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Abstract

In this thesis, we focus on a prominent financial model, known as the natural model.
Specifically, this model is represented by a stochastic differential equation called the nat-
ural equation, which plays an important role in our research. Firstly, we investigate the
existence and uniqueness of solutions to the natural equation in the one-dimensional case
under a condition weaker than the Lipschitz condition, termed the non-Lipschitz condi-
tion. Additionally, we study the mean-square stability of the solutions to the natural
equation. Secondly, we study the bicontinuity and homeomorphism properties of stochas-
tic flows of the solution to the one-dimensional natural equation with non-Lipschitz coef-

ficients with respect to the initial value based on Kolmogorov’s criterion.

Keywords: Stochastic flows, non-Lipschitz coefficients, stochastic differential equa-
tions, existence and uniqueness, financial market, bicontinuity, homeomorphism, Bihari

inequality, Kolmogorov’s theorem



Résumé

Dans cette thése, nous nous concentrons sur un modéle financier important, connu sous le
nom de modeéle naturel. Plus précisément, ce modéle est décrit par une équation différen-
tielle stochastique appelée équation naturelle, qui joue un roéle important dans notre étude.
Dans un premier temps, nous étudions I’existence et ['unicité des solutions de 1’équation
naturelle dans le cas unidimensionnel sous une condition plus faible que la condition
de Lipschitz, appelée condition de non-Lipschitz. De plus, nous étudions la stabilité en
moyenne quadratique des solutions de I’équation naturelle. Dans un second temps, nous
examinons les propriétés de bicontinuité et d’homéomorphisme des flots stochastiques de
la solution de I’équation naturelle unidimensionnelle a coefficients non lipschitziens, par

rapport a la condition initiale, en nous basant sur le critére de Kolmogorov.

Mots clés : Flots stochastiques, coefficients non lipschitziens, équations différentielles
stochastiques, existence et unicité, marché financier, bicontinuité, homéomorphisme, iné-

galité de Bihari, théoréme de Kolmogorov.
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Introduction

Stochastic differential equations (SDEs for short) constitute a powerful framework for
modeling dynamical systems subject to random fluctuations. They have been success-
fully applied in many scientific fields, including biology, physics, chemistry, economics,
and finance. In biology, SDEs are used to describe population dynamics and the spread
of infectious diseases. In physics, they provide a framework for modeling the random mo-
tion of particles, while in chemistry they help account for uncertainties arising in chemical
reactions. In economics and finance, SDEs play a central role in the modeling of finan-
cial markets, particularly in option pricing, risk management, and portfolio optimization.
Owing to their ability to describe uncertainty in evolving systems, SDEs have become an
indispensable tool in both theoretical and applied research (see for instance, [46], [21], [3],

[42], [43]).

The theory of stochastic flows for stochastic differential equations (SDEs) has received
considerable attention and has been the subject of extensive research over the last three
decades, with particular emphasis on the qualitative and geometric properties of their
solutions. In the classical framework, it is well known that solutions of SDEs driven by
a Wiener process, Brownian motion, and continuous semimartingales define a stochastic
flow of diffeomorphisms under suitable regularity assumptions on the coefficients. This
fundamental result reflects the regular dependence of solutions on both time and initial
conditions and plays a central role in stochastic analysis. Under strong assumptions for
the coefficients. Numerous authors have contributed to this theory. We mention some of
them. In 1973, Neveu [41] proved the theorem of continuity of the solution according to the
initial condition for classical SDEs governed by dB; and dt terms. In 1981, Yamada and

Ogura [65] showed the existence of global flows of homeomorphisms for one-dimensional

13



Introduction 14

SDEs. In the same year, Emmery [16] treated the general case of weak injectivity but
without the time reversal technique. Bismut [IT] studied stochastic flows in the case where
the initial condition is itself a stochastic process. Using an extension of Itd’s formula, he
proved that if the initial condition is a semimartingale, then the corresponding solution is
also a semimartingale. In 1984, Kunita [30] investigated the stochastic flow of diffeomor-
phisms for stochastic differential equations. Stochastic flow of diffeomorphisms of a set
D onto itself was defined by Taniguchi [57] in 1989 by establishing necessary conditions
for the solution to a stochastic differential equation on an open set D C R"™. In 2002,
Airault and Ren [2] provided an explicit modulus of Hélder continuity of stochastic flows
of the canonic Brownian motion on the group of diffeomorphisms of the circle. In 2004,
Protter [45] investigated the continuity and differentiability of solutions to SDEs governed

by semimartingales with local Lipschitz coefficients.

A natural question arises as to whether stochastic flows of solutions to stochastic dif-
ferential equations (SDEs) with non-Lipschitz coefficients can be established. The key
step for stochastic flows for SDEs with Lipschitz coefficients is to get the bicontinuity of
(t,x) — X7 by using Kolmogorov’s criterion. In the case of Lipschitz coefficients, such
results can be obtained by means of the classical Gronwall inequality. However, in the
non-Lipschitz case, the situation becomes more delicate since the direct application of

Gronwall’s inequality is no longer possible.

Recently, there has been growing interest in the study of stochastic flows for stochastic
differential equations (SDEs) with non-Lipschitz coefficients. For this, let us mention a
few papers. The stochastic flows of a class of stochastic differential equations with non-
Lipschitz coefficients were demonstrated by Fang and Zhang [18] in 2003. In the same year,
Ren and Zhang [50] proved the bicontinuity and homeomorphism property of solutions
of stochastic differential equations with non-Lipschitz coefficients and driven by infinitely
many Brownian motions. In 2005, Zhang [60] investigated the homeomorphism property
of solutions for stochastic differential equations with non-Lipschitz coefficients and in the

multi-dimensional case. In 2006, Ren and Zhang [51] studied the continuity modulus of
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stochastic homeomorphism flows for SDEs with non-Lipschitz coefficients. In 2008, Qiao
and Zhang [48] made a significant contribution to the field of stochastic flows by prov-
ing the continuity and homeomorphism properties for the solutions of multi-dimensional
stochastic differential equations with jumps and non-Lipschitz coefficients. The bicontin-
uous modifications of the solutions for multivalued stochastic differential equations with
non-Lipschitz coefficients were shown by Xu [55] in 2009. In 2012, Qiao [47] demon-
strated the homeomorphism flows for stochastic differential equations with non-Lipschitz
coefficients and driven by Lévy processes. In 2019, Xu et al. [6I] examined stochas-
tic homeomorphism flows for stochastic differential equations (SDEs) with non-Lipschitz
coefficients and singular time in the multi-dimensional case. In 2021, Liu et al. [33]
demonstrated the homeomorphism property of solutions to multi-dimensional stochastic

differential equations governed by G-Brownian motion under non-Lipschitz coefficients.

