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Abstract

The aim of this thesis is to develop a framework for the stochastic analysis of the Rosen-
blatt process: a non-Gaussian, self-similar process with long-range dependence and non-
semimartingale behavior. This process is a natural modeling tool for complex phenom-
ena, particularly in finance where classical Gaussian assumptions may not be sufficient
to explain empirical features. First, we define a stochastic integral with respect to the
Rosenblatt process for non adapted processes. The construction uses the convergence of
Riemann sums and a suitable decomposition of the integrand process into adapted pro-
cess and instantly independent process. This approach extends the anticipative stochastic
calculus from the classical Brownian setting to the non-Gaussian setting. Next, we investi-
gate stochastic differential equations driven by the Rosenblatt process. Under appropriate
assumptions, we prove existence and uniqueness results for the solutions and study their
stability properties. A numerical scheme based on the Euler Maruyama method is also
implemented in order to illustrate the behavior of the solutions. Finally, we establish the
conditional full support (CFS) property for the Rosenblatt process. We show that it plays
a central role in financial modeling. In particular, we highlight that the CFS property
ensures the absence of arbitrage opportunities without requiring the explicit calculation of
the risk-neutral probability. As an application, we verify the CFS property in the context
of SDE driven by the Rosenblatt bridge.

Key words: Rosenblatt process, non adapted process, SDE, numerical analysis, condi-

tional full support, Rosenblatt bridge, absence of arbitrage opportunities.



Résumé

L’objectif de cette thése est de développer un cadre pour ’analyse stochastique du processus de
Rosenblatt : un processus non gaussien, auto-similaire, présentant une dépendance a long terme
et un comportement non semi-martingale. Ce processus constitue un outil de modélisation na-
turel pour les phénoménes complexes, en particulier en finance ot les hypothéses gaussiennes
classiques peuvent s’avérer insuffisantes pour expliquer les caractéristiques empiriques. Nous
avons défini d’abord une intégrale stochastique par rapport au processus de Rosenblatt pour
les processus non adaptés. La construction repose sur la convergence des sommes de Riemann
et une décomposition appropriée du processus a intégrer en processus adapté et processus in-
stantanément indépendants. Cette approche étend le calcul stochastique anticipatif du cadre
brownien classique au cadre non gaussien. Nous étudions ensuite les équations différentielles
stochastiques pilotées par le processus de Rosenblatt. Sous des hypothéses appropriées, nous dé-
montrons 'existence et 'unicité des solutions et étudions leurs propriétés de stabilité. Un schéma
numérique basé sur la méthode d’FEuler-Maruyama est également mis en ceuvre afin d’illustrer le
comportement des solutions. Enfin, nous établissons la propriété de support complet condition-
nel (CFS) pour le processus de Rosenblatt. Nous montrons qu’elle joue un role central dans la
modélisation financiére. En particulier, nous soulignons que la propriété CFS garantit I’absence
d’opportunités d’arbitrage sans nécessiter le calcul explicite de la probabilité de risque neutre.
Comme application, nous vérifions la propriété CFS dans le cadre d’une équation différentielle
stochastique pilotée par le pont de Rosenblatt.

Mots clés: Processus de Rosenblatt, processus non adapté, indépendance instantanée, EDS,
analyse numérique, support complet conditionnel, pont de Rosenblatt, absence d’opportunités

d’arbitrage.
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Introduction

Stochastic processes play a central role in modern financial modeling, providing mathe-
matical tools to describe systems that evolve randomly over time. From asset prices and
interest rates to market volatility and risk dynamics, these processes allow researchers
to capture the uncertainty and irregular behavior observed in financial markets. Among
them, self-similar processes have attracted particular attention because of their ability to
model long-range dependence and scaling properties often present in financial data. A
stochastic process is called self-similar if its distribution remains invariant under suitable
scalings of time and space; more precisely, a process (X;);>o is self-similar with index
H > 0 if for every a > 0 the processes (X)i>0 and (¢ X;);>0 have the same finite-
dimensional distributions. Such processes are useful in finance because they can capture
behaviors observed across different time scales that are not well described by the clas-
sical Brownian motion model. For further exploration and applications of self-similar
stochastic processes, interested readers may refer to bibliographical guides provided by
Taqqu [78] and Willinger et al. [33], which offer comprehensive references and applica-
tions in various domains. The family of fractional Brownian motions (B);o with the
Hurst parameter 0 < H < 1 stands out as one of the most extensively studied self-similar
stochastic processes, because these processes are Gaussian, have stationary increments,
and exhibit long-range dependence for 1/2 < H < 1. These characteristics make them
highly desirable for real-world modeling and applications.

Nevertheless, there have also been empirical observations of non-Gaussian data with frac-

tal properties, such as in [27], where control error in single-input-single-output (SISO)
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Introduction 14

loops is examined. Domanski [27] has demonstrated that the Gaussian assumption is not
always suitable using data from various physical systems. In these situations, it doesn’t
appear reasonable to characterize these physical phenomena with a Gaussian process,
such as fractional Brownian motion, and non-Gaussian alternatives can provide a more
adequate framework.

In particular, several classes of stochastic processes have been introduced in the litera-
ture to capture long-range dependence beyond the Gaussian setting. Among them are
stable processes, which are characterized by heavy-tailed distributions and have been ex-
tensively studied in connection with long-memory phenomena (see, for example, [60]).
However, the strong tail behavior of stable processes may in some applications be too
extreme, which motivates the search for intermediate models exhibiting long-range de-
pendence with more moderate tail behavior. An interesting class of processes in this
direction is given by the so-called Hermite processes, which arise naturally in non-central
limit theorems for strongly dependent random variables, as established by Dobrushin and
Major [20], and later developed by Taqqu [77]. These processes are neither Gaussian nor
stable and exhibit intermediate tail behavior, in the sense that their distributions are
heavier-tailed than the Gaussian law but lighter than stable laws. Within this class, the
second-order Hermite process, known as the Rosenblatt process, occupies a central role.
In this thesis, we focus on this process as a representative non-Gaussian model exhibiting
long-range dependence, and investigate its properties and applications in the context of
stochastic modelling. The Rosenblatt process belongs to the category of Hermite pro-
cesses, which are limits of normalized sums of long-range dependent random variables.
The Gaussian fractional Brownian motion is one of the most studied Hermite processes
due to its significant importance in modeling. In contrast, the Rosenblatt process repre-
sents the simplest non-Gaussian Hermite process. It is characterized by continuous non-
differentiable paths and exhibits self-similarity with stationary increments. Consequently,
it offers a richer framework for modeling complex systems where higher-order dependen-

cies play a significant role. This process was first conceived by Murray Rosenblatt and
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was subsequently named the Rosenblatt process by Taqqu in [75]. The Rosenblatt process
was studied later by Taqqu [79].

In [80], Tudor provides a stochastic analysis of Rosenblatt processes, whereas these ref-
erences |1, 2, 5, 6, 18, 28, (7] investigate various structural, probabilistic, and statistical
aspects of the Rosenblatt process. Maejima and Tudor [52] demonstrated that the mul-
tivariate Rosenblatt distribution is a member of the Thorin class, which is a subset of

the class of self-decomposable distributions. Based on this finding, new properties of the

Rosenblatt distribution are derived.

Despite its importance, the mathematical analysis of the Rosenblatt process presents sub-
stantial difficulties due to the loss of Gaussianity. In particular, the Rosenblatt process
does not possess the characteristic of being a semimartingale, and this presents a limi-
tation when attempting to apply the classical stochastic calculus framework developed
by It6 . For the integral fg usdXs to have a meaningful interpretation, the integrator
X is typically required to be a semimartingale. However, the Rosenblatt process does
not satisfy this condition. As a result, we turn to two primary methods for developing a
stochastic integration theory that accommodates such situations: the pathwise calculus
approach and the Malliavin calculus/Skorohod integration approach. The first approach,
which includes rough paths analysis [19] and the stochastic calculus via regularization
[72], is directly applicable to the Rosenblatt process due to the regularity of its paths and
its covariance structure; a pathwise Itd6 formula can be obtained. The Malliavin calculus
is very related to the Gaussian character of the driven process, see [50].

The non-Gaussian nature of the Rosenblatt process significantly complicates the devel-
opment of a stochastic calculus with respect to this process. Many classical techniques
available in the Gaussian setting either fail or require substantial modifications. Conse-
quently, several fundamental questions remain challenging, particularly concerning: the
construction of stochastic integrals, the analysis of stochastic differential equations, and
the investigation of the pathwise properties.

The present thesis is devoted to the study of stochastic analysis associated with the
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Rosenblatt process. More specifically, this work focuses on three closely related aspects:
stochastic integration for non-adapted processes, stochastic differential equations driven

by the Rosenblatt process, and the conditional full support property of the Rosenblatt

process.
The first part of this thesis concerns the construction and analysis of stochastic inte-
grals of non-adapted processes with respect to the Rosenblatt process. Given the non-
semimartingale nature of this process, classical It6 integration is not applicable, which
necessitates the use of alternative approaches such as pathwise techniques and Malliavin

calculus.

On the other hand, we have the problem of adaptation. In real life, a non-adapted pro-
cess may depend on information that is not available at the current time, including future
values of the driving noise. For instance, suppose that an investor has access to the fu-
ture value of a stock price at a terminal time 7". In this case, the corresponding process
depends on future information and is therefore a non-adapted process. Such processes
naturally arise in insider trading models, stochastic control problems with future infor-
mation, and anticipative stochastic calculus. Another limitation of classical It6 integral is
the adaptedness of the integrand to the natural filtration of the integrator i.e. fot usd X
is well defined if and only if u is adapted to the filtration generated by the process X.
Then, the integral is defined like Riemann sums at which the evaluation points are the
left endpoints of subintervals. The issue of non-adapted integrands was highlighted by Ito
[35] at the International Symposium on Stochastic Differential Equations in Kyoto (1976),
where he considered the problem of defining stochastic integrals when the integrand is not
adapted to the natural filtration. To address this difficulty, 1t6 considered an enlargement
of the filtration. Under this extended filtration, the integrand becomes adapted.

There have been several extensions in the literature on anticipating stochastic integra-
tion. We refer for instance to Hitsuda [33] and Skorokhod [62]. For more details on the
anticipating integrals and their applications, see Buckdahn [16], Leon and Protter [1(],

Pardoux and Protter [06], and the references therein. Ayed and Kuo [!] introduced a
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different approach to the definition of anticipating stochastic integrals. Their method is
based on decomposing an anticipating integrand into combinations of adapted processes
and instantly independent processes. Using this decomposition, they defined the stochas-
tic integral through a Riemann-sum construction derived from the classical stochastic
integration framework developed by Kuo [11]. In this construction, the adapted compo-
nent is evaluated at the left endpoints of the partition intervals, whereas the instantly
independent component is evaluated at the right endpoints. This approach has stimu-
lated further research on anticipating stochastic calculus. In particular, Kuo and Ayed
[1] established an It6 formula for anticipating integrals, which was subsequently extended
to more general settings by Kuo et al. [34, 13, 41]. The study of stochastic differential
equations with anticipating initial conditions was later investigated by Khalifa et al. [39].
In addition, Kuo et al. [12] examined the corresponding It6 isometry associated with this
class of anticipating integrals.

Belhadj et al. |7, 8| defined stochastic integrals for anticipating integrands with respect
to the subfractional Brownian motion and the mixed fractional Brownian motion, and
showed that the resulting anticipating integrals are a near-martingales under suitable
conditions. Hamada et al. [32] studied stochastic integrals for non-adapted processes
with respect to fractional Brownian motion.

Using the integrand decomposition method introduced by Ayed and Kuo [1], we define
the stochastic integral of an anticipating process with respect to the Rosenblatt process.
Once a stochastic integration framework with respect to the Rosenblatt process has been
established, a natural continuation is the study of stochastic differential equations driven
by this process. Stochastic Differential Equations (SDEs) represent a powerful frame-
work for modeling dynamic systems influenced by both deterministic and random fac-
tors. Equations driven by a fractional Brownian motion (fBm) with a Hurst parameter
H € (1/2,1) can be analyzed using various approaches, including a pathwise approach
based on p-variation techniques (as described in [18]), fractional calculus methods intro-

duced by Zéhle [3841] and applied in [57], or approaches based on Holder continuity [74].
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Additionally, using the notion of p-variation and the rough path analysis developed by
Lyons in [17, 18|, Coutin and Qian demonstrated in [22]| the existence of strong solu-
tions for stochastic differential equations driven by fBm with H > 1/4 and investigated a
Wong-Zakai approximation limit for these equations.

