro(t))ri ()]

X |21 — B(A(T)")z0 — ( )(T — 1(8))7 " Eg g (A(T — ri(5))") Biry (s)uo(s)ds
k=0 7 (0
3 [ ) By (Al = (s By

—A<T—@“”%AMT—w%ﬂaaams
_ /OT(T — )t (/OT 0(67x(9))dw(9)) B, (A(T — s)%)ds]| .

Secondly, we define the operator P : C — C by

P(e)(t) = Ey(A(T))zo + Z/h (O)(t — 7i(8))7 Byg (A(t — ri())") Byry(s)uo(s)ds

#3 [= no ) B4l = ) Buri )

X Bf Eq (A" (T — r4(5)))ry. ()07 L (¢(0), 1, z)ds

M hi(t) /
i Z /h (0) (- Tk(s))q_lEqv‘J(A(t — 7%(5))?) Biry.(s)uo(s)ds

t
[ (= S EAC = )7 (s12(5))ds
0
t T
+/ (t—s)e! (/ a(H,x(G))dw(@)) E,,(A(t — s)")ds.
0 0
In order to prove the global relative controllability of the system (4.9) it is enough to show

that P has a fixed point in C. To do this, we can employ the contraction mapping principle.

To apply the principle, first we show that P maps C into itself. We have
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T 2
EIP@)®)? < 6a1]EH130H2+621E‘
k=0

/h o (T = ri($)7 Eqg(A(T — r4(5))") Biry,(s)uo(s)ds

+6Z]E

k=0

/0 (= 14(5)) Eyg (A(t — r4(s))7) Biry (5)

2

X By Eyq(A*(T — 1i(5)))ri(s)0 7 T (6(0), 21, 2)ds

2

M b (1)
#6 3 B [ ) B o)) B (s

2

+6IE ‘ /o (t —8)T B, (A(t — 5)9) f(s,2(s))ds

/Ot(t — )0t (/OT U(Q,$(9))dw(9)> E, (At — 5)%)ds

2
+6E ‘

It follows from Lemma 2.5, in [84], and the above notation that:

m M
E[P(z)@®)I* < 6a:E[xol* + 6as (ZEkbkrkHBkIPJr > EkbmHBkW)

k=0 k=m-+1

+60

th—l t m t
/ Ellf(s,x(S))HstJr6l226kbi7“i!|3k|!4/ E|[T(¢(0), 21, z)|*ds
2¢—1Jo 0 0

Z€2q—1 t T
+6Lb / (/ ]E||J(0,m(0))||2d0) ds.
29 —1Jo 0

Thus we have

m M
E|P(z)(®)|> < 6a1E|zo|? + 6as <ZEkbkrk||Bk||2+ > EkbkrkHBkH?)
k=0 k=m+1
t?qfl

t m t
1 | Bl s + 62 3" e Bl [ BIY0(0) a1, 0)|ds
- 0 _ 0

t?q—l t T
+6Lb / </ Eno(e,x(e))we) ds.
2¢—1Jp 0

E[P(@)®)]? < 6PnE[z1?> + 6a1El|zol*(1 + 1*n) + 6a258(1 + I*n)
2q—1 _ - T2a-1
- SN (1+ Pn)(1+ ||z||72) + 6L0Lb2q — (14 n)(1 4 T)||z||22).

+6b

Hence,

6b
0

It follows from the above inequality and the condition (v) that there exists ¢ > 0 such that
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E|[P(z)(®)]* < e(1+ [|2[|Z2).

Therefore P maps C into itself.

Secondly, we claim that P is a contraction mapping on C. For z,y € C,

E|P(x)(t) = PyO|* <3) E /0 (t = 74(5))" Eyq(A(t = ri(s)) Bur

2

X B Eqg(A*(T = ri(s)) ()¢~ [T(6(0), 21, 2) — T(6(0), 21, y)] ds

2

13E / (t = )7 By (A(t — 8)7)(F (5, 2(5)) — (5. 5(s)))ds

/Ot“ -9 ( /0T<0<97 2(6)) ~ o (0, y<e>>>dw<9>) EyoAlt — )7)ds

2
+3E

Using Lemma 2.5, in [84], condition (v), and the above notations we get

T2q—1 m
E[|P(2)(t) — P(y)(®)|? 3l22q — 152 crbgrl| Bell*
k=0

IN

/0 E||f(s,2(s)) — £(s,y(s))|Pds

+Lo /OT Ello(8,2(8)) = a(8, y(9))H2d9]

+32Tq2_11b / B 17 (ste) - F(s,y(s))|2 ds
a bLU/O (/O ]E||a(9,x(9))—a(@,y(Q))HQdQ) ds.

2qg —1

) T2q—l T )
3l an — 1[N + LL,] Ellz(s) — y(s)||“ds
q 0

2g—1 T
N+ TLL,)] / Ella(s) — y(s)|2ds.
2g—1 0

+3

IN

+3b

It results that

N ) T2q—1 2q—1
sup E||P(z)(t)—P t|* < |31°b N+ LL,|+3b
s E[PE)0)-P)0)] ey | |+ 35—

[N + TLLU]] sup Elz(t)—y(t)|>.
te[0,7

T2q—1 T2q—l
Therefore we conclude that if (31%772 . [N+ LL,|+ 3b2 1[N + TLLU]> < 1, then P is
q— q—
a contraction mapping on C, implies that the mapping P has a unique fixed point z(.) € C.
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Hence we have

0

a(t) = E (A(t)")zo + Z/ ( )(t — 14(8))7 Eqq(A(t = 14(s))?) Byry (s)uo(s)ds
k=0 v 1. (0

+2;A@—m@W*%AM#4MW%&d®M@%

hi(t) ,
T Q/ (= ra(8)) T By (A(t — r(5))0) Burs(s)uo(s)ds

+ [ (t = s)T B, (At — 5)1) f(s,2(s))ds

# [ =9 ([ o.ao)au)) Epate - s

[e=]

Thus z(t) is the solution of the system (4.9), and it is easy to verify that z(7") = x;. Further
the control function u(t) steers the system (4.9) from initial complete state ¢(0) to z; on J.

Hence the system (4.9) is globally relatively controllable on J.