In order to establish the properties of stochastic flows of the solutions for SDEs with
non-Lipschitz coefficients, we first investigate that the solutions of the stochastic differen-
tial equations under non-Lipschitz coefficients exist and are unique. Indeed, the unique-
ness of solutions ensures that the mapping (¢,x) — X is well defined for each initial
condition. Once the existence and uniqueness are obtained, we then study the regularity
properties of the flow of the solutions, such as the bicontinuity with respect to both time

and space variables, and establish the homeomorphism for all almost w.

The study of existence and uniqueness of solutions has attracted considerable inter-
est, particularly within the framework of stochastic differential equations (SDEs). This
area of inquiry has attracted significant interest. In the past few years, there has been a
growing and significant interest in the study of the existence and uniqueness of stochastic
differential equations (SDEs) with non-Lipschitz conditions. In 2003, Cao and He [12]
contributed significantly to the field by proving two theorems that address the existence
and uniqueness of solutions of SDEs with non-Lipschitz coefficients. In addition to es-
tablishing these theorems, their work includes the non-contact property and the strong
comparison theorem for solutions. In the same year, Fang and Zhang [19] investigated

a class of stochastic differential equations with non-Lipschitz coefficients. They obtained
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a unique strong solution to these equations. Furthermore, their work extended to estab-
lishing a large deviation principle of Freidlin-Wentzell type. In 2006, Zhang and Zhu [67]
applied successive approximations to establish the existence and uniqueness of solutions.
Their focus was on SDEs with non-Lipschitz coefficients driven by the multi-parameter
Brownian motion. In 2013, Wang et al. [58] studied the existence and uniqueness of
initial value problems for stochastic differential equations driven by both Wiener pro-
cesses and Poisson processes under local non-Lipschitz conditions. In 2014, the existence
and uniqueness of solutions for neutral stochastic differential equations with Markovian
switching and jumps (NSDEwMSJs) under non-Lipschitz conditions were demonstrated
by Wei Mao and Xuerong Mao [35]. In 2015, Xu et al. [62] utilized the successive ap-
proximation method to investigate the existence and uniqueness of solutions to stochastic
differential equations (SDEs) driven by the Lévy noise. Their focus was on non-Lipschitz
conditions, which are less than classical Lipschitz conditions. This research extended to
prove the stability of solutions for the same equation. In 2016, Pei and Xu [44] proved
the existence and uniqueness theorem for solutions to non-Lipschitz stochastic differen-
tial equations (SDEs). Their study centred on SDEs driven by the fractional Brownian
motion (fBm), with a specific focus on the Hurst parameter H € (%, 1). In 2025, Haddadi
and Akdim [22] proved the existence and uniqueness of solutions to SDEs driven by op-
tional semimartingales under non-Lipschitz conditions. Furthermore, they presented the
stability conditions and the theorem that the solutions are stochastic stable in the sense

of mean-square.

Regarding the published works on the stochastic flows field. In 2016, Benziadi and
Kandouci [6] proved the continuity of the solution of the natural equation in the one-
dimensional case with Lipschitz coefficients, based on Kolmogorov’s theorem. In 2017,
Benziadi and Kandouci [7] investigated the homeomorphism property of stochastic flows
for the natural equation in the multi-dimensional case. In 2020, Benziadi [5] demonstrated
the homeomorphism property of stochastic flows for the natural equation in the one-
dimensional case and with Lipschitz coefficients. In 2021, Khatir et al. [28] made a

substantial advance to the study of stochastic flows by proving the differentiability of
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the solution for the natural equation in the multi-dimensional case. In 2023, Khatir et
al. [29] examined the same property with respect to the initial data of the solution for
the natural equation but in the one-dimensional case. In 2026, Mohammed Chikouche et
al. [40] investigated the bicontinuity and homeomorphism properties of stochastic flows
of the solution for the natural equation in the one-dimensional case with non-Lipschitz

coefficients.

Contribution of the thesis

In this thesis, we focus on a fundamental model in credit risk modeling, known as the
natural model. This model is expressed by a stochastic differential equation called the
"natural equation" which is considered one of the best ways to describe the evolution of
the market after the default time. The following points summarize the primary aim of

this thesis.

(i) Under non-Lipschitz conditions, we show the existence and uniqueness of the solu-
tion to the natural equation based on the successive approximation method. In addition,
we show the continuous dependence of solutions on the initial value by means of the same

equation.

(ii) Based on Kolmogorov’s continuity criterion and Bihari’s inequality, we study the
bicontinuity and homeomorphism properties of stochastic flows of the solution for the
natural equation driven by continuous local martingales in the one-dimensional case under

weaker coefficients than the Lipschitz one.

Outline of thesis

This thesis is organized as follows:

Chapter one "Preliminaries": In this chapter, we recall some important inequalities
and essential tools on stochastic calculus, such as stochastic processes, martingales, con-
tinuous local martingales, continuous semimartingales, etc., as well as the definition and

main properties of flow in both deterministic and stochastic cases, and we give some
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results about the continuity and homeomorphism presented by H. Kunita [30].

Chapter two "Existence, uniqueness, and stability of solutions to natural equations
under non-Lipschitz conditions": In this chapter, we present our natural model, and then
we establish the existence and uniqueness of the solution to the natural equation in the
one-dimensional case under non-Lipschitz conditions. Finally, we establish the mean-
square stability of solutions of the natural equation with respect to the initial value that

is the subject of our published research paper [39].

Chapter three "Stochastic flows for one-dimensional natural equations with non-Lipschitz
coefficients": In this last chapter, we give the presentation of our problem and main hy-
pothesis, and then we show that the solution for the one-dimensional natural equation
with non-Lipschitz coefficients has a bicontinuous modification in (¢, ). Finally, we es-
tablish the homeomorphism property of the solution for the same equation by following
the approach introduced by Yamada and Ogura [65]. This chapter is the subject of our
submitted paper [40].



Chapter 1

Preliminaries

In this chapter, we introduce the fundamental concepts that will serve as the foundation
for the subsequent developments of this work. We begin by presenting several fundamental
inequalities and mathematical tools that will be used throughout the subsequent chapters.
We then discuss generalities on stochastic calculus. Finally, we focus on the study of
stochastic flows of solutions generated by stochastic differential equations (SDEs), where
we present the notion of stochastic flows and their properties, given their significance in

both theoretical and applied contexts.