Due to the non-Gaussianity of the Rosenblatt process and the complexity of its depen-
dence structures, it has received less research interest than fractional Brownian motion.
So, studying the stochastic differential equations with the Rosenblatt process appears in-
triguing. Various aspects of stochastic evolution equations and related stochastic systems
driven by Rosenblatt or more general Volterra-type noises, including existence, asymp-
totic behavior, and parameter estimation, have been investigated in the literature, see e.g.
[15, 19, 23, 24, 63, 64, 61]. Coupek et al. [20] solved a linear-quadratic optimal control
problem with an infinite time horizon for a scalar linear stochastic differential equation

with additive Rosenblatt noise.

In our study of stochastic differential equations driven by the Rosenblatt process, we re-
strict ourselves to the case of a constant diffusion coefficient. Consequently, the stochastic
integral involved in the equation is associated with a predictable integrand, which avoids
some of the additional technical difficulties related to anticipating processes. This choice
makes it possible to focus primarily on the influence of the Rosenblatt noise itself and
on the specific features induced by its non-Gaussian structure. Although the stochastic
differential equations considered in this thesis do not involve non-adapted coefficients,
the stochastic integration framework developed in the first part remains an essential tool
throughout this thesis. It also offers a natural framework for extending the analysis to
more general stochastic equations involving random or anticipating diffusion terms.

The third part of this thesis addresses a different but complementary aspect related to
the topological properties of the sample paths of the Rosenblatt process, namely the
conditional full support (CFS) property by thinking of the problems of no arbitrage in
non-Gaussian framework for asset prices driven by the Rosenblatt process. Conditional

full support (CFS) is a regular property applied to asset prices, which states that the
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asset price path can continue arbitrarily near any given path with a positive conditional
probability from any given time on. In the context of mathematical finance, specifically
pricing models with transaction costs, Guasoni, Rasonyi, and Schachermayer [31]| were
the first who proposed the CFS property. According to their main finding, if a continuous
price process has CFS property, then for any € > 0, there exists a so-called e-consistent
price system. This system is a martingale (following an equivalent change of measure)
that shadows the price process within the bid-ask spread implied by e-sized proportional
transaction costs (for a related study, see [37]). Under arbitrary small transaction costs,
the price process does not accept arbitrage opportunities, as indicated by the existence of
e-consistent price systems for every € > 0 because any arbitrage technique will produce
arbitrage in a system of consistent prices as well, which is contradicted by the martingale
property. Consistent price systems can be seen as generalizations of equivalent martin-
gale measures (EMM’s), because for every € > 0, a price process is considered as a trivial
e-consistent price system if it admits an EMM.

Nonetheless, CFS condition is worth researching even for price processes that accept
EMMs since it makes it possible to create a specific consistent price system that are help-
ful in solving superreplication issues with proportional transaction costs. This may be
seen in [31] in the "face-lifting" outcome, it states that the superreplication price of any
European-style vanilla contingent claim g(Pr) with e-sized proportional transaction costs
tends to g(Fy) when € | 0 if (P;)scpo,r) is a price process with CFS, where g is the concave
envelope of g (informally, the "smallest" concave function that majorizes ¢g). This implies
that superreplicating, for example, a European call option under small proportional trans-
action costs involves purchasing the underlying asset, which is the trivial superreplicating
portfolio. According to the recent article by Bender, Sottinen, and Valkeila [9], CFS
property has been found to be relevant to frictionless pricing models in addition to ones
with transaction costs. According to their findings, a continuous price process does not
admit arbitrage opportunities in a class of trading strategies if it possesses CFS property

(also known as the conditional small ball property) and pathwise quadratic variation even
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though this is a little more limited than what classical models allow, it still includes most,
if not all, of the practically applicable strategies.

CFS property is a fundamentally intriguing property from a purely mathematical stand-
point, in addition to its applications in mathematical finance. The study of the CFS
property, in particular, can be seen as a logical continuation of classical work on the sup-
ports of the laws of continuous Gaussian processes, by Kallianpur [35], and diffusions,
initiated by Stroock and Varadhan [65] and continued by several other authors (see e.g.
[51]). The CFS condition has been the subject of numerous studies, including those by:
Guasoni et al. [31] where it was demonstrated that there is a CFS condition for fractional
Brownian motion with an arbitrary Hurst parameter, then Cherny [17] later general-
ized this and demonstrated that any Brownian moving average fulfills the CFS property.
Following that, Gasbarra [29] established this condition for Gaussian processes with sta-
tionary increments. Pakkanan |59] established conditions for the process Q@ = L+ H « W
to have conditional full support, where W is a Brownian motion, L is a continuous process
and the processes L and H are either progressive or independent of W.

Dani et al. [25] studied the conditional full support (CFS) property for the processes
Sy = L+ f(f hsd B where (Bf[)te[oﬂ is a fractional Brownian motion, (L;)¢cpo,r) is a con-

tinuous process, and the processes (L¢):cjo,r] and (h¢)icpo,r] are independent of (BH )eclo,1]-

Although the three topics considered in this thesis may appear distinct at first sight,
they are in fact closely connected through the common objective of developing a deeper
stochastic framework for the study of the Rosenblatt process. Stochastic integration
provides the analytical foundation for the analysis of stochastic differential equations,
while the study of pathwise properties, such as the conditional full support condition,
contributes to a more comprehensive understanding of both the process itself and the
systems it drives. Taken together, these elements offer a coherent approach to the study
of non-Gaussian stochastic processes exhibiting long-range dependence.

The mathematical tools used throughout this thesis are mainly based on Malliavin cal-
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culus, Wiener chaos techniques, stochastic analysis for non-Gaussian processes, and func-
tional analytic methods. These tools allow us to overcome the analytical difficulties asso-
ciated with the non-Gaussian nature of the Rosenblatt process.

Outline of thesis

This thesis is organized as follows: In the first chapter, we recall the basic background on
Rosenblatt process. The second chapter is devoted to the presentation of the anticipating
stochastic integral introduced by Ayed and Kuo [!], whose construction is based on a
suitable decomposition of the integrand. We also review several previous works related to
anticipating stochastic integration for fractional Gaussian processes. Finally, we establish
our main results by defining and studying anticipating stochastic integrals with respect
to the Rosenblatt process.

The third chapter focuses on stochastic differential equations driven by the Rosenblatt
process. We consider a class of equations with constant diffusion coefficient, correspond-
ing to the predictable setting. We investigate the existence, uniqueness, and stability
of the corresponding solutions. In addition, several illustrative examples and numerical
simulations are provided in order to compare the exact solutions with their numerical
approximations.

The fourth part of this thesis concerns the study of the conditional full support prop-
erty. We begin by recalling the fundamental notions and main concepts related to this
property. We then review several previous results established in the Gaussian framework.
After this preliminary analysis, we examine the CFS property by thinking of the prob-
lems of no arbitrage in non-Gaussian framework for asset prices driven by the Rosenblatt
process then, we build the absence of arbitrage opportunities without calculating the risk-
neutral probability by the existence of the consistent price systems. In addition we prove
the conditional full support property for a class of stochastic differential equations driven
by the Rosenblatt bridge.

Finally, the conclusion summarizes the main contributions of the thesis and discusses

several possible directions for future research.



Chapter 1

On the Rosenblatt process: Background

and definitions

The limits appearing in the non-central limit theorem (see, for example, [77] or [26]) char-
acterize an intriguing class of self-similar processes. We briefly review this background.

Let us review the concept of Hermite rank. The Hermite polynomial of degree m is repre-

sented by H,,(z) = (—1)m6§ 4" o5 and let g be a function on R such that E[g(&)] = 0

dx™

and E[g(£)?] < oo. Assume that the expansion of g in Hermite polynomials is as follows.

g(x) =Y aH(x),
1=0
where ¢; = ;E[g(&) H;(&)]. The definition of the Hermite rank of g is

k = min{l | ¢ # 0}.

Since E[g(&)] = 0, we have k > 1. Let g be a Hermite rank &k function, and let (§,)nez
be a stationary Gaussian sequence with variance 1 and mean 0 that displays long range

dependency in the sense that the correlation function satisfies

2H-—-2

r(n) = E(¢&,) =n & L(n),

22
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where H € (3,1), k > 1 and L is a slowly varying function at infinity (see e.g. [50] for

the definition). Then the following family of stochastic processes

[nt]

nLHZg(fj)

converges to a self-similar stochastic process with stationary increments that resides in the
k-th Wiener chaos as n — oo, in the sense of finite dimensional distributions. This process
is called the Hermite process of order k. The only Gaussian process in the class of Hermite
processes is fractional Brownian motion. Their practical significance is considerable, as
they constitute a broad class of stochastic processes suitable for modeling long-range
dependence, self-similarity, and Holder regularity, while permitting substantial deviations
from fractional Brownian motion and other Gaussian processes. Moreover, owing to
their non-Gaussian nature and their self-similarity with stationary increments, Hermite
processes provide appropriate inputs for models in which empirical data display self-
similar behavior accompanied by non-Gaussian characteristics. Based on the analysis of
stochastic modeling for river-flow time series in [15], the work [76] discusses the necessity
of non-Gaussian self-similar processes in practice (e.g., in hydrology). The fundamental
characteristics of the Hermite process are examined in this chapter, with a particular

emphasis on the Rosenblatt process, which is the most well-known Hermite process after

{Bm.

1.1 The Hermite processes

Definition 1.1.1. The Hermite process (RY(t))i>o0 of order k and with Hurst parameter
H € (0,1) is defined by a multiple Wiener-Ito integral of order k with respect to the

standard Brownian motion (B(y))yer by
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RE(t) = c(H, k) /

R

k ( / 116 —y»ﬁ“f))ds) AB(y)--dB(y),  (L1)

j=1

with x4 = max(x,0), and the constant ¢(H, k) is a normalizing constant that ensures

E(RY (1) = 1.
Remark 1.1.1. o If k=1, we obtain the fractional Brownian motion.
o [or k =2, we obtain the Rosenblatt process, which is introduced below.

The following lemma will be used in the computation of the covariance of the Hermite

process, and the constant c¢(H, k).

Lemma 1.1.1. [S/] Fora+b< 1

UuAv
/ (u—y)a(v—y)bd?J:ﬂ(—l—a—b,b+ 1)!U—v|“+b+1'

—00

We now recall some important properties of the Hermite process established in [31].

1.1.1 Some properties of the Hermite processes

1. R%(t) is H self-similar, so that Vc > 0.

R (ct) £ HRE (). (1.2)
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Proof. Let ¢ > 0, we have:

RE(ct) = c(H, k) /R k /0 T - 90 T dsaB ). dB )

= cc(H, k) / / ([Tes - v 27T dsdB(y)...dB(y)

- cc(H,k)/Rk/Ot('

t k
= cc_(%ﬂL%)c(H, k)/ / (H(s — yz);(
REJo

-(3+35H5) —1 -1
(s —cyi)y ? YdsdB(¢ yy)...dB(c™ yg)

=

1

[N

+455) -1 -1
" YdsdB(¢ yy)...dB(c yy)

1 1-Hy — t (lyl-H
= ce @) [ [T - dsdBn)..aB )
rF Jo
Jj=1
@ CHR().
Recall that @ denotes the equivalence of finite dimensional distributions. O

2. The increments of the process R* are stationary.

Proof. Tt follows immediately from (1.1) that for every h > 0 the processes (RF(t +
h) — R*(t))¢>0 and (RF(t));>o coincide in law. O

3. All moments of the Hermite process are finites and for every p > 1
E(|RY, (t)))P = E|RY,(1)[Pt*,  for every t > 0. (1.3)
Proof. This is a consequence of property 1. O

4. For every s,t > 0 the covariance of the Hermite processes is

E[RY (6)R ()] = %(t?H 42 | — 2. (1.4)
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Proof. For all t,s € Rt and H € (0, 1), by using the isometry of multiple Wiener

It6 integrals and Fubini’s theorem, we have:

t s K _(l+1;) _(l J
By (R () =re(Erk? [ ([ [ T 7 - dvde ) gy
gk \Jo Jo -
7j=1
e . ~(3+155) (1)
:k‘!c(H,k‘)2/ / / l_I(U—yi)Jr 2R v =yt R dyy.dyy | dvdu
o Jo \Jrri
t s 1, 1-H _(l,1-H k
. k!c(H,k)Q/ / U(u—y)l(§+ o —y) BT )dy} dvdu
o Jo LJr
let the beta function be
1
B@ﬂ%{/zw%l—@ww% p,q>0 (1.5)
0
by using lemma 1.1.1
[0t =)ty = Bl 1 - 20)fu = o (16)

we obtain

dvdu

B (1)) (5) = KelH. 028 (§ - 132, 242 / X

t2H + S2H ’ $|2H)

H(2H - 1) 5

we will choose

9 5(%—ﬂ’w)k -1
c(H, k) _< k!H(;H_'i) )
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in order to obtain E(RY(¢))? = 1. So by that we get:

E(Ry (1)Rly(5)) = (87 + 5 — |t — 5",

The self-similarity and the stationarity of increments imply that

5. The Hermite process has Holder continuous paths of order § with 0 < § < H.

Proof. The previous property follows from Kolmogorov’s criterion and the fact that

for any p > 1

E(|Rf () = Ry (s)I") = E(IRj(t—s)])
= E(|(t - s)"RE 1))
= E(Ry (W[t - sl

O

6. The Hermite process exhibits long-range dependence.
Proof. This follows from Proposition A.2 in [31] because the self-similarity index is
H> 1 O

1.1.2 Additional Representations

The Hermite process on a finite time interval can be represented as a multiple integral
with respect to a Wiener process. The kernel K of fractional Brownian motion is used

in this representation, where
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d(H) is constant and

1

Fy(2) = d(H) (5 - H) /OZ_1 0H=3(1— (0 + 1)~ 3)dp.