Example
In this example, we apply the results obtained in the previous section for the following stochastic
fractional dynamical systems with multiple delays in control which involves sequential Caputo

derivative

cDIg(t) = Az(t) + Byu(t) + Bou(t — h) + f(t,z(t)) + o(t, z(1)) 22,0 < ¢ < 1,¢ € [0,T]

dt
z(0) = zo

(4.16)
where
-1 0 10
A= . B—p - |
5 2 0 1
Fltay) = | O osmOFIR0O ) Ly o (@O @0
To(t) sin @y (1) + 221 (1) 0 zo(t)e™!

Let us introduce the variables x1(t) = x(t) and x5(t) = D3z (t). Then
°Digy(t) = ‘Dix(t) = 5
The Mittag-Lefler matrix of the given system is given by
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E,(—t7) 0
SE,(—17) — 3E,(~2t9) E,(—2t9)

Eq(Atq) -

Further

Eqo(—(T = 5)7) 0
3Eq,q(_<T —8)7) — 3Eq,q(_2(T —s)9) Eq,q<_2<T —s)9)

Epo(A(T = 5)7) =

Ego(=(T = (s + h))7) 0
3Eqq(=(T' = (5 + 1)) = 3E,(=2(T = (s + h))7)  Eqq(=2(T = (s + 1))

By simple matrix calculation one can see that the controllability matrix

Ey(A(T—(s+h))") =

Yo = ;/0 (T = 1(8)" [ Bqug (AT — 1)) By ()] [ Boug (AT = 1i(s))) Bur ()] ds

a? ac a? ac

T
:/)(T—Q“l (T — (s + R ds.
0 ac b+ c? ac b +¢c
is positive definite for any 7" > h, where

@ = Epg(=(T=5)7), b= Eg(=2(T = (s + h))),

¢ =3Eqq(—(T = 5)7) = 3Eqo(=2(T — s)7), 0= Eqq(—(T = (s+h))*

b=Egg(=2(T = (s+h))T),  c=3E.(=(T = (s+h)7) = 3E,4(=2(T — (s + h))7).

Further the functions f (¢, z(t)) and o (¢, z(t)) satisfies the hypothesis mentioned in Theorem
4.2.2, and so the fractional system (4.16) is globally relatively controllable on [0, T7.

4.3 Global relative controllability of fractional stochastic
dynamical systems with distributed delays in control

Let L% (J x ©,R") be a Banach space of all F; mesurable square processes z(t) with norm
|||, = sup E||z(t)||?, where E(.) denotes the expectation with respect to the mesure P. Let
C = C’([é,eéj], L%,) be the Banach space of continuous maps from [0, 7] into L% (J x Q,R")
satisfying sup E||x()]|? < oo.

Consider tilee;] linear fractional stochastic dynamical system with distributed delays in control

represented by the fractional stochastic differential equation of the form
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cDiz(t) = Ax(t) + /_h d;B(t, 7)u(t +7) + U(t)dz—it)v teJ:=[0,T], (4.17)

x(0) = xo,
Where 0 < ¢ < 1,z(t) € R™, and the second integral term is in the Lebesgue-Stieltjes sense
with respect to 7 . Let h > 0 be given. For function u : [—h,T] — R™ and ¢ € J, we use the
symbol u; to denote the function on [—h, 0], defined by u.(s) = u(t + s) for s € [-h,0). A is an
n X n matrix, B(t,7) is an n X m matrix continuous in ¢ for fixed 7 and is of bounded variation
in 7 on [—h, 0] for each ¢t € J and continuous from left in 7 on the interval (—h,0). Here w(t) is
a given m-dimensional Wiener process with the filtration I, generated by w(s), 0 < s <t and
o:10,T] - R™™.
The following definitions of complete state of the system (4.17) at time t and relative control-

lability are assumed

Definition 4.3.1. The set ¢(t) = {x(t),u} is the complete state of the system (4.17) at time
L.

Definition 4.3.2. System (4.17) is said to be globally relatively controllable on J if for every
complete state ¢(0) and every vector x1 € R™ there exists a control u(t) defined on J such that

the corresponding trajectory of the system (4.17) satisfies x(T) = x;.

Note that the solution of system (4.17) can be expressed in the following form
0

z(t) = E,(A(t)Y)zo —I—/O (t —s8)T B, (At — 5)9) [/ drB(s,T)u(s + 7)| ds

—h

+ /0 (= 5t ( /0 ' 0(«9)dw(0)) E, (A(t — )")ds.

where E,(A(t)?) is the Mittag Leffler matrix function. Now using the well known result of
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unsymmetric Fubini theorem [19] and change of order of integration to the last term, we have

0

&

o) = E,(A(t)")zo + / a, l /Ot(t—s)q_lEq,q(A(t—s)q)u(s—i—T)B(s,T)} ds

0= ([ o@)u®) Byfac = syas
— B, (A0 + / B, l / Y= (5 — 1), (Al — (5 — 7)) B(s — 7 T)uo(s)ds]

0

+

O\w
~
|
V)

h

| as. [ / = (5= 7)) gl At (s — 7)) B(s — T>u<s>d5}
[a=or ([ o0au@) Baate - as
= Ey(A(t)")zo + /(:L dB, {/To(t —(s=7)) "' E, (At — (s — 7)) B(s — T, T)uo(s)ds]

U_i“ = (s = 7" By (At = (5 = 7)) Bals = 7. T>u(s)d5]
+/Ot(t — )it (/OT g(g)dw(ﬁ)) E, (At — s))ds,

_|_

+

+

s~

(4.18)
where
B(s,7), s<t
By(s,7) = (4.19)
0, s>t
and dB, denotes the integration of Lebesgue Stieltjes sense with respect to the variable 7 in
the function B(t, 7).
For brevity, let us introduce the following notations:
0
o(t,s) = / (t—(s— 7)1 E (At — (s — 7)))d, Bi(s — 7,7), (4.20)
—h
and

() = /0 (= gyt < /0 ' o—(e)dww)) E,(A(t — 5)7)ds. (4.21)

Recall the controllability Grammian matrix

T
4 = / (T, 5)¢" (T, )ds

where the complete state ¢(0) and the vector z; € R"™ are chosen arbitrarily and the * denotes

the matrix transpose.

Theorem 4.3.1. The linear stochastic control system (4.17) is relatively controllable on [0, T

if and only if the controllability Grammian matriz 1l is positive definite for some T > 0.
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Proof: Since 1 is positive definite, it is non-singular and therefore its inverse is well defined.