1.1 Fundamental inequalities and mathematical tools

In this section, we present the basic inequalities and some mathematical tools which

are fundamental in proving our main results in the next chapters.

Theorem 1.1.1 (Burkholder-Davis-Gundy inequality). [32] Let T > 0 and let (Ny)o<i<r
be a continuous local martingale such that Ny = 0. For every 0 < p < oo, there exist

unwersal constants c, and C, such that
GE [(NY?] SEINY) < GE (M), (1.1)

where N = sup |INy|.
0<t<T

Proof. We first prove the right-hand side inequality (1.1]), by stopping, we can reduce to
the case where N is a bounded martingale. Let ¢ > 2. We apply [t6’s formula to the

19



1.1 Fundamental inequalities and mathematical tools 20

function |z|9:

t 1 t
|N|? = /0 q|Ng|? ' sgn(N,) dN, + 5/0 q(q — 1| N2 d(N),. (1.2)

Consequently, by Doob’s stopping theorem [1.2.1] it follows that for all bounded stopping

time T,
1 T
BN | 7l < jata - DE| [ N a), | 5]
0

Thus, we deduce from the Lenglart’s domination inequality ([1.8) that for all # € (0, 1)

(AﬁNwZMan].

>

7 9 _ 1 7
E Nt < —qqg—1) | E
s V] < 322 (Gata- )

0<t<T

Therefore,

<2 ()" ([ 00)]
|

E

(AﬁNﬁ?ﬂNﬁf

fq
<E (SUP |Nt|)
0<t<T

1—2
q

ﬂm‘g’
™)

E )

Thus, we obtain

\)

E[ sup \Nt|qr < -7 (%q(q—l))fﬂi[( sup !Nt\)fq} (1_§>E[<N>;ﬂ .

0<t<T

Choosing p = 7q, we obtain

We now go on to the proof of the inequality ([1.1) on the left side for p > 4. We apply

[td’s formula to the function F(z) = 22, we get

t
N? = (N)t+2/ N, dN.
0
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Consequently, using the convexity inequality (The convexity of z +— |z|P gives |z + y|F <

1)

a,(|z|P + |y[?)), we obtain

Nors

]E[(N> ] < a, (E[ sup ]Nt|p —i—E sup ‘/ N,

0<t<T 0<t<T

Using the preceding argumentation, we have

sup
0<t<T

0<t<T

1 po L

<E[ sup [NP] E[(V)F] .
0<t<T

Finally, we get

B[] < (B[ sup 13eP] + B sup 18] B[] ).

0<t<T

=
=

Set x = E[(N)a * and Y= E[supOStST ]Nt\p} 5, SO

S apry — apy2 <0.

This inequality has the following form 2 < a,(y* + xy), which easily implies, ¢, 2? < y?,

thanks to the inequality 2xy < < 2 4+ (y?, with a suitably chosen (.

This completes the proof of Theorem [I.1.1} O

The following Young’s inequality will be used repeatedly throughout our work.

Theorem 1.1.2 (Young’s inequality). [39] For a,b > 0 and p,q > 1 such that 117 + % =1

one has
p q
<Y (1.3)
p q
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and the equality holds if and only if a? = b1.
For the case p = q = 2, we find

a’? b
ab < — + —.
- 2 + 2
Proof. Since % + % =1, we can write
m-+n m+n
p= 4= )
m n
where m, n are positive integers. Let
a=z"?, b=y
Therefore,
aP bq_x+y_ m n _ mx +ny
p ¢ p q min mtn’ m+n

From the AM-GM inequality, we deduce that

me +ny > (mmyn)ﬁ = gminymin = g /Pyt = qb.
m+n
Consequently,
a? b
— 4+ —>ab
p q
This completes the proof of Theorem [I.1.2] O

We recall the classical Gronwall inequality.

Lemma 1.1.1 (Gronwall’s inequality). [6] Let o« > 0, 5(t) > 0, and let ¥(t) be a real

continuous function on |a,b]. If

() <« +/ B(s)(s)ds, for all t € [a,b],

then

Y(t) < aexp /tﬂ(s)ds, for all t € [a,b]. (1.4)
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Proof. We define H : [a,b] — R by

([ emoson(- [ 10)

Since ( and ¢ are continuous functions, and H is continuously derivable on [a, b]. More-

over, for all u € [a, b],

H'<u>:¢<u>5<u>exp(— /a”mu)ds)— (/ e ds)exp( [ o )

Furthermore,

1w = stwesp (- [ poras) (vt~ [ w)a(s)ds)

but we have,

(u) < a+ /uﬁ(s)l/J(S) ds, for all u € [a,b].

Hence,
H'(u) < a B(u) exp (— /uﬁ(s) ds> , for all u € [a,b].

Let t € [a,b]. Integrating this inequality for ¢ from a to ¢, we obtain

0) <a / () exp (— / " A(s) ds) du

Since H(a) = 0, this gives

([ oo (- 506) <ol - f 0]
< —aexp (— /atﬁ(s) ds) + acexp(0).

Then,
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Finally,
st <acs( | 5(s) ).

This completes the proof of Lemma [1.1.1] O]

The following Bihari inequality is the main tool for handling non-Lipschitz conditions.

Lemma 1.1.2 (Bihari’s inequality). [I0] Let T > 0 and zy > 0, and let z(t),q(t) be
two continuous functions on [0,T]. Let A : Rt — RT be a concave continuous and non-

decreasing function such that A\(v) > 0 forv > 0. If
t
2(t) < zo +/ q(s)A\(z(s))ds, forall 0 <t <T, (1.5)
0

then fort € [0,T],
A(t) < F! (F<ZO>+ /0 q(s)ds), (1.6)
so that

F(z) + /Ot q(s)ds € Dom (F~'),

where F(v) = [ 3 v >0 and F~' is the inverse function of F.
1 X(s)

Furthermore, if zo = 0 and f0+ % = 00, it follows

2(t)=0, forall0<t<T.

Proof. Set
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Furthermore,

d W M)
i’ ") =S50y T AR

Now, by integrating both sides, we obtain

F(h()) < F(h(0)) + / a(s) ds.

Thus, it follows that

2(t) <h(t) < F! (F(Z(O)) + /th(s) ds) .

This completes the proof of Lemma [1.1.2 O]

The following Jensen inequality will be used frequently throughout this work when

taking expectations.

Theorem 1.1.3 (Jensen’s inequality). [14] Let A : R — R be a convez function and let X

be an integrable random variable on the probability space (2, F, P). If N(X) is integrable,

then
AMEX]) <E[MX)], as. (1.7)

Proof. We suppose that A is twice differentiable with A\” continuous. Let p = E[X].