If H> %, the kernel Ky has the simpler expression

t i )
K" (t,2) = d(H)zz ™" / (u—z)7 202 du, (1.8)

-

3
where t > s and d(H) = (5(2]11(21{7_;1)—1) . The kernel Ky satisfies the condition
=5

OKH
ou

(u,2) = d(H)(=)z H(u—z)7 2. (1.9)

SRS

Theorem 1.1.1. [5/] Let H € (3,1). Consider the process (Yt(q’H))te[Qﬂ with ¢ > 1 given

by

t t , ,
K;(q’H):d(H)/ / dWyl--dqux(/ HE™ (u,y)- 0 KM (u,yq)du), te[0,1]
0 0 Y1V-Vyg

(1.10)
where Ky is the usual kernel of the fractional Brownian motion (1.7), (Wi)icor) s a

Wiener process and

, H-
H =1+
q

1 /

e (2H —2)q=2H — 2. (1.11)
Then, if d(H) is such that E]Yl(q’H)P = 1 the process (Yt(q’H))te[o,T} has the same finite
dimensional distributions as the Hermite process (R (t))iejor) given by (1.1).

Remark 1.1.2. Another representation ofR,gq’H) can be obtained by using multiple stochas-

tic integrals with respect to fractional Brownian motion; see [55] for further details. Let
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B be a fractional Brownian motion with Hurst parameter H given by (1.11) and de-

note by IfH the multiple integral of order q associated with this process. Then, for every

t €[0,1],
R = e(H)IP™ (), (1.12)

where p; denotes the uniform measure on the diagonal Dy of [0,t]9. The constant c¢(H) is

chosen so that the covariance function of R is equal to %(tQH + 82 — |t — s|2H).

1.2 The Rosenblatt process

The Rosenblatt process is one of the most studied processes in the family of Hermite
processes. It arises as a limit in the non-central limit theorem for normalized sums of
long-range dependent random variables, and it belongs to the second Wiener chaos. It is
a self-similar process with stationary increments and continuous non-differentiable paths.
Due to these properties, it has attracted significant attention in probability theory and
stochastic analysis, particularly in the study of long-range dependence phenomena. The
Rosenblatt process was introduced by Rosenblatt [71] and later studied in detail by several
authors, including Taqqu [79] and Tudor [80]. It admits a representation as a multiple
Wiener—It6 integral with respect to Brownian motion, which provides a convenient frame-
work for its analysis and for developing stochastic calculus with respect to it.
Definition 1.3.1. The Rosenblatt process R = {R},(t),t € [0,T]} is a Hermite pro-

cess with £ = 2 and is an H-self-similar process with (% < H < 1) defined on a probability

space (2, F,P), has a zero mean and has stationary increments whose covariance function

is equal to:

E[R(t)R(s)] = %(tQH NN
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verifying:
e RE(0)=0 as.,
o E(RY(1))* = 2.

We present some main properties of the Rosenblatt process.

1.2.1 Properties of the Rosenblatt process

Proposition 1.2.1. [79/

1. The Rosenblatt process {R(t),t € [0,T]} has an almost sure continuous path version,

since

E|R(t1) — R(t2)]* = [t1 — ta|*"
with 2H > 1 and thus Kolmogorov’s criterion holds (see [1/], Theorem 12.4).

2. The Rosenblatt process { R(t),t € [0, T} is H-self-similar with 1/2 < H < 1, so that
VO > 0:

Ry (Ct) £ CY Ry (t). (1.13)

3. The increments of the process R are stationary. This implies that for every h > 0,

the process (R(t + h) — R(t))i>0 has the same distribution as (R(t))i>o-

4. The Rosenblatt process is not differentiable in mean square since

2
limE(@) = 1lim 7?2 = .

t—0 t—0

More precisely, it is non-differentiable almost surely. This follows from a self-
similarity argument, identical to the one used in the study of fractional Brownian

motion (see [53] and Proposition 1.7.1 in [17]).
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5. The increments of the Rosenblatt process have long-range dependence, that is

S E[(AR(0)AR(K))] = oo,

k=0
where AR(k) = R(k+1) — R(k), k>0.
6. The Rosenblatt process is neither a semimartingale nor a Markov process.

7. It has zero quadratic variation.

8. It admits a Holder continuous paths of order § < H.

1.2.2 Semimartingale property

The asymptotic behavior of the p-variations of the Rosenblatt process will be examined in
this subsection. We will demonstrate that the Rosenblatt process is never a semimartin-
gale, but it can be approximated by a sequence of semimartingales.

Let us define, for every € > 0,

RE(t) = d(H) /Ot/ot </yt oK (u—i—a,yl)agjl (u+6,y2)du) dB(y1) dB(ys)

1VYy2 du

t U ru aKH/ 8KH,
:/ (/ / ou (uteu) o (u+te,12) dB(Z/l)dB(ZD)) du
o \Jo Jo

— /Ot A(u) du.

Since A, € L*([0,T] x Q) for every € > 0 and it is adapted, it follows that the process

R? is a semimartingale.

Proposition 1.2.2. [80] For every t € [0,T],

RE(t) = R(t) in L*(9).



1.2.3 Stochastic representations of the Rosenblatt process 32

Proof. We first write

w0 - R0 = | t / AB(y) dB(y)

o e R B S A
, u g, u E,Y2 ou Uu, ou Uu, Yz

ou ou

1Vy2

Using the isometry property of multiple Wiener integrals, we obtain

t ot t t
E|R*(t) — R(t)]> = 2/ / dy dyg/ / du dv
0 Jo Yy1Vyz JYi1Vyz

y <8KH' oK oK oK )

9 (u+e,y1) D0 (u+€,y2)—W(U,yl)W(u7y2)

y GKH’(+ )8KH'(+ ) 8KH'( )8KH'( )
(921 v 67 yl 8@ v &, y2 8’0 v, yl 31} v, 92 .

For every fixed u, y;, y2, the quantity

oK™ oK™ oK™ oK™
5 (u+e,41) 0 (u+te,y2) — W(%yl)w(%yﬁ

tends to zero as € — 0. Therefore, the result follows from the dominated convergence

theorem. O

1.2.3 Stochastic representations of the Rosenblatt process

The Rosenblatt process admits several equivalent representations in the literature. In this
part, we recall three classical representations introduced in [79].

1.2.3.1 Time representation of the Rosenblatt process

The time representation of the Rosenblatt process is :

/

ro) = ctt2) [ ([e-wf -t es) apease).

au).
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with ;. = maz(0,z) and (B(y),y € R) is a standard Brownian motion on R.

The constant of normalizing ¢(H, 2) is chosen to ensure that E(R% (1)) = 1, by

_ V(H/2)(2H — 1)
o(H.2) =X (1.15)

The prime ’ indicates that the multiple Wiener-Ito integral is taken over R? off the di-
agonal {(y1,72) € R? : y; = u»}, thereby excluding the set where the two integration

variables coincide.

We now introduce another representation of the Rosenblatt process based on its spec-

tral structure.

1.2.3.2 Spectral representation of the Rosenblatt process

The Rosenblatt process admits the following spectral representation:

/

R(t) £ A,(H) /R exp(z':&liiz))) —1 |A1|1H/2 |/\2|1H/2d§()\1)d§()\2), (1.16)
where
B H(2H —1) 12
Ax(H) = (2[2r<1 —H) sin(Hw/Q)P) ’ (L.17)

to ensure that E(R?*(1)) = 1.

And B denotes a complex Gaussian random measure on R.

We finally present a representation of R as a stochastic integral with respect to a
Brownian motion on the interval [0, 7']. This representation is useful in several theoretical

developments.



1.2.3 Stochastic representations of the Rosenblatt process 34

1.2.3.3 The Finite time interval representation of the Rosenblatt process
The representation is given by:

/

R(t) = Ag(H) /

[0,]?

(/ agfu (U,yl)ag(u (u,yQ)du> dB(y,)dB(ys), (1.18)

1VY2

with

As(H) = Hi 1 (2(212— 1))2 ’ (1-19)

to ensure that E(R?*(1)) = 1 and K is the self-similar kernel which is defined by:

where
, H (2H —1) 2
d(H) = — ]
B(2—2H  H —5)
and
" - H+17
2

with 8 being the beta function, i.e.

Bla,b) = /01 11— t)* 7.

We have

)2 H (u—x)H_%, 0<z<u.
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1.2.4 On the Rosenblatt distribution

The Rosenblatt distribution is the simplest non-Gaussian law that appears in non-central

limit theorems for long-range dependent random variables.

Definition 1.2.1. Let (R(t)):>0 be the Rosenblatt process. The Rosenblatt distribution is
defined as the probability law of the random wvariable R(1). Its characteristic function is

given by

¢(0) _F [eiGR(l)] = exp <% Z wck) , (1.20)

k=2

where
1 1

ck:/ / 21 — 29| P|wy — 23| |wp — 2| P |2 — 21| Pdy . day, (1.21)
0 0

and by Cauchy-Schwartz,

SIS

cp < (/01/01 |z1 — :)32|_2Dd:r1d.r2)§ = <(1 - 2D§(1 — D)>§ = (20(D)*)*, (1.22)

which ensures that the series (1.20) converges around the origin.

Here, o(D) is a normalizing constant so that YD €]0, %[ is given by:

7(D) = Bu —92D)(1 - D)] : (1.23)

and
H=1-D. (1.24)
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1.2.5 Stochastic calculus with respect to the Rosenblatt process

Since the Rosenblatt process is not semimartingale, we can’t apply 1td’s theory. In general
there are two methods to integrate stochastically with respect to this process: the first
method is the pathwise type calculus, and the second method is the Malliavin calculus

and the Skorohod integration theory.

1.2.5.1 Wiener integrals

Wiener integrals with respect to the Rosenblatt process can be constructed thanks to
its covariance structure. For the definition of Wiener integrals with respect to general
Hermite processes, we consult Maejima and Tudor [51], and for a broader context, we
consult Kruk et al. [10]. Let’s review the essential ideas and apply this construction to

our situation.
Note that

R(t):/o /0 I(]l[o,t])(yl,yz)dB(yl)dB(yQ),

where the operator I is defined on the set of functions f : [0,7] — R and takes values in
the set of functions g : [0, 7]*> — R? and it is given by
T H H
0K oK
I(f)(y1,y2) = A3(H)/ f(u) ou (uayl)W(uay2)du'

y1Vy2

Definition 1.2.2. Let us denote by £ the set of step functions. For f € £, we naturally

define its Wiener integral with respect to R as :

| rdre) = Y atti, R = [ [ 10 @mdB@anm).  025)

=0

where

n—1

f(t> = Z ai]l(ti7ti+1](t)7 ti € [07 T} (1'26)

=0
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Let us denote H the set of functions f such that

1f113 = 2/ / ) (Y1, y2)*dyrdys < . (1.27)

It can be seen that

T T T OKH OKH 2
118, = 2y [ (/ fu) <u,y1>—<u,y2>du) dyadyn
0 0 ylva 8“ au

zzd(H)2/0T/OT /:vw /levyzf(u)f(v) 82(5’ (U,y1)ag{: (u, y2)

OKH OKH
X (v, 1) 5 (v,y2) du dv dy,dys,

uAv 8KH/ aKH’ 2
/ / (/ (u,yl) 5 (v,yl)dyl) du dv

=H(2H - 1) /T /Tf(u)f(v)|u — 72 dv du. (1.28)
o Jo
As demonstrated in [51] or [10], the mapping
T
dR(u),
r— [ ranrw

defines an isometry from £ to L?*(€2). Since £ is dense in H, it can be extended by
continuity to an isometry from H to L?(2) (see |09] for more details). This extended

operator is called the Wiener integral of f € H with respect to R.