Define the control function as,

0

ut) = (00 (01— Btz - [ B, [T~ (s

o (4.22)
X Byq(A(T = (s = 7)) B(s = 7, 7)uo(s)ds| — x(T)).

where the complete state ¢(0) and the vector x; € R™ are chosen arbitrarily. Inserting

(4.22) in (4.18) and using (4.20) we get

B(T) = Ey(AT))a+ / [ / (T (5= 7)) By AT — (5 — 1)) Bls — 7, 7)uo(s)ds
+/0T [/O (s — 7)) B, (AT — (S—T))q)dTBT(S—T,T):|

h

X UO (T = (s = 7)) " Ego(A(T — (s = 7))*)d-Br(s — 7, T)} * o

—h
0

X (:cl E,(AT9)xy — /_h
X B(s — T, T)ug(s )ds] — X(T))dT

T

+ [ (=5 ( /0 ' 0(0)dw(«9)> B, (A(T — )")ds

0

4B, (T = (s = 7)) By (A(T = (s = 7))

= -1'1

(4.23)
Thus the control u(t) transfers the initial state ¢(0) to the desired vector z; € R™ at time T .
Hence the system (4.17) is controllable.
On the other hand, if it is not positive definite, there exists a nonzero ¢ such that ¢*y¢p = 0,
that is

T

& / (T, 5)o* (T, 5)éds = 0
0

¢*p(T,s) =0, on [0,T].

Let 2o = [E,(ATY)] '¢. By assumption, there exists a control u such that it steers the
complete initial state ¢(0) = {z(0), uo(s)} to the origin in the interval [0, 7). It follows that
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0

o(T) = E,(A(T) )0 + / an, [ / (T = (s — )5 B, o (A(T — (s — 7)1 B(s — 7, T)uo(s)ds

" /OT UO (T — (s — 7)) By o (A(T — (s — 7))9)d. Br(s — T, 7)} u(s)ds

—h

+ /0 Y gt ( /0 ' a(e)dw(9)> B, (AT — 5)%)ds
— o+ [ an. { / T = (5 — 1)V E, (AT — (5 — 1) B(s — 7, 7)uuo(s)ds

—h

n /OT [/Z(T (s = 7)) E, (A(T — (s — 7))%)ds Br(s — 7, T)} u(s)ds

+ / s ( / T a<9>dw<9>) Eqg(A(T = 5)7)ds
= 0.

T

Thus
0 = w0 | " 5o, Suls)ds
vor ([ "B, [ / (T — (s — 7)) Byg (AT — (s — 7)) Bls — 7, T>uo<s>ds] (1)

—h
Then, taking into account that both of the terms
T
60+ [ o elT.s)uls)ds and
0

e (/0 dB, [/TO(T (s =) E, (AT — (s — 7)) B(s — T, T)uo(s)ds] + X(T))

—h
are zero leading to the conclusion ¢*¢ = 0. This is a contradiction to ¢ # 0. Thus ¢ is positive

definite. Hence the desired result.
O

Consider a nonlinear fractional stochastic dynamical system with distributed delays in con-

trol represented by the fractional stochastic differential equation of the form

Dz (t) —Ax(t)+/_thB(t,T)u(t+T)+f(tax(t))+0(t)d22—y>7 teJ:=[0,1], (4.24)

x(0) = xo,

Where 0 < ¢ < 1,z(t) € R", v € R™ A and B are as above, f : J x R* — R" and

o:JxR" — R™ and w(t) is a given m-dimensional Wiener process with the filtration



4.3 Global relative controllability of fractional stochastic dynamical systems with
distributed delays in control 54

IF; generated by w(s). Then the solution of the system (4.24) can be expressed in the following
form [22]

a(t) = E,(A ())$o+/( $) Eqq(A(t — 5)") f (s, 2(s))ds

+ / (t — s)t ( / 9)) E,q(A(t — s)7)ds

+/O (t— )7 B, (A(t — 5)7) [/_thB(t,T)u(t—i—T)] ds.

Using the well known result of unsymmetric Fubini theorem [19] and change of order of inte-

gration to the last term, we have

t

z(t) = E,(A(t) )a:0+/(t—s)q YE (At — 8)0) f(s,2(s))ds

v [ ( [ ot c)au0)) £yt s .
+/id U (t— (s — 7)) 1qu(,4<t—(S—T))q)B(s—T,T)uo(s)ds} |
[ ][ -t (s = 7)) Bils = 7.7)| (o)
where
Bis.) = P& st (4.26)
0, s>

and dB, denotes the integration of Lebesgue Stieltjes sense with respect to the variable 7 in
the function B(t, 7).

For brevity, let us introduce the following notations:

T(p(0),z1;2) = a1 — E AT))xo — i (T — s)q_lEq’q(A(T —35)N) f(s,z(s))ds

/ o / "6 x<0>>dw<9>) By (AT — 5)7)ds
/ iB, l / YL, (A(T = (s — 7)) B(s — 7, Juo(s)ds |
(4.27)
Define the control function

u(t) = ¢ T (6(0), 215 ), (4.28)

where the complete state ¢(0) and the vector x; € R"™ are chosen arbitrarily and * denotes the
matrix transpose.

Now, we impose the following conditions on data of the problem:
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i. The linear fractional stochastic dynamical system (4.17) is globally relatively controllable.

ii. fand o satisfy Lipschitz and linear growth conditions. That is, there exists some constants

N, N,L,Z > 0 such that

If(t2) = FE )P < Nle =yl £ ) < N1+ |l2]?)
lo(t,z) = o(t.y)lI* < Lllz = yl?,  llo(t.2)|* < L(1 + [|]|?).

For our convenience, let us introduce the following notations.

ar = max {|[E,(A¢)||% t € T}, az = max {|[ E,q(A(t — 5)7)|% 1 € J}
a3 = max {|[ E(A(t — (s = 1))t € T}, o1 = max{[uo()||% ¢ € J}

co = /0 (t — (s — 7))2 s, cs = /0 (t — (s — 7))20Dds

—h -7
Mp =max{||B(s—7,7)||}0<7<s<T}, M=max{||ots)]*0<s<t<T}.

We claim that if i. holds, the operator 1 is strictly positive definite and thus the inverse
linear operator ()" is bounded, say, by 1, (see [54] for more details)

Theorem 4.3.2. Under the conditions i. and ., the nonlinear system (4.24) is globally

relatively controllable on J .