Expand A in a Taylor series about i and get

Aw) = Alw) + N ) — )+ ZXQ(C — n),

with ¢ in between z and pu.

Since A is convex, A" > 0, then

A@) > Ap) + XN () (x — p).

Replacing x by the random variable X, and taking the expectation, we obtain

ENX)] > E[Mp) + N ()X = )] = Ap) + X () (E[X] = )
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This completes the proof of Theorem [1.1.3] O]

Theorem 1.1.4 (Lenglart’s inequality). [14] Let X and G be non-negative adapted right-
continuous processes, and let G be in addition non-decreasing and predictable such that

E[Xr | Fo] S E[Gr | Fo] < 0o for any bounded stopping time T. Then, for all p € (0,1),

P P
E [(sup Xt> .7:0] <cE [(Sup Gt)
£>0 £>0

fo} : (1.8)

— 2-p
where ¢, = et

The following lemma gives the quadratic variation of a stochastic integral with respect

to a continuous local martingale.

Lemma 1.1.3. [40] Let Y be a continuous local martingale, and let (Y) denote its
quadratic variation. If X, is a progressively measurable process, then the quadratic varia-

tion of the stochastic integral with respect to Yy is given by

</0t Xde8>t = /Ot | X,|?ds. (1.9)

t t

Y
., ds= Mdr.
dr

Proof.

Making

(Y)f1 =r=s=(Y)

S

Using the change of variables formula as presented in (Oksendal page 119 [53]), we derive

t t )t Ay
X dY, = X dB ;-1 = Xy < >TdBr.
(V)] ), dr
0 0 0

Now, the quadratic variation of this term is given by

)t d(Y) )t d(Y)
X —rqB, ) = Xy P——2dr.
< /0 "\ g /0 [ Xy, [P =g Fdr
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By changing variables in the last integral by taking (Y'), = o, we have

then,

)t d{Y) )t d{Y) t
X "dB, ) = Xy |? L dy = X, |%d
</0 Y, dr /0 | (Y>r| dr T /0 ‘ | g,

(the reason why ¢ is when 7 = (Y); ' then o =t). So,

t t
</ Xdes> —/ | X,|?ds.
0 t 0

This completes the proof of Lemma [1.1.3] n
The following technical lemma will be used throughout the subsequent chapters.

Lemma 1.1.4. [40] Let N and Y be two continuous local martingales. Then for any

measurable function h, we have

/ ()] |V, Y| < / ()| /AN Yo /AT ) (1.10)

Proof. For any A € R, we consider the local martingale
My = Ny + \Ys.
Since the quadratic variation (M) is an increasing process, it follows that
d(N 4+ \Y), > 0.
By bilinearity of the quadratic covariation, we have
d(N)y +2Xd(N,Y ), + X d({Y), > 0.

This is a quadratic polynomial in A which is always non-negative. Therefore, its discrim-

inant is non-positive

A= (d(N,Y),)* = d(N), d(Y), <0.
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Hence,

|[d(N,Y)u| < VA(N), /d(Y )

Multiplying by |h(u)| and integrating over [s, t], we obtain

/ Ih(w)] |A(N, Y).| < / ()| /AN /A Ve

This completes the proof of Lemma [1.1.4] O]

1.2 Basic concepts of stochastic calculus

In this section, we recall the main notions and results of stochastic calculus. We first
present some basic concepts related to stochastic processes, including conditional expecta-
tion, martingales, local martingales, and semi-martingales. We then introduce stochastic
integration with respect to local martingales and semimartingales and discuss the funda-

mental [td’s formula. The section concludes with an overview of stochastic differential

equations which form the basis of our study.

1.2.1 Notions on stochastic processes

A stochastic process is any process describing the evolution in time of a random phe-
nomenon. Denote by T the set of time. We consider a probability space (Q2, F,P). Qis a

set, F is a o-field contained in the set of parts of 2 and P is a probability measure.

Definition 1.2.1 (Stochastic process). Let (2, F,P) be a probability space and let T be
an arbitrary set (called the index set). Any collection of random variables X = {X;,t €
T} defined on (92, F,P) is called a stochastic process with index set T'. Therefore, the

stochastic process X can be written as a function

X:TxQ—R,
(1.11)
(t,w) — Xi(w), we.

Definition 1.2.2 (Filtration). A filtration on (2, F,P) is an increasing family (F;)er,
of sub-o-fields of F i.e. Fs C JFy, forall s <'t.
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Definition 1.2.3 (Adapted process). Let (Q, F, (Fi)ier, P) be a filtered probability space.
A stochastic process (Xi)ier s adapted to the filtration (Fy)ier if, for allt € T, X, is

Fi-measurable.
Definition 1.2.4. A stochastic process X; on J = [0,T) is

i) integrable if sup E [| X;|] < oo,
teJ

i) square integrable if sup E [Xﬂ < 00,
teg

i11) uniformly integrable if lim sup E [\Xt] H\Xt|>n} =0.

Definition 1.2.5. A stochastic process <)?t)t20 is called a modification of the process
(Xt)e>o if for everyt >0, P <Xt = )A(t> =1.

We can observe that if ()?t)tzo is a modification of (Xi)i>o then ()?t)tzo has the same

distribution as (Xi)i>o-

Definition 1.2.6. Let X; and X be two stochastic processes. We say that X; and X are

indistinguishable if and only if:
P({we Q: Xi(w) = X, (w) Vt > 0}) =1,

i.e., there is a negligible part N such as Vw € N and ¥Vt > 0, we have X;(w) = X} (w).

Hence, there is an equivalence relation:
XRX' <= X and X' are indistinguishable.

Definition 1.2.7. A stochastic process {X;,t > 0} is said to be continuous if P(w € 2 :

t — Xy(w) is continuous) = 1, i.e., its sample paths are continuous a.s.

Definition 1.2.8. A stochastic process is said to be cddldg (resp. cdgldd) if every sample

path is right-continuous with left-hand limits (resp. left-continuous with right-hand limits).

1.2.2 Conditional Expectation and Martingale

A martingale plays a fundamental role in the theory of stochastic calculus. To under-

stand the definition, we need to define conditional expectation.
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Definition 1.2.9. A conditional expectation of a random variable X on (€2, F, IP) with
respect to a o-field G C F is a random variable denoted by E[X | G] that satisfies the

following conditions:
1. E[X | G] is measurable with respect to G,
2. [,XdP = [,E[X |GldP forall Acg.
E[X | G] called the conditional expectation of X given G.