Remark 1.2.1. According to Pipiras and Taqqu (see [09]):
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e The elements of H may be not functions but distributions; it is therefore more prac-

tical to work with subspaces of H that are sets of functions. Such a subspace is

= 15201 8 [ [0 o < oo}
Then |H| is a strict subspace of H and we actually have the inclusions
L7 ([0,T)) C |H| C H.

o The space |H| (and hence H) is not complete with respect to the norm ||.||3 but it

1s a Banach space with respect to the norm
1y = H2H 1) / / )1 0) s — o 2dudo

Proposition 1.2.3. [50] Let g, f € H. Then, the Wiener integrals fo u)dR(u) and

fo g(u)dR(u) are not necessarily independent when the functions f and g are orthogonal

in H; they are independent if and only if

<f<.>a§u <.,y1>,g<.>a§—u<.,yz>>#=o, de.and(yr ) € 0,77 (1.20)

where H' is the space analogous to H corresponding to the Hurst parameter H .

Remark 1.2.2. The Non Central Limit Theorem established in [20, 77] admits an exten-
sion to Wiener integrals (see [51] for further details). More precisely, if f € H satisfies

suitable assumptions, then the sequence

a2 f(L)ae)

jez

converges weakly when n — oo, to the Wiener integral fOTf(u)dR(u) (g and & were

introduced in the begining of Chapter.1).
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1.2.5.2 Pathwise stochastic calculus: Russo-Vallois regularization

We can apply pathwise calculus to construct the stochastic integrals with respect to the
Rosenblatt process because this process has a regular paths and zero quadratic variation.
Here we use Russo and Vallois’s approach [72]. We begin by presenting the main tools of

the stochastic calculus via regularization.

Definition 1.2.3. Let (X;)i>0 and (Yy)i>0 be two continuous processes. For every t > 0,

we define
¢ Xs e Xs
I (e,Y,dX)(t) = / ) e
0 €
! Xs - X s—¢
IM(e,Y,dX)(t) :/ Al G A P}
0 €
and
¢ Xs e X s—¢
1%, Y, dX)(t) = / y, 2ot — 2t g
0 2e

We also introduce

ds.

t - J—
CE(X’Y)<t):/O (Xore X(ss)+)€(Ys+g Yis—e)+)

Then, the forward, backward and symmetric integrals of Y with respect to X are given

respectively by

t
/ Yd X = lim I (e,Y,dX),
0

e—0t

e—0t

t
/ Yd"X = lim I+(5,Y,dX),
0
and

e—0t

t
/ Yd°X = lim I°(e,Y,dX), (20)
0
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provided that the above limits exist uniformly in probability (ucp). The covariation process

of X and Y s defined by

[X,Y]; = ucp-lim C. (X, Y)(¢).

e—0t

In the particular case where X =Y, we simply write [ X, X]| = [X]|. If [X] exists, then
the process X is said to have finite quadratic variation. Moreover, when [X| = 0, the

process X s called a zero quadratic variation process.

The Rosenblatt process is a zero quadratic variation process since

E(C.(R,R)(t)) = E(/Ot %(XM - XS)%ls) =t 0.

e—0

Consequently, the stochastic calculus via regularization can be applied directly to the
Rosenblatt process.
The following result, proved in Proposition 4.2 of 73], provides an Ito-type formula

for zero quadratic variation processes.

Proposition 1.2.4. For every f € C*(R), the integrals ( the forward, backward and

symmetric integrals)

/0 £ (R(s))d R(s). / f/(R(s))d*R(s) and / £ (R())dR(s) (1.30)

exist and are equal, yielding the Ito formula

f(R(t))Zf(R(O))+/O f(R(s))d"R(s). (1.31)

1.2.5.3 Skorohod integral with respect to the Rosenblatt process

The Skorohod integral applies to processes that are not necessarily Gaussian or semi-

martingales. We briefly recall some elements of Malliavin calculus associated with a
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Wiener process (W¢)cor)- The presentation below follows [30]; see also [50] for a com-

plete exposition. Let § denote the family of smooth random variables of the form

F:f(th”'aM/tn)a

where tq,...,t, € [0,7] and f € C;°(R").

For such a random variable F', the Malliavin derivative of F' is defined by

"0
DtF = Z 85 (th, ceey th)l[o,ti] (t>’ t c [O’ T]
i=1 ¢

The operator D is an unbounded closable operator and it can be extended to the

closure of S (denoted by D*?, for integers & > 1 and p > 2) with respect to the norm

k
I1FIE, = EIFP+ Y E|DYF|, FeS, k>1, p>2

Jj=1

(0,7)7) 7

where the derivative DY) is defined by iteration.
The Skorohod integral operator ¢ is introduced as the adjoint of the Malliavin deriva-

tive. Its domain consists of all stochastic processes u € L*([0,T] x Q) satisfying

T
‘E </ ustFds>‘ < C||F||2-
0

Moreover, the duality relation

B(Fs(u) = E ( /0 " DFu, ds)

holds for every F' € § and u € Dom(9).
We also denote by L¥? the space LP([0,T]; D¥P). Note that L¥? C Dom(d). We denote

S(u) = [ ug OW,.

0
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Finally, if F' € D'? and u € L*2, the following integration by parts formula holds:

T
Fé(u) = 6(Fu) +/ DyF ugds.
0

Definition 1.2.4. Let’s consider a square integrable stochastic process (g(s))scor); we

define its Skorohod integral with respect to R by:

/OTQ(S)dR(S) = /OT /OT I(9)(y, 2)dB(y)dB(z),

H+1 H+1

/T OK =2 OK =2
Y

with: 1(g)(y, z) = | g(w)—5——(u,y)—5—(u, 2)du.

Vz

The process (9(s))scjo,r is Skorohod integrable with respect to R if the process 1(g) €

Dom(6?), where 6% is the double Skorohod integral with respect to the Brownian motion

(B(t)):0-

We conclude this chapter by recalling two results that will play a fundamental role in
the study of stochastic differential equations driven by the Rosenblatt process. First, we
present a continuity result for the indefinite Skorohod integral process, which shows that
the indefinite integral preserves the same order of Holder regularity as the Rosenblatt
process. We then state Gronwall’s lemma, a classical tool that will be used extensively in

the analysis of the corresponding SDE.

Proposition 1.2.5. [50]. Let o € L*? such that

sup [|o[|,, < oo.
T

Then the indefinite Skorohod integral process (Xt = fot o.0R(s), t €0, T]) admits a Holder

continuous version of order § < H.
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Remark 1.2.3. For a fized 0 < § < H — %, we identify the process (fg os0R(s), t € [0,T])

29
with its version having the Holder continuous trajectories with order ¢ for o satisfying the

assumptions of Propositionl.2.5.

Lemma 1.2.1. (Gronwall’s lemma)[55] Let h a measurable positive function bounded on
[0,T]. We assume that there exist a constant a > 0, and a continous function b(t) > 0

such that for all t € [0,T], we have
t
h(t) <a —i—/ b(s)h(s)ds.
0

Then we have h(t) < a.ea:p(fot b(s)ds) for all t € [0,T].



Chapter 2

Stochastic integration of non-adapted
processes with respect to the

Rosenblatt process

The question of defining stochastic integrals for non-adapted (anticipating) processes has
been studied extensively over the past decades. One of the first significant contributions is
due to It6, who pointed out the difficulty of giving a meaning to fg B(1)dB(s),0 <t <1,
where the integrand is not adapted to the filtration F,. His idea was to overcome this
issue by enlarging the underlying filtration, by taking G, to be the o-field generated by
F; and B(1), which makes the integrand B(1) adapted to G;. However, this modification
changes the nature of the integrator, which is no longer a Brownian motion in the usual
sense, it admits a decomposition of the form

B(t) = (B(t) —/Otwdu) —i—/otwdu 2.1)

1—u 1—wu

which allows one to define the integral with respect to a quasimartingale (i.e., an integrable
adapted process whose conditional variation over all finite partitions is bounded). In this

setting, one obtains

/tB(l) dB(s) = B)B(t), 0<t<1. (2.2)

44
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A different point of view was later proposed by Ayed and Kuo|1], who instead of modifying
the filtration, kept both the integrator and the filtration unchanged and focused on the
structure of the integrand. Their approach consists in decomposing the integrand into the
sum of an adapted component and an instantly independent one. The stochastic integral
is then introduced through a Riemann-type sum where the adapted part is evaluated at
the left endpoints of partitions, while the instantly independent part is evaluated at the
right endpoints.

The aim of this chapter is to extend this methodology to the case where the integrator
is the Rosenblatt process. In contrast with the Gaussian framework, the Rosenblatt
process is a non-Gaussian self-similar process with long-range dependence, which makes
the extension of these ideas more delicate. However, when the Hurst parameter satisfies
H > %, its trajectories are regular enough to allow for a pathwise definition of the integral.
Building on the above ideas, we develop a notion of stochastic integration for non-adapted
processes with respect to the Rosenblatt process. Our approach is based on a suitable
decomposition of the integrand, inspired by the method introduced by Ayed and Kuo [1].
We start by recalling the main ideas of this approach and mentioning some related results
from the literature, and then we extend this framework to the Rosenblatt process in order

to define the corresponding integral.

2.1 Stochastic integral for non adapted process: the

Ayed-Kuo method

In this section, we present the main idea of the approach proposed by Ayed and Kuo
for defining stochastic integrals of non-adapted processes. Their method is based on a
simple but fundamental observation: many anticipating integrands can be decomposed

into components with distinct probabilistic behaviors.
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To illustrate this idea, we consider the anticipating integral

/tB(l) dB(s), 0<t<1.

Using the decomposition

we write
/OB(l)dB(s) :/0 B(s)dB(s)—i—/O (B(1) — B(s))dB(s). (2.3)

The first term is now a classical It6 integral, since B(s) is adapted. Hence,

(B(t)* —t). (2.4)

N | =

[ Brane) -

The second term has an anticipative nature. Still, it comes with a useful structure: for
each fixed s, the increment B(1) — B(s) is independent of the o-algebra F, That’s the key
point. Rather than trying to squeeze this term into the It6 framework, it’s more natural

to define it using Riemann sums where the integrand is taken at the right endpoint:

n

[ (B0) = Bs) dB(s) = T B~ Bs))(Bls) ~ B0

i=1

where A = {s, s1, $2,...,8,} is a partition of the interval [0,¢] with s = 0 and s,, = t.
We take the right endpoint s; of the subinterval [s;_1, s;] as the point where the integrand

is evaluated. Then we establish the limit.
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n n n

> (B(1) = B(s:)(B(s;) = B(si-1) = B(1) Y (B(s:) = B(si-1)) = »_ B(s:)(B(s:) — B(s;-1))

i=1 =1 =1

— B(1)B(t) — {t + %(B(t)Q — t)} .

Consequently, we obtain the stochastic integral.
t
1
/ (B(1) — B(s))dB(s) = B(1)B(t) — é(B(zf)2 +1t), 0<t<I1. (2.5)
0
From the equations (2.4) and (2.5), we deduce that
t
/ B(1)dB(s) = BU)B(t) —t, 0<t<1, (2.6)
0

which is not the same as the right-hand side of the equation (2.2) provided by It6. In
particular, the integral defined by this construction has expectation zero; However, the
one provided by It6 has a non-zero expectation.

This example highlights the main difficulty with anticipating integrals: the integrand may
depend on future values of the driving process, so the usual It6 definition no longer applies.
Rather than modifying the probabilistic framework, the Ayed-Kuo approach looks more
closely at the structure of such integrands.

The key observation is that many anticipating processes can be decomposed into a sum

of the products of two parts:

e The first part consists of adapted stochastic processes, depending only on past and

present information,
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e and the second part consists of instantly independent stochastic processes.
This leads to the following definition:

Definition 2.1.1. (Ayed and Kuo [/], Definition 2.1 ) A stochastic process {g(t), 0 <
t < T} is said to be instantly independent with respect to a filtration (Fy)i>o if g(t) and

F; are independent for each t.

Lemma 2.1.1. (Ayed and Kuo [/]) If a stochastic process {g(t), 0 < t < T} is both
adapted and instantly independent with respect to a filtration (Fi)i>o , then g(t) is a

deterministic function.