Proof: Firstly, from the definition of the control function (4.28), we can write u as

W) = @ T IT0), 50
= @ (= BT~ [ (0= 5 B (AT = 0 (s ()
- /OT(T —s5)a! (/OT o(0,x(0))dw(0) | Eqq,(A(T — s)?)ds
= [ [ [ = ) AT s = B — (o))

Secondly, we define the operator P : C' — C' by

Pl)(t) = Ey(At))ro + /Ot@_3>q—1Eq7q(A(t_s)q)f(s,w(s» N

+/t< —s) (/ (0, x(e))dw(ﬁ)) E, (At — 5)?)ds

+/i br U B (s = )" Byg(Alt - (S_T))q)B(S—T,T)uo(s)ds}
+/ot U (t = (s = 7)™ By At = (s = 7)) Byls = 7. ﬁ} u(s)ds

[e=]

t
t
d
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In order to prove the global relative controllability of the system (4.24) it is enough to show
that P has a fixed point in C. To do this, we can employ the contraction mapping principle.
To apply the principle, first we show that P maps C into itself.

We have

2

E[P@)OI° = 5aEle?+5E H / (£ = ) B (At — ) (5, 2(5))ds
+5E /0 (= gy ( /0 "o (0, x(Q))dw(@)) B, (A(t — 5)7)ds
+5E / "B, [ / (= (5 — 1) E, o (A(t — (5 — 7)) B(s — 7 T)uo(s)ds}

—h

+5E /0 t { / 0 (t— (s — 7)) B (A(t — (s — 7))9)d, By(s — 7, 7)} u(s)ds 2

—h

2

It follows from Lemma 2.5, in [84], and the above notation that:

thfl t

g | Bl as

t t T
+5L0a2—/ </ E |00, z(0))| d@) ds + 5M Mpascics
29 —1 Jo 0

t
—|-5M/ E||u(s)||*ds.
0

E|[P@))* < 5aiEllzol + 5az

Thus we have

24
E|P)®)|* < 5aiBlzol® + 5as

-1 _ gyt
N[ (Q+E *)d
=V [ A+ E e

t2q—1 . t
+5L0a22 1L/ (/ 1+ E ||x(9)||2)d9) ds + 5M Mpagcycs
q 0 0 r21
+5M?(? []E||9[:1||2 + a1 Bz + ay 1N/ (1+ E||lz(s)]]*)ds.
T2q—1 . 0

T T
L/ (/ (1+E ]|x(0)|\2)d0> ds + 5M Mpascics | .
2¢—1 " Jo 0

2q —

+ Lgag
Hence,
E[P@@))]* < S5MPE|a1|* + 5ai El|ao|[*(1 + M?1?)

2q—1

1N(1 + MP1?) (1+ ||z]|22)

T
+5MMBCL3C1C3(1 -+ M2l2) -+ 5@22

_ T2q—-1

+5a5L, L . (14 M) (1+T|z|l72) -

2q —
It follows from from the above inequality and the condition ii. that there exists g > 0 such

that
E(|P(z)(®)]* < B+ [[«]|72).

2
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Therefore P maps C into itself. Secondly, we claim that P is a contraction mapping on C.

For x,y € C,

2

E|[P(x)(t) = P(y)(t)|* <3E /0 (t = 8)" Eyq(Alt — 5)7)(f(s,2(5)) — f(s,5(s)))ds

+3E' [ ett=9pe s [T<¢<o>,w1;x>—T<¢<o>,x1;y>1H |

Using Lemma 2.5, in [84], condition ii., and the above notations we get

q_1(1+M2l2T)/O E|f(s,z(s)) —f(S,y(s))||2ds

E|[P@)t) = PO <30

+3as e Lo (14 M?I*T) /Ot (/T E||(a(6,z(0)) — o(8,y(0))|” d@) ds

2¢ -1 0
2q—1 t

1(1 + M?PPT)(N + LL,T) /0 E|x(s) — y(s)||*ds.

< 3&2
>~ 2(] —

It results that

T2q—1
sup E[|P(2)(t) — P(y)(1)]” < 3as (1+M*PT)(N + LL,T) sup Elx(t) - y(t)|*ds.
te[0,T] 2¢—1 t€[0,T7
2q—1

Therefore we conclude that if 3as ) 1(1 + M?I?T)(N + LL,T) < 1, then P is contraction

mapping on C, implies that the mapping P has a unique fixed point x(.) € C. Hence we have

z(t) = E,(A({t)Y)zo+ /0 (t— s)q_lEqvq(A(t —5)1) f(s,2(s))ds

# [t ([ ot0.0)a00) Byyfate - s
+ 05 [ /70“ ~ (s = )" Eyg(A(t = (s = 7)) B(s — 7. T>uo<s>ds]

—h

vf | (s = ) By Al — (s — 7)) Buls — 7 )] uts)as

—h
Thus z(t) is the solution of the system (4.24), and it is easy to verify that x(7T") = x;. Further
the control function u(t) steers the system (4.24) from initial complete state ¢(0) to x; on J.

Hence the system (4.24) is globally relatively controllable on J.

+3E' /0 (= syt < /0 (06, 2(0)) — a(e,y(e)))dw(e)) B, (At — 5))ds

2
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Example
In this example, we apply the results obtained in the previous section for the following stochas-
tic fractional dynamical systems with distributed delays in control which involves sequential

Caputo derivative

cDix(t) = Az(t) + /0 d; B(t, T)u(t +7) + f(t,z(t)) + a(t,x(t))dcji( ). ;0<qg<1,tel0,T]

. ¢
x(0) = xg
(4.29)
where
0 1 e’ cos(t) e’ sin(t u(t+71
A- T I TR i ]
-1 0 —eTsin(t) e cos(t) ug(t + 1)
x1(t) cos xa(t) + 3xa(t) (262 + 1)z (t)e™* 0
f(t’ x(t» = ) U(t7x(t)) =
xo(t) sinxy (t) + 224 (¢) 0 zo(t)e™?
Let us introduce the variables x(t) = 2(t) and x5(t) = D2z (t). Then
°Digy(t) = ‘Dix(t) = 4
The Mittag-Leffler matrix of the given system is given by
> 1)7t4 s (_1)jt(2j+1)q
Z; I'(1+ 2jq) Z_;F(l%—(?j—l—l)q)
EQ(Atq) = oo_ (2 7= 0o s
1)7¢(2+0a (—1)7t%4
ZO L1+ (25 +1)q) jzof(l—f—qu)
Further
YA e R o o\ e e
, = F[(1+2J) q] = 1+J)2 ]
E (AT = (s—1))") = i ; B T))(2j+1)q i j (s — 7_))2](1 )
= [(1 + J)2q} = [(1+ 2J)q]
and