Proposition 1.2.1 (Properties of conditional expectation). [14] Suppose that X and X'
be two random variables on (Q, F,IP). Suppose also that H C G C F are o-fields and

a,b € IR is a constant. The following are simple properties of the conditional expectation:
1. ElaX +bX' | G] =aE[X | G] + E[X' | G].
2. E(E[X | G]) = E[X].
3. If X is independent of G then, E[X | G] = E[X].
4. If X is G-measurable then, E[X | G] = X.
5. EIX | H]=EE[X |G] | H).
6. If X' is G-measurable and E[X X'] < oo then, E[XX' | G] = X'E[X | G].

Definition 1.2.10 (Martingale). A martingale is a stochastic process X = (X¢)i>o0 such
that:

(i) X is adapted, i.e. X, is Fy-measurable for each t > 0.
(it) X is integrable, i.e. E[|X;|] < oo, for allt > 0.
(111) E[Xt ’ ]—"5] =X, forall0<s<t.

If property (iii) holds with > (resp. <) instead of =, then X is called a submartingale

(resp. supermartingale).
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Definition 1.2.11 (Stopping time). A random variable T : Q@ — [a,b] is called a stopping
time with respect to the filtration {Fy;a <t < b} if {w;T(w) <t} € F; for all t € [a,b].

Theorem 1.2.1 (Doob’s Stopping Theorem). [14] Let (Fi)i>0 be a filtration defined on
a probability space (2, F,P), and let (X;)i>0 be a stochastic process adapted to the fil-
tration (Fi)i>0 whose paths are right-continuous and locally bounded. Then the following

assertions are equivalent:

o (Xi)i>0 is a martingale with respect to the filtration (Fy)i>o;

e For every almost surely bounded stopping time T with respect to (Fi)i>0 such that

E(|X7|) < 400, we have E(X7) = E(X)).

1.2.3 Local martingale

We relax the integrability condition in the definition of a martingale to handle more

general processes, which naturally leads to the following notion.

Definition 1.2.12 (Local martingale). An adapted process N = (N;)i>o with continuous
sample paths and such that Ny = 0 a.s. is called a continuous local martingale if there
exists a sequence (Ty,)n>0 of stopping times (called a localizing sequence) with T,, — oo

almost-surely as n — oo, such that for each n € N, the stopped process X is a uniformly

integrable martingale.
Remark 1.2.1. Any continuous bounded local martingale is a true martingale.

Theorem 1.2.2 (Quadratic variation). [32] Let N = (Ny)i>0 be a continuous local martin-
gale. Then there exists a unique (up to indistinguishability) continuous adapted increasing
process ({N)y)i>o such that N} — (N); is a continuous local martingale. Furthermore, for
every fited t > 0, of 0 =15 <t} <--- <itp =1t 1is an increasing sequence of subdivisions

of [0,t] with mesh tending to 0, we have
Pn 2
(N), = 7}1_{20 Z <Ntzﬂ = Nty_1> )

=1

i probability.
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Definition 1.2.13. The process (N) is called the quadratic variation of N.

Definition 1.2.14 (Covariation). If N and Y are two continuous local martingales, the

bracket (N,Y) is the finite variation process defined by setting, for everyt > 0,

(NY);=z((N+Y,N+Y); —(N,N), — (Y, Y),).

N | —

In particular, (N, N) = (N).
Proposition 1.2.2. [32] For any continuous local martingale N and Y :

(i) (N,Y) is the unique (up to indistinguishability) finite variation process such that

N;Y; — (N,Y); is a continuous local martingale.
(ii) The mapping (N,Y) —— (N,Y) is bilinear and symmetric.

(i4) if 0 =15 <1} < --- <t; =t is an increasing sequence of subdivisions of [0,t] with

mesh tending to 0, we have

Pn

<N7 Y>t = lim Z(Nt? o Ntﬁl) (Y;:? B }/t’z"tfl)’

n—00 4
i=1

i probability.
(iv) For every stopping time T,
(NTYT), = (NTY) = (N, Y )ynr.
(v) If N,Y are two martingales (with continuous sample paths) bounded in L*, then

NY; — (N,Y); is a uniformly integrable martingale. Consequently, (N,Y ). is well

defined as the almost sure limit of (N,Y); ast — oo, is integrable, and satisfies

]E[NOOYOO] = E[NO}/O] + EKN’ Y>oo]

Definition 1.2.15. Two continuous local martingales N and Y are said to be orthogonal

if (N,Y) =0, it holds if and only if NY is a continuous local martingale.
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Proposition 1.2.3 (Kunita-Watanabe). [32] Let N and Y be two continuous local mar-

tingales and let H and K be two measurable processes. Then almost surely

/Ooo | H| | K| [N, Y)s] < (/OOO H? d<N>s>é </OOO K2 d(Y)S) : .

1.2.4 Semimartingale

Definition 1.2.16 (Semimartingale). A process X = (Xi)i>0 is a continuous semimartin-
gale if it can be written in the form

Xi = Ny + Ay,
where N is a continuous local martingale and A is a finite variation process.

Definition 1.2.17 (Quadratic variation). Let X = N+ A and X' = N'+ A’ be the canon-
ical decompositions of two continuous semimartingales X and X'. The bracket (X, X'} is

the finite variation process defined by
<X, X/>t - <]V7 N/>t'
In particular, we have (X); = (N);.

Proposition 1.2.4. [32] Let 0 = t§ < t} < --- < t; =1 be an increasing sequence of

subdivisions of [0,t] whose mesh tends to 0. Then,

Pn
Jm > (X — X, ) (Xip = X} = (X, X
1=1

i probability.

1.2.5 Stochastic integration w.r.t. local martingales

We have now defined the stochastic integral for continuous local martingales.

Definition 1.2.18. Let N be a continuous local martingale, and let L (N) (resp. L*(N))

loc

the set of all progressive processes H such that

t
/ H?d(N), < 0o, forallt >0, a.s.
0
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Theorem 1.2.3. [32] Let N be a continuous local martingale.

(i) For every H € L2 (N), there is a unique continuous local martingale H - N with

loc

(H - N)o =0 such that, for every continuous local martingale Y,

(H-N,Y)=H-(N,Y).
(1) If T is a stopping time, we have

lonH) - N=(H-NY=H.NT.
[0,7]

(iii) If H € L (N) and K is a progressive process, we have K € L} (H - N) if and only

loc loc

if HK € L (N), and then

loc

K-(H-N)=(KH)-N.

1.2.6 Stochastic integration w.r.t. semimartingales

We now turn to the extension of stochastic integrals to continuous semimartingales.