In this context, instantly independent stochastic processes can be regarded as the
counterpart of adapted stochastic processes in the setting of the It6 integral.
The natural question is therefore how to define a stochastic integral involving the product
of an adapted process and an instantly independent process. While the It6 integral
relies on left-endpoint evaluations of the integrand, applying the same discretization to
the instantly independent component fails to preserve its key properties. On the other
hand, using right-endpoint evaluations for this part retains the desired structure. This

observation motivates the definition introduced by Ayed and Kuo.

Definition 2.1.2. (Ayed and Kuo [/], Definition 2.2) Let B(t) be a Brownian motion,
for an adapted stochastic process f(t) with respect to the filtration (Fi)i>o and an in-
stantly independent stochastic process g(t) with respect to the same filtration; we define

the stochastic integral of f(t)g(t) to be the limit :

/Of(t)g(t)dB(t)Z lim Zf(ti—l)g(ti)(B(ti)—B(ti—l)) (2.7)

provided that the limit exists in probability , where A, = {0 =ty < t; < ... <t, =T} is

the partition of interval [0, T].
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To illustrate this approach, we now present an example. For additional examples, see

Ayed et al. |4].

Example 2.1.1. We consider the stochastic integral: fol eBOAB(t) for 0 <t < 1.
We decompose the integrand as

oBO) B(s)  B(1)-B(s)

=e Ve ,

where the first factor is adapted and the second is instantly independent of the filtration.
Let A, = {0 =59 < 81 < 89 < -+ < s, = t} be a partition of the interval [0,t]. By

definition:
t
B(s) ,B(1)~B(s dB — lim eBlsi-1) B(s:)(B(s;) — B(si_
/0 1A ||aoZ (Bls) = Blsi-a))
— BD im ef(B(Si)fB(sH))(B(SZ.) — B(sH))

An|[—0
|An]—0 <=

n

= B0 i [1 — (B(s;) — B(s;-1)) + 3(B(s;) — B(s;_1))?

18nfl-0 &
+ o((B(ss) = Blsi-1))*) | (B(si) = Blsi1))
— PD(B(t) —t), in probability.

Therefore, the stochastic integral is given by

t
/ PV aB(s) =PV (B(t) —t), 0<t<1L
0

Moreover, we observe that

t
/ PV dB(s) = PV (B(t) - 1), t>1.
0

The above framework, has been successfully applied to various Gaussian processes.
We recall in the next section some of the main results obtained in this setting, which will

serve as a foundation for our extension.
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2.2 Previous work on anticipating stochastic integrals

for fractional Gaussian processes

In this section, we briefly review some known results on the stochastic integration of non-
adapted processes in the Gaussian framework. In particular, we focus on constructions
based on the approach introduced by Ayed et al., which allows one to define integrals of
products of adapted and instantly independent processes. This methodology has been
successfully applied to several Gaussian processes, including fractional Brownian motion
[32] and its extensions such as sub-fractional |7| and mixed fractional Brownian motions
[8]. We recall two definitions and one fundamental theorem illustrating how this frame-
work can be adapted to these processes. These results highlight the main features of
anticipating stochastic integration in the Gaussian setting and will serve as a basis for the
extension developed later to the Rosenblatt process.

We begin by recalling the following definition in the setting of sub-fractional Brownian

motion.

Definition 2.2.1. [7] Let S¥, H > 1, be a sub-fractional Brownian motion and let F;

be the o-field generated by {SH(t), t > 0}. For an adapted stochastic process f(t) with
respect to the filtration F; and an instantly independent stochastic process g(t) with respect

to the same filtration, we define the stochastic integral of f(t)g(t) to be the limit:

/0 f(t)g(t)dS™(t) = lim Zf(ti_l)g(ti) (87 (t:) = 5" (ti-1)), (2.12)

provided that the limit in probability exists.

The following result provides a similar construction in the case of fractional Brownian

motion.

Theorem 2.2.1. [72] Let A = {0 = to,t1,t2,-- ,t, = T} be a partition of the interval

[0,T]. On the subinterval [t;_1,t;], we take the right endpoint t; as the evaluation point
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for the integrand. For an adapted stochastic process f(t) and an instantly independent
stochastic process g(t), we define the stochastic integral of f(t)g(t) with respect to FBM
to be the limit

/0 gty dB (t) = lim > wi(f(tin) i (9(t)) (B(t) = Bltin)).

A[l=0

We also recall the corresponding definition in the mixed fractional setting.

Definition 2.2.2. [5] Let MY (t), H > %, be a mized fractional Brownian motion and

let F; denote the o-field generated by {M*(t), t > 0}. For an adapted stochastic process
f(t) with respect to the filtration F;, and an instantly independent stochastic process g(t)

with respect to the same filtration, we define the stochastic integral of f(t)g(t) as:

n

/0 f()g(t)dM™(t) = lim Z Ftioa) g(ts) (M7 () — M (t;-1)), (2.17)

i=1
provided that the convergence in probability exists.

The proofs and further properties of these constructions can be found in the cited
references and will not be reproduced here. The results presented above illustrate how
the Ayed—Kuo approach can be effectively applied in the Gaussian framework to define
stochastic integrals of non-adapted processes. They provide a clear methodology based on
the decomposition of the integrand and the use of suitable Riemann-type sums. However,
these constructions rely strongly on the Gaussian nature of the underlying processes and
their specific structural properties. Extending this approach to non-Gaussian processes
is therefore not straightforward and requires additional considerations. In particular, the
case of the Rosenblatt process presents new challenges due to its non-Gaussian behavior.
The next section is devoted to the development of a stochastic integration framework in

this setting.
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2.3 New Anticipating Integral with respect to the Rosen-

blatt process

Motivated by the construction introduced in the previous section, we now consider the
extension of the stochastic integration framework to the Rosenblatt process!. In this
setting, we focus directly on the case of products of the form f(¢)g(t), where f is adapted
and ¢ is instantly independent. We now state the following proposition, which defines the

corresponding stochastic integral, and we provide its proof below.

Proposition 2.3.1. [10] Let R(t), t > 0 be a Rosenblatt process and F; the o-field gen-
erated by {R(t), t > 0} for an adapted stochastic process f(t) with respect to the filtration
Fi and an instantly independent stochastic process g(t) with respect to the same filtration.

We define the stochastic integral of f(t)g(t) to be the limit:

/0 f(Hg(t)dR(?)

AhAm_}O Z Z ¢>1 (Y1, zi-1)d5 ( J(yi)(B(y;) — B(yj-1))(B(z:) — B(zi-1)) if 2 <y,
=1 =it

Sl Z Z O () (2190008 (9)(2)(B(z) — Bz-))(Blys) — Blyin)) if = > v,

provided that the limit exists in probability.

Proof. We first recall that, for the computation of fol w(z)v(z)dr with v(z) = [ v'(y)dy,

both integration by parts and Fubini’s theorem lead to the following identity:

/Olwvdx = /v’(x) /;w(y)dyd:p.

! This result is the subject of a publication in Random Operators and Stochastic Equations, vol. 33,
no. 3, pp. 271-281, 2025.
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/0 f(B)g(t)dR(t)
_ / / I(f.9)(y, 2)dB(y)dB(z)

//(/ 6KH "J)ag(uH/(U,Z)du)dB(y)dB(z)
//(/ (9KH )82(5/ (u, z)dul .,

v [ o <u,y>a§u <u,z>duny<z)d3<y>d3<z>

// U — g %(5>Hl_%(U—Z)H/_%du]lz<y

/ 3 u !

g / P =gy <u—z>H'3duny<z}d3<y>d3<z>

/ / [ / () (@)~ (u— )" @) (= o) Edul.,

b [ g0 Hu =) ) - 2 Lt BB ()

/ / [ / f(u D)7 = )T dut.,
; / F)g(w) W = — )" H (- 27 ~Fdut,« ]dB( )aB(:)
- d(H’)/T/Ty%—H/z%—H'[/( )/f (s — 2)H ~3dsdul,,
/( )/ f(s 2 H 2dsdull, }dB(y)dB(z)
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N[

/y Fe) s — ) (s — ) 2d5+r<H'_;)1r<Hf_;> / Tf(s)(s—wH'3<s—z>H’3ds]dunz<y}
o [re e = [ (st ) [~ e [ e -0

b e ate o = D= ) [ (s )

2 f)(y, z)] du1y<z> dB(y)dB(2).

then,
I = D = U = ety )
T / 3 /
S i e (T U L

It means that: J =
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Let
’ ’ 1 ’ 1 T oOH —1 ' HlféH H,7%7H/7%
= v - e -3 [ (s (T a4 (1 2 T ), 2) | du
T /3 /
= Flw)g(uw) (@)™ ~Hu—y)" ~2(u—2)" "2du
then
’ ’ 1 ’ 1 1 !
S = I = rU =)ot )
R B I L (U
T /3 /
= Flw)g(w) (@)™ ~Hu—y)" ~2(u—2)" "2du
Which gives that: .J' —HF;((IZ,:%;) [g(z)yHlézHlé(If_;E’H _%f)( )|. Then
T
; f(t)g(t)dR(t)
, —I2(H - 1) T T o1
= d(H 2 . % 1,
( )HFQ(H,_%) X/o /0 [9(1/)( T r Dy, )1y
l_l !
g N aBase)
TR ) =)
A= ([ [ s o m s
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The first case : z <y

T

fF)g(t)dR(t)

0

=d(H') SCHE VR Z Z 2 —1)9(y;)(B(y;) — B(yj—1))(B(z:) — B(zi-1))

= 11 T2(H — % ) (&, IAHI o - tr )(Yj—1,2i-1)9(y; Yj Yj—1 Z Zi—1
ohelire N )

= Jim ;j;uﬁ D=1 zi)dH ) _2%)g<yj><B<yj> B(y;—1))(B(2) — B(zi-1))

= Z S O (510500 (6)(05) (Bls) — Blas1))(Bl) ~ Blair)

=1 j=i+1

where,

o (F) 1, 20) = (T2 72 P gy, 5)

and

o1 (9) () = d(H' ) 7o) o).

71
1+T2(H —1
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The second case : z >y

. —T*H -1 1
e 2% AR 0) ;];1 B DG 00 (BG) — B (B — Blui-)
. & il . —T2(H - 1)
Z(Ay}gilﬁo) ;j;l(ff Pzj-1,yi-1)d(H ) CT(H _2%)9(23')(3(%) — B(2j-1))(B(y:) — B(yi-1))
= & 1iAm_>O)Z > O (N)zi-1 w008 (9)(2)(B(2)) — Blzj-1))(B(w:) — Blyi-1)
v i=1 j=i+1
where,

Hl_l H _1

o ()1, 91) = (Lo 2" 72 ) (5, i)

and

/ T2 -3)
i (9)(z) = d(H )mg(%‘)-



Chapter 3

Stochastic differential equation driven

by the Rosenblatt process

The aim of this chapter is to study the following stochastic differential equation (SDE) ':

¢ ¢
Xe=Xo+ / b(s, X,)ds +/ o(s)dRY, (3.1)
0 0

where {RY, ¢ > 0} is a Rosenblatt process with (3 < H < 1). In the above stochastic

differential equation, the integral f(f o(s)dRs should be interpreted as a Skorohod integral.
Our main result is a general theorem about the existence and uniqueness of solution for
the stochastic differential equation (3.1) under suitable conditions on the coefficients. The
Gronwall inequality lemma is also used to provide the continuous dependency of solutions
on the initial value. Euler-Maruyama numerical scheme is considered to obtain approxi-
mate solutions to (3.1). This chapter will be closed with Section 3.4 as an application in
which an example of linear stochastic differential equation is solved. Moreover comparison
between the exact solution and the approximation solution of this example is illustrated
numerically, and we also solved a nonlinear SDE numerically. We use MATLAB for our

simulations and support our results with graphs.

!This chapter is the subject of a publication in Acta Universitatis Sapientiae, Mathematica, vol. 18,
no 1, p. 9, 2026.
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3.1 Existence and uniqueness of the solution

In this section, we examine the existence and uniqueness of a solution for equation (3.1).
To achieve this goal, we introduce a specific assumptions concerning the coefficients:
(H1): For any t € [0,7] and z,y € R

bt )] < k() (1 + J2])

(H2): |b(t,x) — b(t,y)| < k(t) |z — y| with k € L' ([0, T];R).

Let S2([0,77) denote the space of all adapted stochastic processes (X;)tejo7) With contin-

uous paths such that

E l sup |Xt|2} < 00.