(1~ (s — P By AT — (s — )y = | %0 sl )
—sin,(t) cosy(t)

where cos,(t) and sin,(¢) are given by

© (L1VI(T — (5 — 7))2i+Da-1
COSq(t):Z( 1) (T ( ))

2 T+ 2))d
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. & (1T — (5 — 7))t
(0 = 2

J=0

o(Ts) = / (T — (5 — 7)) Ey (AT — (s — 7))0)d, Br(s — 7.7)

a(s)  B(s)
—B(s) als)

a(s) = /1 exp’ [cosy(T — (s — 7)) cos(s — 7) — sing(T" — (s — 7)) sin(s — 7)] dr
B(s) = / exp” [sing (T — (s — 7)) cos(s — 7) — cosy(T' — (s — 7)) sin(s — 7)] dr

-1

By simple matrix calculation one can see that the controllability matrix

T
i = [ et @ sds
0
T 10
= [ [+ 200 ds
0 01
is positive definite for any 7' > h,Further the functions f(¢,z(t)) and o(t, xz(t)) satisfies the

hypothesis mentioned in Theorem 4.3.2, and so the fractional system (4.29) is globally relatively
controllable on [0, .



Chapter 5

Controllability of fractional stochastic
dynamical systems without delays in

control

This chapter is concerned with the relative controllability for a class of dynamical control
systems described by semilinear fractional stochastic differential equations with nonlocal con-
ditions in Hilbert space. Sufficient conditions for relative controllability results are obtained

using Schaefer’s fixed point theorem.

5.1 Preliminaries and basic properties

In this section, we provide definitions, lemmas and notations necessary to establish our main
results. Throughout this paper, we use the following notations. Let (2, F,P)be a complete
probability space equipped with a normal filtration F;,t € J = [0,7] satisfying the usual
conditions (i.e., right continuous and Fy containing all P-null sets). We consider three real
separable spaces X, F and U, and )-Wiener process on (£, F,P) with a linear bounded
covariance operator () such that tr@) < co. We assume that there exists a complete orthonormal
system {e,},>1 on E, a bounded sequence of non-negative real numbers {\,} such that

Qe = Apen,n = 1,2, ... and a sequence {8, },>1 of independent Brownian motions such that

o

(w(t).e) =D VAulen )Bult), e Ete[0,T],

60
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and F; = F where F is the sigma algebra generated by {w(s) : 0 < s < t}. Let L) =
Ly(Q'Y?E; X) be the Banach space of all F;,— measurable square integrable random variables
with values in the Hilbert space X. Let E(.) denote the expectation with respect to the measure
P. Let C([0,T]; L*(F, X)) be the Banach space of continuous maps from [0, 7] into L?(F, X)
satisfying sup E||z(t)[|* < oco. Let Hy([0,T]; X) be the closed subspace of C([0,T]; L*(F, X))
consisting (tjefjall measurable and F;-adapted X-valued process z € C([0,T]; L*(F, X)) endowed
with the norm ||z||g, = (supE|lz(t)||%)Y% The purpose of this paper is to investigate the
relative controllability for E;Ec;]lass of semilinear stochastic fractional differential equation with
nonlocal conditions of the form
cDox(t) + Ax(t) = Bu(t)+ f(t,z(t)) +o(t,z(t)™L teJ=]0,T],

dt (5.1)

z(0)+g(z) = o,
where 0 < «a < 1; °D¢ denotes the Caputo fractional derivative operator of order a;x(.)
takes its values in the Hilbert space X; A : D(A) C X — X is the infinitesimal generator
of an a-resolvent family {S,(t),t > 0}; the control function u(.) is given in L%([0,T],U) of
admissible control functions, U is a Hilbert space. B is a bounded linear operator from U into
X;f:JxX — Xando:Jx X — LY are appropriate functions to be specified later; x is a
suitable initial random function independent of w(t) and g € C(X, X) is a given function.

Let us recall the following known definitions. For more details see [35].

Definition 5.1.1. The fractional integral of order o with the lower limit 0 for a function f is

defined as

(o _ 1 ! f(8> s a
[f(t)_r(a>/0 (t—s)l—ad’ t>0,a>0

provided the right-hand side is pointwise defined on [0, 00), where T is the gamma function.

Definition 5.1.2. Riemann-Liouville derivative of order a with lower limit zero for a function

f:]0,00) = R can be written as

appy L odn [T f(s)
Lp f(t)—m%/o‘ mds t>0n—1<a<n. (52)

Definition 5.1.3. The Caputo derivative of order a for a function f : [0,00) — R can be

written as

n—1
‘D*f(t) = D* (f(t)—zz—ifkw)), t>0n—1l<a<n (5.3)
k=0
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If f(t) € C™[0,00), then

! ) /Ot(t — )" (s)ds = I f(s), t>0n—1<a<n

‘DU(t) = Tn—a)

Obviously, the Caputo derivative of a constant is equal to zero. The Laplace transform of

the Caputo derivative of order a > 0 is given as

[y

L{EDYf(t); s} = s“F(s) — ) s*F Lk (Q); n—1<a<n.
0

Definition 5.1.4. A two parameter function of the Mittag-Leffler type is defined by the series

3

i

expansion
s 1 uafﬁeu
du, a,f € C,Re(a) >0,
;Fak—i—ﬁ 2m/ua—z'u p (@)
where Cis a contour which starts and ends at —oo end encircles the disc || < |2|'/? counter

clockwise.

For short, E,(z) = E41(2). It is an entire function which provides a simple generalization
of the exponent function: FEj(z) = e* and the cosine function: Ey(2%) = cosh(z), Ey(—2%) =
cos(z), and plays a vital role in the theory of fractional differential equations. The most

interesting properties of the Mittag-Lefler functions are associated with their Laplace integral

P

Y —

/ e ML, s(wt®)dt = , Re(\) > wa,w > 0,
0

and for more details see [35].