Definition 1.2.19 (Locally bounded previsible process). A previsible process H is locally
bounded if for allt > 0, we have

sup |Hs| < o0, a.s.
s<t

In particular, any adapted continuous process is locally bounded. If H is progressive and

locally bounded and A is a finite variation process, then for all t > 0, we have
t
/ |H| |dAg| < o0, a.s.
0

Definition 1.2.20 (Stochastic integral). Let X = N + A be a continuous semimartingale
with its canonical decomposition and H a locally bounded previsible process. Then the

stochastic integral H - X 1is the continuous semimartingale defined by
H- X=H-N+H-A,

i other words, we write

t
(H-X), :/ H,dX,.
0
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Proposition 1.2.5 (Tanaka’s Formula). [32] Let X be a continuous semimartingale. For

any real number a, there exists an increasing continuous process £* called the local time

of X in a such that,

t
X, —af = | Xo—a| + / sen(X, — a)dX, + ((X), (1.12)
0
t 1
(X, — a)* = (Xo—a)* + / ey X, 4 1), (1.13)
0
¢ 1
(Xt—a)_ = (XO—G,)_ —/ ]l{nga} dXs+§€?(X) (114)
0

Furthermore, for every stopping time T', we have ( (XT) =040 (X).

1.2.7 It6 formula

[t6’s formula lies at the heart of stochastic calculus, and it is the tool to calculate the

stochastic integrals without approximating. We present first the integration by parts.

Theorem 1.2.4 (Integration by parts). [32] Let X, X" be continuous semimartingales.

Then almost surely,
t t
XtXt’:XOX{)Jr/ Xst;+/ XedX+ (X, X').
0 0

The last term is called the Ito correction.

Remark 1.2.2. In particular, if X' = X,
t
X2 =X2+ 2/ X dX, + (X);. (1.15)
0

When X = N 1s a continuous local martingale, by the definition of the quadratic variation
(Theorem [1.2.2)), the process N} — (N); is a continuous local martingale. The previous
formula shows that this continuous local martingale is

t
N +2/ N, dN,.
0
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Theorem 1.2.5 (Itd’s formula). [32] Let X be a continuous semimartingale, and let f be

C? on R. Then f(X) is a continuous semimartingale as well and it holds that

(X)) =f(Xo)+ / f(X)dX, + = / (X Vs, for everyt >0, a.s. (1.16)

Remark 1.2.3. The following multivariate extension of the It6 formula (1.16|) holds true.

Let (Xl, e ,Xd) be continuous semimartingales, and let f : RY — R be C? Then, for every
t>0,

f(Xy) = f(Xo) +Z/ axl —Z/ axlaxj (X", X7) . (117

i,j=1

1.2.8 Stochastic differential equations

Stochastic differential equations constitute a powerful mathematical framework for
modeling and analysing systems subject to random fluctuations. They have become an
essential tool in many fields, including finance, physics, biology, and engineering, where
uncertainty and noise play a fundamental role. In particular, stochastic differential equa-
tions are widely used to describe phenomena such as fluctuating financial markets, physical
systems influenced by random perturbations, biological processes, and various engineering
applications.

The aim of stochastic differential equations is to study differential equations that are
influenced by random effects or noise. More precisely, Consider an ordinary differential
equation of the form

(1) = b(z(t)). (1.18)

If we take random perturbations of the system (1.18)) into account, we add a noise term,
which is typically of the form odB;. This leads to a stochastic differential equation of the

form

dl’t = b(l’t) dt + O'dBt,

where (B;):>o is Brownian motion and o is a constant corresponding to the intensity of

the noise.
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Or, equivalently, in the integral form which has a precise mathematical meaning,
t
Ty = T + / b(zs)ds + o B;. (1.19)
0

By allowing ¢ to depend on the state of the system ((1.19) at time t, we have

t t
T = X0+ / b(xs)ds +/ o(x)dBs.
0 0

Definition 1.2.21 (Stochastic differential equation). Let d and m be positive integers,

and letb: Ry xR? — R? and 0 : Ry x R?Y — R>™ be locally bounded and measurable. A

solution to the stochastic differential equation E(c,b) given by
dX: = b(t, X;) dt + o(t, X;) dBy,
consists of:
(1) a filtered probability space (Q, F,(Ft),P) obeying the usual conditions,
(ii) an m-dimensional Brownian motion B with By = 0,

(iii) an (F;)-adapted continuous process X with values in RY with continuous sample

paths, such that
t t
X, = Xo—i—/ o(s, Xs)dBs +/ b(s, Xs)ds.
0 0

Remark 1.2.4. If Xo = x € R?, then we say that X is a solution of E,(o,b). Moreover,

X is said to be a strong solution if it is adapted with respect to the canonical filtration of

B.

Definition 1.2.22 (Existence and uniqueness for SDEs). For the stochastic differential

equation E(o,b), we say that there is

o Weak existence if, for every x € R%, there exists a solution of E.(o,b).
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o Weak uniqueness if, for every x € RY, all solutions of E,(o,b) have the same law.

e Pathwise uniqueness if, whenever the filtered probability space (2, F, (F;),P) and the
(Fi)-Brownian motion B are fized, any two solutions X and X' such that Xy = X,

a.s. are indistinguishable.

The central result in the study of stochastic differential equations concerns the exis-
tence and uniqueness of solutions under suitable assumptions. Before stating this theorem,

we introduce the following Lipschitz conditions.

Definition 1.2.23 (Lipschitz coefficients). The coefficients b : Ry x R? — R4 o : R, x
R? — R™>*™ are Lipschitz in variable = if there exists a constant K > 0 such that, for all
t>0 and x,y € RY,

[b(t, ) = b(t, y)| < K|z —yl,

and

lo(t,x) —a(t,y)] < Klx —y|.

Remark 1.2.5. To ensure the existence of the solution, it is usually assumed that the

coefficients satisfy the linear growth condition
ot x)| < K(1+z[),  [b(t, )] < K(1+|z]),
for some constant K > 0 and x € R,

Theorem 1.2.6. [32] Assume that b and o are Lipschitz in x. Then there is pathwise
uniqueness for the E(o,b) and for every choice of the filtered probability space (2, F, (F), P)
satisfying the usual conditions and every (F;)-Brownian motion B, for every x € RY, there

exists a unique strong solution to E,(o,b).

Remark 1.2.6. The proof of Theorem 15 based on the Picard approzimation method
and some inequalities, such as the Burkholder-Davis-Gundy inequality and Gronwall’s

inequality (see [32]).
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Remark 1.2.7. In the case of Lipschitz coefficients, the existence and uniqueness theorem
can be obtained by Gronwall’s inequality. The situation changes completely, however, in
the non-Lipschitz case since the use of Gronwall’s inequality meets an obvious difficulty.
So, we use another inequality which is the generalization of the Gronwall-Bellman type

inequality, so-called Bihari’s inequality.