0<t<T

Equipped with the norm

[ X ls2 == (E

the space S*([0,T]) is a Banach space.

1/2
t])”
te[0,7

Theorem 3.1.1. [11] Assume that b satisfies the assumption (H1) and (H2). If o(.) €
L2 ([0, T];R) , then equation (3.1) has a solution X. Furthermore, if for allt € [0,T], b(t, .)

is a non-increasing function, there exists a unique solution for (3.1).

Proof. Let us begin by establishing the existence .
Existence:

We employ the iterative Picard method: we define X} = z, for all ¢ € [0,T] and for all
neNandte0,T]:

t t
XM = g —i—/ o(s)dR? +/ b(s, X7')ds, (3.2)
0 0
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which is clearly defined and for all ¢ € (0,77 :

t

t
X[ < |x0|+\/ JARY| + sup | X7 ()ds—l—/ k(s)ds.
0

r€[0,7] 0

By Proposition 1.2.5; we have:

| X7 < |ao| + OTH 4 sup \X"|/ ds+/ k(s)ds,

rel0,T)

where C' is a constant that depends only on o.

In contrast, we have the following, for all n € N and ¢ € [0,T7 :

t
| sup 17— x71] =] sup | [ (0.7~ oo, X3 s

te[0,7) tejo,7] Jo

. ]
< E[ sup / E(s)| X" — X |ds

te[0,7] J 0

T -
k(s)ds)"
SME{ sup | X} — XY||.

n! r€[0,T)

We deduce that the sequence X/'(t € [0,7]) is a Cauchy sequence in the Banach space
S?([0,T]). Hence it converges in S%([0,T]) to a process X, which is taken as the solution
of the SDE (3.1).

Now we prove the uniqueness.
The uniqueness: We will divide the uniqueness proof into two cases.
The First case: if X is bounded, the proof proceeds as follows:
Let X and X' be two solutions of the equation (3.1), defined on the same probability

’

space, adapted to the same filtration and with the same initial value X, = X|,.

We have for all ¢t > 0 :

t t
X, :X0+/ b(s,XS)ds+/ o(s)dR?,
0 0
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and
! / t ! t
X, = Xo—l—/ b(s,Xs)ds—i—/ o(s)dRY.
0 0

Let us note:

h(t) = E -<Xt —Xt’ﬂ

(VAN
=
\
o
V2)
\
—
Cn
><
T,?
=
g/
2

IA

¢ 2
TE (/ (b(s,Xs) —b(s,X;)) ds)] <C’auchy Schwarz inequality)
0

¢ 2
TE / K? (Xs = X;) ds <Lipsch@'tz condition)
0

IN

AN
~
&
=

IN
Q
&=

If we put C' = T'K?; Thus we have shown that h satisfies the following condition for every
te0,7]:

h(t) < C’/t h(s)ds.
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The Gronwall lemma applies with @ = 0 and b = C' (this shows that h satisfies the con-

ditions of Grénwall’s lemma), we obtain h = 0 which implies X; = X, a.s.

The Second case: if we have X or X one of them is not bounded, the proof will be
as follows:

We consider two solutions X and X' of the equation (3.1), defined on the same probability

’

space, adapted to the same filtration and with the same initial value X, = X|,.

For M > 0 fixed, we consider stopping time

= inf{t >0, X >M or ’X;

> M } .
We have for all ¢t > 0 :
tAT tAT
Xine = Xo + / b(s, Xs)ds + / a(s)de.
0 0

. . . .
Since X is also a solution, we have the analogous equation:

tAT tAT
X, =X, + / b(s, X,)ds + / o(s)dRY.
0 0
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Let us note:

b = B (- x,.)]
| ot s—b<s,X;>>ds)2]
2ds

([
/Ow . /OtAT (b(S,Xs) — b(s,X;))2dS]
/OT ds/ . (b(S,XS) —b(s, X;))2dS]

IN
=

< E

i tAT 2
< TE (/ (b(s,Xs)—b(s,X;)) ds)] (C’auchy Schwarz inequality)
0
[ pinr , 2
< TE / K? (XS—XS) ds <Lipschitz condition)
0
tAT , 2
< TKE / (XS—XS) ds
0
tAT , 2
< CE / (XS—XS) ds| .
0

If we set C = TK?; then we have established that h verifies for every ¢ € [0, 7] :

h(t) < C’/th(s)ds.

Moreover, by definition of 7, the function h is bounded by 4M?2. The Gronwall lemma
applies with @ = 0 and b = C (this shows that h satisfies the conditions of Gronwall’s

lemma), we obtain h = 0 which implies X5, = X;AT a.s. Finally, by making M tends to

infinity (M — +o00) we have (7 — 400) and therefore X; = X; a.s. O
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3.2 Stability of solutions

Non-Gaussian processes bring additional difficulties to stability analysis due to features
such as heavy tails and long-range dependence. Studying stability in this setting is im-
portant to ensure that stochastic models remain reliable under more realistic sources of
uncertainty. In this work, we consider the Rosenblatt process as a representative non-
Gaussian noise. Although it is non-Gaussian and exhibits long memory, it has continuous
paths, which makes it more tractable than processes with jumps. Moreover, it can be
handled using well-established tools such as Malliavin calculus and Wiener-Itd6 multiple
integrals. For these reasons, the Rosenblatt process provides a convenient framework
for investigating the stability of stochastic differential equations driven by non-Gaussian
noise. It allows us to capture essential effects such as memory and nonlinear dependence
while avoiding the additional technical difficulties caused by discontinuities. Hence, it
serves as a suitable model for deriving and analyzing stability results in a non-Gaussian

context.

Definition 3.2.1. A solution X7 of SDE (3.1) with initial value Xy = x is said to be
stable in mean if for all € > 0, there exists 6 > 0 such that for all y with |z — y| < ¢, we

have

E(XF - X/]) <e

where X{ is another solution of SDE (3.1) with initial value X§ = y.

Remark 3.2.1. If k € L'([0,T];R), Vt > 0, so the unique solution of (5.1) can be
extended to [0,+00). In particuler, if k (t) € L' ([0, +00); R) we have the following result.

Theorem 3.2.1. [11] Let X7 and X{ be solutions of SDE (3.1) with initial value x and
y, respectively. Assume the assumptions of Theorem 3.1.1 are satisfied, then the solution

of SDE (3.1) is stable in mean.

Proof. By assumptions, X7 and X} are two solutions of (3.1) with initial value X§ = x
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and X = y, respectively. We have
t t
X7 =X¢§ +/ b(s, X7)ds —|—/ o(s)dRY, 0<t<T, as. (3.3)
0 0
¢ t
XY = XY +/ b(s, X?)ds +/ o(s)dRY, 0<t<T, as. (3.4)
0 0
Subtracting the equation (3.3) from the equation (3.4), we obtain
t
X —X/=x—y +/ b(s, X3) —b(s,XY)ds; 0<t<T, a.s.
0
By using expectation on both sides, we get
t
BIX; — X! < Elo—yl+ [ Elbls XD) - os, XD)lds
0

t
< (5+/ E(s)E| XY — XY|ds (Lz’pschitz condition)
0

t
< 5exp</ k(s)ds) (Gronwall inequality)
0

< Sexp </OT k(s)ds).

Let denote k = exp (fOT k:(s)ds).

Ve > 0,36 > 0 : such that |z — y| < d; let § = £; So we obtain for any ¢ € [0, T
EIXP - X/l <e.

This completes the proof of the theorem. n
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3.3 Numerical simulation of SDE

In this section, we solve the equation (3.1) numerically using Euler Maryauma (EM)
method; we start by computing the cumulative distribution function (CDF) of the Rosen-

blatt distribution.
For M > 1, define X, and Y), as

M-1 o)
RY = Z (€2 — 1) + Z M2 = 1) = Xor 4+ Yar,  (En)ns1 = N(0, 1),
n=1 n=M

the series converges a.s. in L? where the weights {\,}°%, are such that
> N=0f D), D=1-H k=23, .
n=1
To compute the CDF of R = X}, + Yy, (see [32]), three steps are necessary:

e For n = 1,2,...M, estimate the eigenvalues A, of the Rosenblatt process for some

M > 0.

e Compute the cumulative distribution function (CDF) of X, and the probability

density function (PDF) of Y}, separately in the decomposition (see[32]).

e The cumulative distribution function (CDF) of R is expressed as a convolution.

Funte) = [ T B (@ — o) fou ().

[e.e]

Utilizing standard numerical integration techniques, we calculate this convolution in

MATLAB, where Fx represents the CDF of X, and fy,, represents the PDF of Yj;; we

take D = 0.3, M = 50 and N = 5; where M is the number of chi-squared distributions and
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N is the order of Edgeworth expansion. For more details about the CDF of the Rosenblatt

process see [32].

Using the inversion theorem we calculate the increments of the Rosenblatt process,
then we apply Euler Maryauma method with the time step At = 0.01 on the interval

[0, 1] and 1000 realizations to find the numerical solution of the equation (3.1).

L L L .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t

Figure 3.1: The numerical solution of the stochastic differential equation (3.1) driven by

the Rosenblatt process.

3.4 Illustrative Example

In this section, we take an example of linear SDE, we solve it theoretically and numerically
using Euler Maryauma method, then we calculate the error between two solutions for

different steps. And we will also solve a nonlinear SDE numerically in another example.

Example 3.4.1. We examine the linear stochastic differential equation given below:

dX; = —X,dt+e'"dRI, 0<t<1,
Xo= 1.
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We have:
e'dX; = —e' X,dt + dR}.

On the other hand, the integration by parts formula ensures that:
d(e'X;) = edX; + Xe'dt,
d(e'X;) = dRF,
and therefore, the solution is written:
X, = Xo+e 'R

As we apply the Euler-Maruyama (EM) method to determine the numerical solution of
this SDE, the following scheme is obtained:

Xipy = Xp, — Xy, At + e AR

i+1

Fori=1,2,..., Nyyme — 1, where Nyme = length(t), Xo = 1 and stepsize At = 0.01.

12

Numerical Solution X,

10

Exact Salution

Figure 3.2: Exact solution (in red) and EM approximation (in blue) of 5 discretized sample
paths for the example on the interval |0,1] with parameter D = 0.3, M = 50 and N = 5.
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In Figure 3.2, the exact solution and the EM approximations are plotted on the same
graph, the trajectory of the exact solution is plotted in red and the trajectory of the EM

approximation is plotted in blue.

The error: is the the absolute value of the difference between the expected value of
the approximate solution and the exact solution at time ¢t = 1.
In this table we calculate the Error between the exact solution and the EM approximation

for different steps for our example.

step 0.001 0.01 0.1
Error 0.0227 0.0435 0.12542

Table 3.1: the error between the exact solution and the numerical solution for different

steps.

0.14

0.12

0.1

ermor
o
(=]
@

0.06

."’/
0.04 /
/
0 001 002 003 004 005 006 007 0.08 0.09 01
step

0.02

Figure 3.3: The graph of the error between the exact solution and the EM approximation

for our example.

Observation: The table and the plot in Figure 3.3 depict the error between the
exact solution and the EM approximation for our example when increasing the step.

It is observed that, as the step decreases, the error decrease also, which justifies our
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approximation method (EM method) for our example. Finally, we say from our graphs
that, if we minimize the stepsize At, we obtain more closed approximation to exact

solution with the Euler-Maruyama method.
Example 3.4.2. In this example, we solve numerically the following nonlinear stochastic

differential equation using the Euler-Maruyama (EM) method:

dx, = (3/7X)" +bX)Vdt + X{TdR,, 0<t<1,
X(0)= L1

We obtain the following scheme by applying the EM method:

Xiy = Xoo + (3/7X) T +7X) ) At + XPTAR,,

141

where i =0,1,2, ..., Nyyme — 1, b =7 and step size At = 0.01 on the interval [0, 1].

150

i

-160

Figure 3.4: Numerical approximation of 100 sample paths for Example 3.4.2 on the interval
[0, 1] obtained with parameters D = 0.3, M = 50, and N = 5.

Figure 3.4 illustrates 100 simulated sample paths of the numerical solution of non

linear SDE driven by the Rosenblatt process on the interval [0, 1].



Chapter 4

The study of the no-arbitrage property
in the Rosenblatt model

In this chapter, we study an important property of financial markets, namely the no-
arbitrage property in a non-Gaussian framework, with particular emphasis on the Rosen-
blatt model !.