Definition 5.1.5. (/91]). A closed and linear operator A is said to be sectorial if there are
constants w € R, 0 € [g,w], M > 0 such that the following two conditions are satisfied:

o p(A) C X ={N€C:XN#w,|arg(\ —w)| <06},

o [RINA)| < %, A E X
Definition 5.1.6. Let A be a closed and linear operator with the domain D(A) defined in a
Banach space X. Let p(A) be the resolvent set of A. We say that A is the generator of an -
resolvent family if there exist w > 0 and a strongly continuous function S, : Ry — L(X), where

L(X) is a Banach space of all bounded linear operators from X into X and the corresponding

norm is denoted by ||.||, such that {\*: ReXA > w} C p(A) and

(AT — A) e = / e Sy (t)zdt, Rel > w,z € X (5.4)
0
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where S, (t) is called the a-resolvent family generated by A.

Definition 5.1.7. Let A be a closed and linear operator with the domain D(A) defined in a
Banach space X and o > 0 We say that A is the generator of a solution operator if there exist
w > 0 and a strongly continuous function S, : Ry — L(X) such that {\* : ReA > w} C p(A)

and

AN — A) e = / eM S, (t)xdt, Rel > w,z € X (5.5)
0
where S, (t) is called the a-resolvent family generated by A.

The concept of the solution operator is closely related to the concept of a resolvent family.
For more details on a-resolvent family and solution operators, we refer the reader to [35]. Now,

we give the definition of the mild solution of (5.1) based on the paper [85].

Definition 5.1.8. (/85]). A continuous stochastic process x : J — X is called a mild solution
of (5.1) if the following conditions hold:

(i) x(t) is measurable and F;i-adapted.
(11) z(0) + g(z) = xo
(1ii) z satisfies the following equation

z(t) = Ta(t)(mo—g(:x))+/0 Sa(t—s) [Bu(s) + f(s,z(s))] ds+/0 So(t—s)o(s,x(s))dw(s) (5.6)

1 a-l 1 1
where T (t)Ey 1 (AtY) = —/ e A dX, Sa(t) = t* 'Eq o (At?) = —/ e dA,

2mi Jg, A —A 2mi Jg. A —A
B, denotes the Bromwich path, S, (t) is the a-resolvent family and T, (t) is the solution operator

generated by —A.

Definition 5.1.9. (/89]). Let xyp(xg,u) be the state value of (5.1) at the terminal time T

corresponding to the control u and the initial value xy. Introduce the set
R(T, o) = {2(T) = wr(wo,u : u(.) € LF([0,T],U)}

which is called the reachable set of (5.1) at the terminal time T. Then the controlled system (1)
is said to be relatively controllable at T if R(T,x¢) = L*(Q, Fi, X).

Definition 5.1.10. (/89/). The control system (5.1) is said to be relatively approzimately

controllable at T if the closure set R(T,xq) = L*(Q, F;, X).
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To study the relative controllability of the fractional system (5.1), we will introduce the

following equivalent conditions.
Lemma 5.1.1. ([55]). The following conditions are equivalent:
(iv) The corresponding linear system with respect to (5.1) is relatively controllable on [0,T)].

(v) The corresponding linear system with respect to (5.1) is relatively approzimately control-

lable on [0,T.

(vi) The corresponding linear deterministic system with respect to (5.1) is relatively control-

lable on [0,T.

The following lemma is required to define the control function. The reader can refer to [66]

for the proof.

Lemma 5.1.2. For any @p € L*(Fr, X) there exists g € L%(Q, L*(0,T, L3)) such that
T
T = Exp + / g(s)dw(s).
0

Now, we define the control function in the following form

o) = BT ) (00)7 B~ Do s + [ i)t
~BSUT - 0)+ / ()57 = 5) (s, () ds
~BST =)+ [ )T = s)ols.a(s)duls)

where ¢ = / Sa(T —s)BB* S (T — s) is the controllability Gramian, B* denotes the adjoint
of B and S} (t) the adjoint of S,(?).

5.2 Relative controllability of semilinear fractional stochas-
tic control systems in Hilbert spaces

In this section it will be shown that the system (5.1) is relatively (approximately) controllable
under appropriate conditions.

Let us assume the following conditions:
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(vii) The corresponding linear system with respect to (5.1) is relatively controllable

(viii) if @ € (0,1) and A € A*(0y, wp) then for z € X and t > 0 we have || T,(¢)|| < Me*" and
1S ()| < Ce(1 + 1), w > wy. Thus we have

IT.t)]| < My and — ||Sa(2)]] < 97 Mg,

where My = sup |To(t)]|, and Mg = sup Ce" (1 4 t'~*)(for more details, see [91]).
0<t<T 0<t<T

(ix) feC(IxX,X),g € C(X,X) and 0 € C(J x X, LY). Moreover, there exists a constant
Cy > 0 such that for z € X, E||g(z)||5% < C) and for s € J,x € B, there exist two
continuous functions Ly, L, : J — (0, 00) such that

E|f(t,2)|% < LeOo(Elz).  Elo(t,2)ly < Laft)p(Elz]%),

where ¢, ¢ : [0,00) — (0, 00) are a continuous nondecreasing functions with

/0T5<s>dss/cmm,

BM2T™ . | ~ - —
where £(t) = max Tsto‘_lan(t),5M§t2(a_1)nLa(t)}, c = 5MZ(EB||zo||3% + C1), and
. T2a T
= |1+ 3M;¢ B|[*T**'P— 1.
0= |1+ silip BT

Our result is based on the following Schaefer’s fixed point theorem.

Theorem 5.2.1. Let K be a closed convex subset of a Banach space H such that 0 € K. Let
P : K — K be a completely continuous map. Then the set {x € K;x = vPz;0 < v < 1} is

unbounded or P has a fixed point.

Theorem 5.2.2. The fractional stochastic system (5.1) is relatively controllable if (vii)-(iz)

are satisfied.

Proof. First, it will be show that the fractional stochastic system (5.1) has at least one

mild solution on J. Let \ : Hy — Hy be operator defined by

(Az)(t) = Ta(t)(:co—g(:c))—l—/o Sa(t—s) [Bu(s,x) + f(s,z(s))] ds+/0 Sa(t—s)o(s,z(s))dw(s)

In order to use the Schaefer’s fixed point theorem, it will be shown that A\ is a completely

continuous operator. We note that the operator A is well defined in H,.
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For the sake of convenience, we divide the proof into several steps.

Step 1. We prove that A is continuous. Let {2"}°°, be sequence in Hy such that 2" — x
in H,. Since the function f,g,u and o are continuous, lim E|Az"(t) — Az (¢)||% = 0 in Hy for
n—oo

every t € J. This implies that the mapping A is continuous on Hj.