1.3 Stochastic flows

In this section, we introduce the notion of flows in both the deterministic and stochastic
cases. We then investigate some fundamental properties of stochastic flows with particular
emphasis on the continuity and homeomorphism properties of the solution for SDEs with

respect to the initial condition. The results concerning the continuity and homeomorphism

of stochastic flows on R? that we will present in this section are borrowed from [30].

1.3.1 Definition of flows in the deterministic case

In mathematics, the concept of flow originates from the study of ordinary differential
equations and continuous dynamical systems. Let f(z) = ( ), ..., fd(:c)) be a Lips-
chitz continuous R%valued function (or vector field on R%), and let X,(x) be the solution

of the ordinary differential equation starting from x € R? at time O:

dX;
dt

= f(Xy), Xo==x.
This solution satisfies the following properties:
1. For each t, X, : RY — R? is a homeomorphism.
2. Xso0 X, = X,y for each s,t.

3. (t,z) — X;(z) gives a continuous map from R x R? onto R

This family {X;} is called a flow of homeomorphisms generated by the vector field f.
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1.3.2 Definition of flows in the stochastic case and their proper-
ties

In stochastic analysis, stochastic flows of homeomorphisms (or simply flows) play an

important role in the study of stochastic differential equations. They describe the evo-

lution of random dynamical systems and provide information on how solutions depend

on the initial conditions. In many situations, they can be viewed as the random coun-

terpart of the flows generated by ordinary differential equations. More specifically, let
X, i(z,w),s,t € [0,T],z € R? be a continuous R?-valued random field defined on the
probability space (€2, F,P) for almost all w, X;(w) = X, (., w) defines a continuous map
from R? into itself for any s,t such that s < t. The first represents the initial time of the
flow, and the second represents the state of the flow. The family {X;,(w):s,t € [0,T]}

defines a flow of homeomorphisms, i.e., it satisfies the following properties:

1. For any z € R% X, (w) is continuous.
2. The map X,(w) : RY — R? is a homeomorphism for any s, ¢.
3. Xss(w) = Idga for any s.

4. X u(w) = X u(w) o X4 (w) holds for all s,t, u, where o denotes the composition of

maps.

5. Xg(z,w) is k-times differentiable with respect to z for all s, € R? and the deriva-

tives are continuous in (s, t,x)

Furthermore, if X, ;(w) satisfies properties and , then it is called a stochastic flow

of C*-diffeomorphisms.

1.3.3 Continuity of the solution w.r.t the initial data

To establish the continuity properties of the flow, we shall use Kolmogorov’s continu-
ity criterion. Although the proofs are somewhat technical, they mainly rely on classical
inequalities such as Holder’s inequality, Burkholder-Davis-Gundy inequality, and Gron-

wall’s inequality, which together allow us to obtain suitable estimates on the solutions
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and deduce their continuity properties.
Let fo(t,z),..., fm(t,x),t € [0,T], x € R? be Ri-valued functions continuous in (¢, )
and Lipschitz continuous in z. Let BF = (B},...,B™),k = 1,...,m be an m-dimensional

Brownian motion. Consider the following stochastic differential equation on R¢:

dX; = fo(t, X;)dt + > fi(t, X,) dBf. (1.20)

k=1

Remark 1.3.1. The existence and uniqueness of the solution of the Equation (1.20)) were
proved by H. Kunita, assuming that the coefficients fo, ..., fm are Lipschitz continuous
(see [30]).

Henceforth, let X (x) the solution of the stochastic differential equation with globally

Lipschitz continuous coefficients starting from (s, x)

Xoi(2) =2+ Z/ fi(r, X, (z)) dBY. (1.21)

We begin by recalling the well-known Kolmogorov’s continuity criterion for stochastic

processes in RY.

Theorem 1.3.1. [30] Let X, (w) be a real-valued random field with parameter w = (uy, ..., uq) €

A = [0,1]%. Suppose that there exist constants p > 0, a; > d, i = 1,...,d, and C, > 0
such that

d
B[ X, = X[ < Cp Y |us — vy

i=1

@ for all u,v e A. (1.22)

Then X, has a continuous modification )/(\'u

The goal is to show that the solution X ,;(x) admits a continuous modification. Our

approach relies on the following theorem.
Theorem 1.3.2. [30] For any p > 2, there exists a positive constant C7 such that

E[|Xs(2) — Xgp(@)] < CL [lv — &/|P 4+ (1 + 2P + [2'P) (jt = ¢']P/2 + |s — s'|P/2)].

(1.23)



1.3.3 Continuity of the solution w.r.t the initial data 42

This estimate holds for all (s,t,x) and (s',t',2") such that s <t and s' < t'.

Proof. Without loss of generality, assume that s < s’ <t < t’. Then,

m t m t/
Xow(a') =a'+ Z/ Ji(r, X o (a")) dB + Z/ fi(r, X o (2')) dBY,
k=0 k=0t

X, () +Z fersr z)) dB.

k=05
Therefore,

p

+ |Xs,S’<x) - x/|p

|

|Xs,t<x>_Xs’,t’( >|p 2m+3 {Z / fk r, Xs’r( /)) dBf
k=

/s/t <fk (r, Xow (@) = fi(r, XS,7T($'))> dB"

2
k=0

Consequently, it suffices to establish the following estimates:

p

tl
E / fi(r, Xy (') dBY
t

< CElt— P21+ [2'P), (1.24)

E[| Xss(z) —2'|P] < C¥ [|x — 2P+ s — s’|”/2(1 + |x|p)] , (1.25)

/S/t (fk(r, Xop(2)) = filr, XS/,T(I/))) iB" P

?|

} <Y [|lx =P+ [s = &P+ |2)] -

(1.26)
For the proof of the estimates ((1.24]), (1.25)) and (1.26)) see [30]. O

Theorem 1.3.3. [30] There exist modifications of the solution X, (x) and of the stochas-
tic integrals fst fr (7“, ijr(x)) dBY with k = 0,...,m are continuous in (s,t,z), and the
Equation (L.21) holds for every s,t,x a.s. Furthermore, the solution X,.(x) is («, )-

Hélder continuous in (s,t,z), where a is an arbitrary number less than % and [ is an

arbitrary number less than 1.
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Proof. Assuming that holds, then by Kolmogorov’s theorem m, X;i(x) has a
modification which is locally («, 5)-Holder continuous in (s,t,z), where a < p‘l(%’ —d)
and 8 < 2p~ (& —d).