A key tool in this analysis is the conditional full support (CFS) property, which plays an
important role in stochastic analysis and mathematical finance. In particular, it provides
information on the richness of the sample paths of a stochastic process and is closely re-
lated to the existence of consistent price systems and no-arbitrage properties in financial
models. Establishing this property for the Rosenblatt process therefore contributes to
a deeper understanding of its path behavior and underlying structure. The aim of this
chapter is to investigate whether the Rosenblatt process satisfies the conditional full sup-
port property and to study the consequences of this result. To this end, we first recall the
fundamental concepts related to the CFS property, which will serve as key tools through-
out the chapter. We then review some previous results that will be used in our analysis.
After that, we present our main contributions, where we establish the conditional full

support property for the Rosenblatt process.

I This chapter is the subject of a paper submitted for publication in the journal Finance and Stochastics
(Springer, Heidelberg), 2026.

71
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Finally, we discuss an application to stochastic differential equations driven by the Rosen-

blatt bridge, where we verify the CFS property in this setting.

4.1 Fundamental Concepts and Findings for Conditional
Full Support Property

In this part, we present conditional full support, a simple condition on asset prices that
leads to a wide class of consistent price systems.

Notations

Let T > 0 be a fixed time horizon. We consider a filtered probability space (€2, F, (F;)icpo,11, P),
where the filtration (F3):c(o,7] satisfies the usual conditions of right-continuity and satu-

ratedness with respect to P, as well as the conditions that Fr = F and Fy is trivial.

We introduce the following notation:

e R, =(0,00)%

e C = C[u,v]: the set of R%-valued continuous functions on [u, v].

o C,lu,v]: the subset of Clu,v] consisting of functions f such that f(u) = x.

e CTu,v]: the set of R%, -valued continuous functions on [u, v].

o Clu,v]: the subset of C"[u,v] consisting of functions starting at z € R .

e All these spaces are endowed with the uniform norm topology.

e B(C): the o-field of Borel subsets of C.

e B,(C): the completion of B(C') with respect to a Gaussian probability measure f.

e For a process X, we denote its support by supp(X).
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The support of a ]Ri ,-valued continuous process X on [u,v] is defined as the smallest
closed subset A of C*[u,v] such that P(X € A) = 1. We say that X has full support if
supp(X) = Cf [u,v], where Xy = x.

The concepts of conditional full support and consistent price system are introduced in the

next two definitions provided by Guasoni et al. [31].

Definition 4.1.1. A continuous Ri+ -valued process (Xi)icpr) satisfies the conditional

full support condition if, for all t € [0,T),

(CFS) supp [P(X |yl F)] = CF,[t. T a.s.,

where P(X|j1)|F;) denotes the F; conditional distribution of the C*[t, T]- valued random

variable X i 1.

Remark 4.1.1. The conditional full support property means that, conditionally on the
present state, the process can approrimate arbitrarily closely any continuous trajectory

starting from that state, with positive probability.

Definition 4.1.2. Let € > 0. An e-consistent price system is a pair (f(, ]13’) of a probability
P equivalent to P and a ]fb-martmgale X (adapted to F;) such that
1 X

< —
14+e ™~ X}

<l+e as. for all 1<i<d and te€]|0,T].

According to Guasoni et al. [31] the existence of consistent price systems is implied

by the CFS condition.

Theorem 4.1.1. [71] Let (X;)iepr be an RE, continuous adapted process satisfying

(CFS). Then X admits an e-consistent pricing system for all € > 0.
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Remark 4.1.2. If I C R is an open interval and f : R — I is a homeomorphism, then
g+ fogis a homeomorphism between Cx([0,T]) and Cx)([0,T],I). Hence, for f(X)

understood as a process in I, we have
f(X)hasF —CFS < X hasF — CFS.

Before presenting our main finding we start by summarizing the previous works on

the CFS condition.

4.2 Previous results

Remember the CFS results for the form’s processes.
t
Qt = Lt + / hSdWS, t 6 [O,T],
0

where L is a continuous process, the integrator W is a Brownian motion, and the inte-
grand h satisfies some varying assumptions.
Pakkanan [59], studied three cases in his article each of which requires a separate treat-

ment:

e First case: L and h are (jointly) independent of W.

e Second case: L and h depend progressively on W and some additional continuous

process that does not anticipate W; and L = fot lsds is absolutely continuous.

e Third case : a (general) continuous process X with CFS takes place of W; processes
L and h are (jointly) independent of X; and h is of finite variation (extension of the

first case ).

We focus on the first case, for more details about the second and the third case see

Pakkanan [59].
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4.2.1 Independent integrands and Brownian integrators

Theorem 4.2.1. (Pakkanan, 2009 [59]) Let us define

t
Qe = Ly +/ hsdWs, t 10,77
0

Suppose that:

® (Lt)iepor) is a continuous process,

° (ht>te[0,T] 18 a progressively measurable process s.t. fOT h%ds < oo a.s.,

o (Wi)icor) 1s a standard Brownian motion independent of L and h.

If we have
ANt el[0,T]:hy=0)=0 a.s. (\:Lebesgue measure),

then @) possesses CFS.

4.2.2 Independent integrands and fractional Brownian motion in-

tegrators

Dani et al. [25] study the CFS property for stochastic integral in which the fractional

Brownian motion is the integrator, its main result is given in the following theorem:

Theorem 4.2.2. Dani et al. [25] Let

t
St:LtJr/ h,dBX, t€10,7],
0

Suppose that:

° (Lt)te[07T] 18 a continuous adapted process,
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o (ht)icor is elementary predictable s.t. fOT hids < 0o a.s.,

° (BtH)te[O,T] 18 a fractional Brownian motion independent of L and h.

If we have
ANt el[0,T]:hy=0)=0 a.s. (\:Lebesgue measure),

then S has CFS.

Models based on the Rosenblatt process have recently drawn attention due to their
ability to capture long-range dependence and non-Gaussian behavior properties observed
in empirical financial data. However, like fractional Brownian motion, the Rosenblatt
process does not possess the semimartingale property, and in a frictionless market frame-
work, this can again lead to arbitrage opportunities, making such models unsuitable for
pricing and portfolio optimization. In this paper, we demonstrate that the introduction
of arbitrarily small transaction costs changes the situation fundamentally. In particular,
we prove that the Rosenblatt process satisfies the conditional full support property, a
key result that ensures the existence of consistent price systems. This result provides a
rigorous foundation for studying optimal investment strategies and derivative pricing in
markets driven by the Rosenblatt process, a non-Gaussian process exhibiting long-range

dependence.

4.3 Main Result

The main purpose of this section is to investigate the CFS property by considering the no-
arbitrage problems for stochastic integrals when the integrator is the Rosenblatt process.
We extend the work of Guasoni et al. [31].

We start by recalling the definition of the topological support and its characterization for
Gaussian processes, which will serve as a basis for establishing the full support property

of our process.
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Definition 4.3.1. Let X = (X¢):co,1) be a stochastic process with continuous paths, taking
values in a topological space E (typically E = C™T[u,v] endowed with the uniform norm.
The topological support of the process X denoted by supp(L(X)) is defined as the support
of its law L(X), i.e., the smallest closed subset S C E such that P(X € S) = 1.

Equivalently, it can be characterized as:

supp(L(X)) ={f € E:P(X € U) > 0 for every open neighborhood U of f}

Interpretation:

e A path f € E belongs to the support of the law of X if the process can get arbitrarily
close to f with positive probability.

e In path space (e.g., C"[u,v]), this means:

P(|X — fllo <€) >0, Ve>D0.

In more practical terms, a path f € E belongs to the support of the law of X if every
open neighborhood of f has strictly positive probability of containing a sample path of
the process X. Equivalently, the support consists of all trajectories that the process can

approximate arbitrarily closely with positive probability.

We recall the following classical result, which characterizes the support of a Gaussian
measure in terms of its associated reproducing kernel Hilbert space. This result will be

an essential tool in the proof of the Conditional Full Support property.

Theorem 4.3.1. [75] Let p be a Gaussian measure on (C,B,(C)) with mean zero and

continuous covariance I'. Denote by H(I') the reproducing kernel Hilbert space (RKHS)
assoctated with I'. Then

supp(p) = H(L),

where H(T") is the closure of H(T) in C.



4.3 Main Result 78

In the following theorem we present our main result.

Theorem 4.3.2. [17] Let us define

t
Yt:Lt+/ hydRY, t € [0,7).
0

Suppose that:

o (Lt)icpo is a continuous adapted process,
o (hi)iepp,r) is predictable process s.t. fOT h2ds < 0o a.s.,

o (R)icior) is a Rosenblatt process independent of L and h.

If we have
AMtel[0,T]:hy=0)=0 a.s. (\:Lebesgue measure),

then 'Y has CFS.

Proof. We first emphasize that the conditional full support (CFS) property does not
depend on the Gaussian nature of the process. Rather, it is a purely topological /pathwise
property, related to the ability of the process to approximate arbitrary trajectories in
the underlying path space with positive probability. In this sense, the CFS property is
determined by the support of the law of the process and not by its specific distributional
structure. However, in the case of the Rosenblatt process, establishing this property is
more involved due to its representation in the second Wiener chaos, which makes the

analysis significantly more delicate compared to the Gaussian framework. Let

t
7y = / hydRY.
0

Using the finite-time representation of the Rosenblatt process, we obtain:

H+1 H+1

t 2 =N
h(xth) (/ oK (u,xﬂ%(u,l@)du) dBmdBﬂJQ'

e,  OU

2 = Ag(H) /

[v,t]?
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Let us fix v € [0,7T7]. It is sufficient to demonstrate that the conditional law P(Z|, 11| F)
has full support on Cy, ([v, T|, R) almost surely, by taking into account the restriction of Y’
on an interval [v, T'|. Furthermore, it suffices to demonstrate this property on an interval
where h is continuous and constant with respect to time. As a result, we can take 7" small
enough that h is F, measurable and has the form hy, 4, = £ on [v,T], with £ # 0. Thus,

we must demonstrate that Z has a full support on Cy([v, T, R).

The reproducing kernel Hilbert space (RKHS) of a non Gaussian process Z indexed in
[0, T] with covariance I'(t1,t5) is the Hilbert space spanned by the functions of the form
['(.,t2) with the scalar product defined by (I'(.,¢1), (., t2)) = ['(¢1,t2). Since the Rosen-
blatt process shares the same covariance structure as the fractional Brownian motion, its

reproducing kernel Hilbert space (RKHS) can be represented as follows:

t t U
H:={f € Co([v,T],R) : f(t) = A3(H)/ / h(zy,z2)KH (t,z1,22)9(x1)g(z2)dr1dz2, fOor someg € LQ([v,T})a.s.,}

with

~ ! t 8K7
KH (taxth) :/ -

e, OU

To characterize the topological support of the process Z, we exploit its representation as a
second-order Wiener-Ito integral. Let B = (B;);c[v,r) denote a standard Brownian motion.
A fundamental result in Gaussian analysis identifies the topological support of the Wiener
measure on the Banach space (Co[v,T],| - ||) With the closure of its Cameron-Martin
space. We define the Cameron—Martin space associated with the Brownian motion B as

the Hilbert space:
Hy {f e o TLR): £0) = | g(s) ds, with g € L?([v,TD}

equipped with the inner product (fi, f2)% f g1(s)ga(s) ds. It is well established that
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the law L£(B) satisfies:

Supp(£(B)) = Hs' ™.
Given that the process Z can be expressed as a continuous functional of the Brownian
motion, specifically Z = ®(B), where ®(B), = 0, so the support of its law L£(Z) is

determined by the image of Hp under the deterministic mapping ®. Specifically, if we

define the "skeleton" of the process for any f € Hp as:

210 = A0 [ [t ([ O ) B ) ) gt o,

1Vz2

then the topological support of Z in Cy([v, T],R) is given by the closure of the set of all

such trajectories:

Supp(£(2)) = (®(f): J € Hpy = =H''™.

This reduction shows that the problem of determining the support of the process Z can be
expressed in terms of deterministic functions obtained from the Cameron—Martin space
of Brownian motion through a quadratic transformation. Therefore, to prove that Z has

full support in Cy([v, T],R) it suffices to show that H is norm-dense in Cy([v,T],R) .