Step 2. Next we prove that A maps bounded sets into bounded sets in H,. To prove that
for any 7 > 0 there exists a v > 0 such that for x € B, = {x € H, : E||z||% < r}, we have

E|Az|% < ~. For any x € B,,t € J, we have

2

Ellu(s, 2)|? < 3EHB*S;<T—t> (w8 B2 = () = 9] + [ ton)-la(s)dw(s))

2

+3]EHB*S;(T—75) +/Ot(¢§)‘1SQ(T— s)f(s,x(s))ds
BT )+ [ 5T s)ots a(oants)|

3| B2 2 M2 [Eumy? 4 M2+ M2Cy + TLg] + 3| BPT M —

+3E

TOl

IN

t
x/ (T — 5)* " Ly(s)ds + 3|| B *T** > M p(r )22=2L, (s)ds.
0

\

Thus

t2a 1
1 t
T
||B|r4T2a el } [ =5 st

T ! ~
||B||4T2°‘_1l2—] / (t — 8)** 2 Ly(s)ds
1 a | Jo

E|\z(t)|% < 5Mzr+ 5M2C, + 15MS—||BH4 T2o-2p2 [E||:):T||2 + MZr 4+ M2C, + TL~]

2a 1

T t
+5ME—¢(r) [1 +3M}

o 2a

2a—1

—~ ¢
5M?2 1+ 3M3
+ 590(7")[ ToMgg

= 7, teJ

Step 3. We show that A maps bounded sets into equicontinuous sets of B,.

Let 0 <ty <ty <T, for each x € B,, we have
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B[ Az(ty) — Az (t)[%

< 8||Ta(t2) — Ta(t)[IPEllzollk + 8l Ta(t2) — Ta(ta) IPEllg(x)|%

2 2

+8IE / oty — 5) = Sa(ts — 5)] f(s,2(s))ds ; + 8E /t 2 Sa(ta — s)f(s,x(s))ds
+8IE / a(ta — 5) = Sa(ty — s)] o(s, z(s))dw(s) ; + 8E /t 2 Salta — s)o(s, xz(s))dw(s)
+8E / [Sa(te — 8) — Sa(ty — s)] Bu(s,z)ds|| + 8E /t2 Sa(ta — 8)Bu(s, x)ds

Therefore we obtain
Bl e(ts) — (i) %

< 8+ COITe) = Tul) P+ [ 1Sulta =) = St = o) ds
< [ utta =) = St N B s
+8/§2W&Kb'—sﬂwsjf2HSa@2—S)HEHf@#NSDH§d8
[ sl =)= atts = s [ 5l = ) = Sutts = M BIPEuGs, ) s
#8 [ Sults = ol ds [ 1ules — ) 1BIPBl s, ) s

t1 t1

t1 to
+8/ [Sa(tz — s) — Sa(ty —3)||2E||0(8a$(5))||%gd5+8/ 1Sa(ts = )" Ello(s, 2(s))[|7yds.
0

t1

Thus
B Az (t2) — Az(t)]%

< 8(r+ )| Ta(te) — Ta(t)I* + 8925(7“)77/0 1 1Sa(ta = 5) = Salts — s)|| ds

< [ Sutta = 5) = Sults = )| Ly (s)ds

0
)% T t2 .
1) 1||B||4T2a—1l2_:|/ (tg—S)a_lLf(S)dS
(0%

—~_ (to — 200—1
+8M§(2—
o t1

o(r) {1 +3M} ;a —
4%wﬂiéwwaw—@—ﬁah—QW5A@%

. —  2a-1 T t2 -
+8MZp(r) [1 + 3M3 HB||4T2O‘_1Z2—] / (ty — 8)** 2L, (s)ds,
200 — 1 a | Jy,

where 7] is a positive constant depending only on «, [, B, T and M. 5. Since T,(t) and S, (t) are

strongly continuous, || Ty (t2) — Ta(t1)|| — 0 and ||Sa(t2 —s) — Sa(t1 — s)|| = 0 as t; — to. Thus,

from the above inequality we have tlirrtl E|Az(t2) — Az(t1)|% = 0. Thus, the set {\z,z € B,}
112
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is equicontinuous. Finally, combining Step 1 to 3 with Ascoli’s theorem, we conclude that the

operator A is compact.

Step 4. Next, we show that the set
N = {x € Hysuch thatz = gAz(t)for some0 < ¢ < 1} is bounded. Let x € N then x(t) = g\z(t)

for some 0 < ¢ < 1. Then for each t € J we have

z(t) =q (Ta(t)(:co —g(x)) +/O Sa(t — s)[Bu(s,z) + f(s,x(s))]ds —l—/o Sa(t — s)a(s,x(s))dw(s)) ,

which implies that
Eflz(#)%

t t
< 5||Ta||2]E||:7ffo|I?§<+5||Ta||2]E||g(ﬂf)||A2><+5/0 ||Sa(t_8)||d8/0 1Sa(t = ) EIf (s, 2(s)) 5 ds

t t t
15 / 1St — s ds / 1Sa(t — )| E|lBu(s, 2)|ds + 5 / 1Sa(t = 5)I1? Ello(s, 2(5)) 2 gds

< B5M2E||zo|% + 5M2C,

NT __ t20¢
5M2— |1+ 3M2
+ 5 { + 53

T [ a-17
e [ o Lol s
20104 T @ t 0
42a—172 1 _ o)\2a—2T7 2
BT [ o Lol R
Consider the function p(t) defined by

+5M2 [1 + 3M
p(t) = sup{E|z(s)|[5;0 < s <t}, 0<t < T.

u(t) < BME[E||zol% + C1]
[} 2 T

—. T — ¢ ~
+5M2E— [1 + 3]\43L | B||*T2 112 } / (t — s)a_lLf(s)qﬁ(,u(s))ds
o 200 — 1 0

et K AEEIEIT

«

~ —
5M2 |1+ 3ME
* S[ L

Denoting by v(t) the right hand side of the last inequality, we have v(0) = ¢ = 5MA[E||zo||% +
Chl, p(t) < wv(t), t € J Moreover,

. Ta r . t2a Ta' .
V() = SM3— |1+ 3Mgg—||B'T* P — | t* " Lp(1)o (1)
I R T N -
+5M2 |1+ 3M3 | B||* T2 2 — | #2972 Lo (t)(pu(t))
L 200 — 1 a ]
< sl [ s 22 ] e T ()
- a | 200 — 1 o |
T __ t20¢ Ta' -
+5M3 1+3M§2 1HB|\4T2”*112— 2272 L, () (v (t)),
o — «
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or equivalently by (ix), we have

v(t) ds T oo ds
o < e [T o<esT
/1/(0) ¢(s) + o(s) /0 ¢ Ps)+(s)
This inequality implies that there is a constant k such that v(t) < k, t € J, and hence, u(t) < k.

Furthermore, we get ||x(¢)||25u(t) < v(t) < k t € J. By the Schaefer’s fixed point theorem, we
deduce that A has a fixed point z(¢) on J, with 2(7T") = 27, which is a mild solution of (5.1).
That means it is along this trajectory that the solution of (5.1) will be steered by u from zq to

xr. That completes the proof.

O

In order to study the approximate controllability for the fractional stochastic control system

(5.1), we introduce the approximate controllability of its linear part

cD&x(t) = Az(t) + (Bu)(t)
£(0) +g(r) = 0

(5.7)

For this purpose, we need to introduce the relevant operator

T
U = /0 So(T — s)BB*S:(T — s)

R(g,vg) = (al +vg)7",
where ¢ > 0 and 9" is a linear bounded operator.

We assume the following additional conditions
(x) qR(q,vI) — 0 as ¢ — 0T in the strong operator topology.
(xi) f(t,z): Jx X — X and o(t,X) : J x X — LY are bounded for t € J and x € X.

Remark 5.2.1. From [66] (Theorem 2) the condition () is equivalent to the fact that the linear
fractional control system (5.7) is approximately controllable on J := [0,T|. Hence, by Lemma
5.1.1, (vii) is equivalent to qR(q,vd) := (¢f +¢I)™ — 0 as ¢ — 07. Moreover, (vii) can be
replaced by the following more verifiable criterion:

There exists some positive constant 3y such that (YTz, 2) < F||z||* for all z € X.

Theorem 5.2.3. Under the conditions (vii)-(xzi), and if S, (t) is a compact, then system (5.1)

is relatively approzimately controllable on [0, T).
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Proof. For all ¢ > 0 define the control function as

wi(t,x) = B'SHT - s) (<q1 ) EFr — Ta(T) (w0 — g(2))] + / (al + ¢§>-1a<s>dw<s>)
_BSYT 1) / (gl + 0T)L8u(T — 5) (5, 2(s))ds

_BSYT 1) / (4 + 00 SulT — 8)or(s, 2(s))du(s).
(5.8)

and the operator \, : Hy — H; as follows

(Ag2)(t) = Ta(t)(xo—g(x))—i-/t Sa(t—s) [Bul(s,z) + f(s,x(s))] ds—i—/t Sa(t—s)o (s, z(s))dw(s).

" ' (5.9)

Replacing [ with lQ and using the same procedure as in the proof of Theorem 5.2.2; one
can prove that A, hasZL unique fixed point .

By using the stochastic Fubini theorem, it is easy to see that

2(T) = Tr —q(gl + )7 [Eir — To(T) (0 — g(x))] + q/o (I +3) " SalT = 5)f (s, 24(5))ds

b [ @1+ D) 5l = )l 2)) ~ G ),
(5.10)
It follows from the properties of f and o that || f(s, z,(s))||*+]|o (s, 24(s))||* < Li. Then there
is a subsequence denoted by {f(s,z,(s)),o(s,z,(s))} weakly converging to say {f(s),o(s)}.

Thus from the above equation, we have
Ellzg(T) — 2l < 6 |lalal + ) [EFr — Tu(T)(z0 — g(@))]|| + 6E (/OT Jatal + 47505, ds)
or (/OT latal +3) 7 152 = $)(F(s.24(s) = F())] ds)2
+6E (/OT lalal +¢3)71Sa(T — 5) f(5)]] d5>2
+6E (/OT latal + ) [ 15a(T — )(0(s,24(5)) — o(s))II% dé’)
(L

+6E la(al +93) " SalT - s)a(s)Hig ds) .
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On the other hand, by assumption (x) for all 0 < s < T, the operator ¢(ql + ¢I)™t — 0
strongly as ¢ — 07, and moreover q(ql + 7)™ < 1. Thus, by the Lebesgue dominated
convergence theorem and the compactness of S, (¢) we obtain E||z,(T) — Zr|* = 0 as ¢ — 0.

This gives the approximate controllability of (5.1) . Hence the proof is complete.



Conclusion

The main goals of this thesis is to investigate the subject controllability of Fractional stochastic
dynamical systems.

The third chapter contains some controllability results for stochastic systems. The first re-
sult shows that the Banach fixed point theorem can effectively be used in control problems to
obtain sufficient conditions. Here it is proved that under some hypotheses together with the
assumption that the linear stochastic system is completely controllable, the semilinear stochas-
tic system iscomplete ly controllable.

Another result is obtained via the generalized implicit function theorem. It presents the result
that under some natural conditions the non-linear stochastic system islocal ly null controllable

provided that its linearized system is controllable.

In fourth chapter of this thesis we have study some controllability results of fractional
stochastic dynamical systems with delays in control, we have study global relative controlla-
bility for the linear and nonlinear fractional stochastic dynamical systems with multiple delays
in control function. The result shows that the Banach fixed point theorem can effectively be
used to study the control problems for establishing sufficient conditions. Here it is proved
that under some hypotheses together with the assumption that the linear stochastic system is
globally relatively controllable, the nonlinear fractional stochastic system is also globally rela-
tively controllable, and we have study also global relative controllability of linear and nonlinear
stochastic fractional dynamical systems with distributed delays in control. With Lipschitz and
linear growth conditions, some sufficient conditions have been presented for global relative con-

trollability of stochastic nonlinear systems in finite dimensional space.
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In the fifth chapter of this thesis we have study some controllability results of fractional
stochastic dynamical systems without delays in control, we have study the relative control-
lability for a class of dynamical control systems described by semilinear fractional stochastic
differential equations with nonlocal conditions in Hilbert space. A new set of sufficient condi-
tions for the relative controllability of the considered system have been formulated and proved.
As the differential inclusion system is considered as a generalization of the system described by
differential equations, it should be pointed out that under some suitable conditions on f and o,
one can establish the relative controllability of fractional stochastic differential inclusions with
nonlocal conditions by adapting the techniques and ideas established in this paper and suitably

introducing the technique of single valued maps defined in [13|. This is one of our future goals.
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