To this end, we begin by recalling the definition of the second-order fractional integral

see [21].

oo 1 t1 to B B
(Ia—il-:aif)(tth) :W/ / f(%l,xg)(tl—l'l)al 1(t2—$2)a2 1d$1d$2, a S tl S b a S t2 S b.
1 2 a a

Since the RKHS H consists of functions of a single variable ¢, we consider the diagonal

restriction of the second-order fractional integral:

o 1 t t B B
(larai f)(t,t) = m/ / [, za)(t — 2)M Nt — 22)* Ndzidrs, a <t <D

This yields a function depending only on ¢, making it compatible with the RKHS H, and

to present the kernel operator K’
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/ / t , L1, T2 f(l’l,.rg)dl’ldxg, f - LQ[O,TL t e [O,T]

(KH fh = g/ / t , L1, T2 f(xl,acg)dxldx% f c LQ[O,TL t e [O,T]
We have :
’ H/_l H/_l H/ l H/_l l_Hl _Hl
R (fh) = Il go oy 2y 2Lt T e ()@ ). (4D)

Going forward, we presume that every function on a subset of R is extended to the entire

real line by making them equal to zero outside of their defined domain.
We now continue the proof of our fundamental result, which is divided into two cases.

First case: For v # 0 the argument must be divided into two steps. We first state
and prove Lemma 4.3.1, then state and prove Lemma 4.3.2. These two lemmas together

lead to the proof of our theorem 4.3.2 .

Lemma 4.3.1. if f € Co[v,T], then Ly fh € Cylv, T|, where

’

H

(L) (E) = (12 5F R (2, 22))) (1),

Moreover, Ly : Cy[v,T| — Cylv,T] is continuous and has a dense range in Colv, T| with
respect to the uniform norm, i.e., Im(Ll)H.”oo = Colv, T.

Proof. Evidently, (L, f)(0) =0 and L, f is a continuous function. The operator is contin-

uous by the following estimate.

!/

T T
lfH lfH/ /_7 /_7
ILof = Ligll < vi "0} / / (T — e)" (T — o) dordas)| f — .
0 0
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Remember the identity for a, b > 0,

¢
/ (t —u)" ' du = B(a, b)t*7t
0

where B(a,b) # 0 and B(a, b) = FF(‘(ZL)IL(S’) For a fixed a > 0 defining :

(1 —v)*(x2 — v)”

(w1, 22) = Lpy 2

T 1_i
ol ch22 H
For t € [v,T] we get
£ YA e -3 H_3
(L1(oh))(t) = MH — Dr(H - 1) /371 23 (g, o)t — )" T2(t — 20)" T2daydas
2 2 v v
1 t t N N Hl—§ H/_§
~ T(H - Hr(H -} (21— 0)* (w2 = 0)?(t = 21) " "2 (t — 22)" "2ddary
2 2 v v
t—v t—v .
< / () (u2)*(t — v — ur)™ 72 (t — v — up) ™" “2duyduy
0 0
2
< B<H _—,Oé—|—1> (t ,U>2a+2H -1

By varying «, we obtain that (t — v)™ € Im(L;) for m > 1 and the Stone-Weierstrass

theorem ensures that I'm(L;) is dense in Cylv, T'. O

Lemma 4.3.2. if f € Cy[v,T], then Lyfh € Cylv, T|, where

/ 1 /
H -3 H-
1 2

N

(La(fR))(2) = (I} g ( (fh) (21, 22)))(t)

and, Ly : Cy[v, T| = Colv,T] is continuous and has a dense range.
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Proof. The same reasoning as in the previous lemma applies, however this time we employ

the estimation

T T
H-r H-1
HMf—mwms/“/:n S | f — Ol
0 0

and the function

(21 —v)*(z2 — v)"
/_l /_ M
er, xy

P(s) = L2

Since the restriction of K7 to Colv,T] is exactly Ly o L1, we may conclude that K

Co[v,T] — Co[v,T] has a dense range and, a fortiori, H is norm-dense in Cy[v, T'.

O

Second case: We might use the same computations as in [30], in the scenario where

v=0.
s .
Proof. Let f(x1,z5) = =%, where { # 0 is a constant.
’ ’ ’ ’ ’ ’ 3 ’\12 ’ ’
-l g1 g 1y 1 1.y 1 gy [T(a+3—H)]" a4 -1 arH -1

11,1 (a: 2 27 2 2(x2 2 fh)) — 11,1 (Q—x 2 z)
o+,0+\1 2 ot,0t 1 2 0+,0+ [F(oz—‘,—l)}2 ! ?

_ (Tla+3-H)\ (T(a+H +1) 2xa+H’+%xa+H'+%
= F(Oc-i—l) F(a—l—H’-‘r%) 1 2 .

Since @ > —1 can be chosen arbitrarily, the image of K  contains functions of the form
alah 8>H +1.

If these functions are inserted into the representation of the RKHS elements associated
with the process Z, and using the separable structure of the kernel, the resulting RKHS
elements reduce to functions of the time variable of the form t7, where v ranges over an

interval of the form (o, +00) for some 7o > 0.
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Moreover, the finite linear combinations of such functions generate an algebra of polynomial-
type functions on [0, 7] which vanish at the origin. This algebra separates points in [0, T

and vanishes at 0. By the Stone—Weierstrass theorem, this algebra is dense in the space

Col0,T] = {f € C[0,T) : £(0) =0},
Therefore, the RKHS of the process Z is dense in Cy|[0, 7. ]

[]

It follows that, the process Y possesses the CFS property, then it admits consistent
price systems for arbitrarily small transaction costs. We deduce that this price process

doesn’t admit an arbitrage opportunities.

4.4 Application

In insider-trading models, a central question is how private information affects asset-price
dynamics and the resulting investment opportunities. Typically, an insider possesses in-
formation about a future characteristic of the asset, such as its terminal value, future
payoff, earnings, or liquidation value. Through the insider’s trading decisions, this infor-
mation is progressively incorporated into market prices, leading to dynamics that differ

from those observed under the standard market filtration.

Monique Jeanblanc [30] investigated a simple scenario of insider trading. They consid-
ered a Black-Scholes model [dS; = S;(udt + 0dBy)|, where B, is a Brownian Motion. The
insider is assumed to know, at time (¢ = 0), the future value of the stock price at the
terminal date (7" = 1). This additional information enlarges the information available to
the insider and creates arbitrage opportunities that are not accessible to ordinary market
participants. The authors showed that such anticipative information can be exploited
to improve the insider’s trading performance, even when trading is restricted to a time

horizon strictly smaller than the terminal date.
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This result illustrates a fundamental idea in insider-trading theory: knowledge of the
future value of an asset may significantly alter the structure of the market and generate
arbitrage opportunities. In particular, the information concerning the terminal stock price
(S1) provides the insider with a decisive advantage, which becomes fully reflected in the

market outcome at the terminal time.

Our goal is to establish the absence of arbitrage for the case (0 < ¢ < 1) without explic-
itly deriving the dynamics of wealth or the risk-neutral probability in the same model
studied by Monique Jeanblanc [36], namely the Black- Sholes model, but in our example
the integrator is the Rosenblatt Bridge.

The Rosenblatt Bridge is used in insider trading models to capture non-Gaussian, long-
memory, and non-linear effects in the information flow from insiders to the market. It
generalizes the Brownian Bridge by allowing for richer statistical structures, making it
a powerful tool for modeling realistic insider-driven price dynamics where the terminal
value is known in advance. Moreover, the Rosenblatt Bridge is particularly well-suited
for modeling situations where long-range memory effects are present for instance, when
market participants react to information slowly or when the insider releases information
gradually across a long time horizon. These features are naturally captured by the Rosen-

blatt bridge due to its long-memory and non-Markovian structure.

Before presenting the application of CFS, we begin by recalling essential facts about
the Rosenblatt Bridge.
The Rosenblatt Bridge (r,0 < ¢ < 1) is defined as the conditioned process (Rt <
1|R, = 0). Note that Ry = (R; — tRy) + tR; where, from the non Gaussian prop-

erty, the process (R; — tR;,t < 1) and the random variable R; are independent. Hence

(r,0<t<1) faw (Ry—tR;,0 <t <1). The Rosenblatt Bridge process is a non Gaussian
process, with zero mean and it satisfies ro = 1 = 0 where (R;,t < T') is a Rosenblatt

process starting from 0.
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Example of application: We consider the following example. Let

dOSt = St<udt + O'dort)

where ;1 and o are constants, r; is the Rosenblatt Bridge. The price of a risky asset is
defined by S;. Assume that the interest rate r on the riskless asset is constant. We use
the symmetric integral because the It6 formula used later is formulated in this framework.

The Rosenblatt Bridge r; is a solution of the following stochastic equation.

dOTt = —%dt + dORt; 0 S t < ].,

To = 0.

The equation above can be solved as

|
Ty = (1 — t)/ 1 dORS.
0

— S

We check whether S has the CFS property. Using Ito formula in the Rosenblatt case (see
Equation (1.31)) we obtain:

1

— S

t
logSt:logSg—i-,ut—i-U(l—t)/ ] d°Rs, 0<t<1
0

t
1
ZIOgSQ—I-[Lt—l-/ o(l—t)——d°R;, 0<t<1.
— 0 1—s

=:L¢
=:hs

We observe that

o (L;) = (log Sy + ut) is a continuous process,
e (hy) = (o(1 —t)7%) is a predictable process s.t. fOT h%ds < o a.s.,

e (R,) is a Rosenblatt process independent of L and h,
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which evidently meets the conditions stated in Theorem 4.3.2, then log S; has CFS prop-
erty. According to Remark 4.1.2 the process S has CFS for 0 < t < 1. Therefore, by
Theorem 4.1.1, S admits an e-consistent pricing system for all £ > 0. Consequently, the

model is free of arbitrage opportunities.



Conclusion and Perspectives

Conclusion

The aim of this thesis was to contribute to the development of stochastic analysis with
respect to the Rosenblatt process by investigating three fundamental aspects: stochastic
integration, stochastic differential equations, and the conditional full support property.
First, we developed a stochastic integration framework with respect to the Rosenblatt
process that goes beyond the classical adapted setting. In particular, we constructed in-
tegrals for a class of non-adapted processes by decomposing the integrands into suitable
components involving adapted and instantly independent parts. This allows one to han-
dle situations involving anticipative information, while preserving a rigorous stochastic
framework driven by a non-Gaussian process.

Second, we studied stochastic differential equations driven by the Rosenblatt process,
focusing on a class of models with constant diffusion coefficient. We established well-
posedness of the equations by proving existence, uniqueness, and stability of solutions.
The theoretical results were complemented by explicit examples and numerical simula-
tions that illustrate the behavior of the solutions. Overall, this shows that, despite the
intrinsic complexity of the Rosenblatt process, it is possible to construct and analyse well-
defined stochastic dynamics driven by this type of noise.

Finally, we established the conditional full support (CFS) property for processes when the
integrator is the Rosenblatt process. This study shows that the CFS property does not
depend on the non-Gaussian nature of the underlying process, but is instead fundamen-

tally a topological property; however, proving it in the Rosenblatt setting is significantly
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more challenging due to its second-order Wiener chaos representation and long-range de-
pendence structure. As a consequence, the CFS property implies the existence of an
e-consistent pricing system for every ¢ > 0, and thus the market is free of arbitrage.
Our results not only extend classical notions of financial no-arbitrage to a more complex
stochastic setting but also provide a robust framework for studying stochastic differential
equations driven by the Rosenblatt Bridge, for which we proved the preservation of the
CFS property. These results show that the Rosenblatt process, despite its non-Gaussian
nature, provides a suitable framework for modelling financial markets under uncertainty,

while remaining consistent with the no-arbitrage principle.

Perspectives
Although several fundamental aspects of stochastic systems driven by the Rosenblatt
process have been addressed in this thesis, many challenging questions remain open. The
results obtained here naturally lead to further investigations in stochastic analysis and
mathematical finance. We conclude by highlighting some research directions that appear

particularly interesting for future work:

e Anticipating stochastic calculus:
Developing an anticipating [to-type formula in the non-adapted setting with respect

to the Rosenblatt process.

e Non-adapted stochastic differential equations:
Extending the study of stochastic differential equations driven by the Rosenblatt
process to the case of anticipating or non-adapted coefficients, particularly in situ-

ations involving future information.

e Extension to broader non-Gaussian frameworks:

Extending the integration framework and the study of stochastic dynamics to broader
classes of processes, including higher-order Hermite processes and other non-Gaussian

models exhibiting long-range dependence.
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e CFS in the non-adapted (anticipating) setting:
Does CFS still hold when the integrand is non-adapted? This is very interesting

because:

CFS property is mainly related to the pathwise structure of the process, whereas

non-adaptedness concerns the filtration and the underlying information structure.

e Applications in stochastic modeling and finance:
Developing stochastic models incorporating non-Gaussian features and long-range
dependence, and investigating their implications in areas such as mathematical fi-

nance, particularly in connection with no-arbitrage conditions.
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