We show now the continuity of the stochastic integral fst fr (r, Xsm(a:)) dBE. The case
k = 0 being immediate, we only consider the case k > 1. Assume that s < ¢ <t < t.

Then

tl /

fi(r, Xy (') dBY = / S fi(r, X, (z)) dBY

S

/S ' u(r, X (1)) dBE — /

s/

!

+ /st <fk(7’, Xs,r(x)) — fk(r, Xs/,r(.r'))> dB"

— /t fk; (T’, XSI’T(ZE,)) dBf_€

(1.27)
We recall that the LP-estimates for the first and third terms are given in and the
LP-estimate of the second term is given by . Hence, the LP-norm of the left-hand
side of is dominated by a term of the same type as the right-hand side of .
Therefore, the stochastic integral f: fx (r, Xsm(x)) dBk, k =1,...,m have the same type
of continuity as that of X, ,(z).

This completes the proof of Theorem [1.3.3 m

1.3.4 Stochastic low of homeomorphisms for SDEs

The main objective is to show that for almost every w, the map X, (-,w) : R — R% is
a homeomorphism. We begin by stating the main theorem and then prove that the map

is bijective (one-to-one and onto) and that the inverse map is continuous.

Theorem 1.3.4. [30] Let X,.(z) admit a modification which is continuous in three vari-
ables (s,t,x) a.s. Then, for any s <t, X,;(-,w) defines a continuous map R* — R? for

almost every w, X, (-, w) : RT — R? defines a stochastic flow of homeomorphisms.

To prove Theorem we need to show first that the map X, (-, w) is bijective.
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e Injectivity (one-to-one property): We first prove the one-to-one property of the

map X (-, w).

Theorem 1.3.5 (Injectivity). [30] The map X, : R? — R? is one-to-one for any s < t

a.s.

To go forward in the proof of Theorem [I.3.5] let us first establish some helpful lemmas.

Lemma 1.3.1. [30] Let p be any real number and € > 0. Then there is a positive constant

C? independent of € such that
E| (e + | X,0(2) = Xoe) )] < CE (e + 2 = )", (1.28)

holds for any s <t and z,y € R%.

Remark 1.3.2. Let € tend to zero in Lemma [1.3.1] Then, we have
E[X,(2) = Xoa(y)[* < CElw — y|™. (1.29)

From this inequality in the case p < 0 we get that if x # y, than X, (v) # Xs+(y) a.s.

for any s < t. Furthermore, H. Kunita calls this property "weak injectivity"” (see [30]).
To prove that the map X (-, w) is one-to-one a.s., we need the following lemma.
Lemma 1.3.2. [30] Define

1

Cs,t<x7y) - ’Xs,t(l') — Xs,t(y)‘

, forall s <t.

Then for all p > 2 there exists a constant C§ such that for any n > 0

E[|Guo(w,9) = Gl )] < GO [la =P + Ly = g1+ (L |2l + 12/ + [yl + [/

< ([t— P2 4 |s — s'yp/Z)].

(1.30)
holds for any z,y,z',y" such that |x —2'| >n, |y —y'| > n.
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By using the previous lemmas, we can now demonstrate Theorem [1.3.5]

Proof of Theorem[1.3.5. Choose p as large as such that § > 2(d + 1) in Lemma [1.3.2]

y
By Kolmogorov’s theorem , the random field (s¢(x,y) is continuous in the variables
(s,t,x,y) in the domain {(s,t,z,y) | s <t, |x —y| > n}. Since n is arbitrary, it follows
that it is also continuous in the domain H = {(s,t,z,y) | s < t, © # y}. Therefore, if
r # vy, then X, (z) # Xs4(y) a.s. for any s < ¢. Consequently, the map X, : R — R?

is one-to-one for any 0 < s <t < T a.s.

This completes the proof of Theorem [I.3.5] O

e Surjectivity (onto property): We now prove the onto property of the map X, (-, w).
Theorem 1.3.6 (Surjectivity). [30] The map X, : R? — R? is onto for any s <t a.s.

Before proving Theorem [1.3.6], we need the following useful lemma.

Lemma 1.3.3. [30] Let R? = RIU {oo} be the one-point compactification of R?, set

F=— zeR:\ {0}

|z ]*’
Define for every s <t
1
— . ifTeRY
Bo(@) = { 1+ [Xan(@)
0, if t = 0.

Moreover, for any positive p there exists a constant C¥ such that
E[|84(®) = Bew @] < CL(17 =G + 1t = 1712 + |s = 51712,

By using the previous lemma, we can now prove Theorem [1.3.6]

Proof of Theorem[1.3.6. Choose p > 2(d + 3). An application of Kolmogorov’s theorem
yields (3, () is continuous at ¥ = 0. Then, X (-, w) can be extended to a continuous

map from R into itself for any s < ¢ a.s. This extension )A(s,t(:v, w) is continuous in (s, t, )
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a.s. Let w be fixed, the map )/587t(-,w) 'R — RY s homotopically equivalent to the
identity map )?s,s(-, w). Consequently, it is an onto map by a classical homotopic theory
theorem. Since )A(S,t(oo, w) = 00, the restriction of )A(Syt(-, w) in R? is also an onto map.

This completes the proof of Theorem [1.3.6, O

We combine the previous results to prove the main theorem [1.3.4]

Proof of Theorem[1.3.7]. Since the continuous map X, (-,w) : RY — R? is one-to-one
and onto according to Theorem and Theorem m (respectively). Then the inverse
map X,/ (-,w) : R? — R%is also one-to-one and onto. We now show that it is continuous.
Indeed, since the map )A(S,t(~,w) is a one-to-one and continuous from the compact space
R< into itself. Then, the inverse map X g L w) R¢ — R4 is continuous.

As a result, for almost all w, the map X (-, w) : R4 — R9 is a homeomorphism for all

s < t.

This completes the proof of Theorem [1.3.4] O

1.4 Concluding remarks

In this chapter, we introduced the main concepts and tools that will be used through-
out this thesis. The first part was devoted to recalling some fundamental inequalities and
mathematical tools that are essential for the next chapters. In the second part, we pre-
sented the basic notions of stochastic calculus, which provide the theoretical framework of
our study. In the last part, we discussed the notion of flows in the deterministic case and
stochastic case and their main properties. These preliminary results lay the groundwork

for the developments that follow.



Chapter 2

Existence, uniqueness and stability of
solutions to natural equations under

non-Lipschitz conditions

The objective of this chapter is to investigate the existence and uniqueness of solu-
tions to the natural equation ([2.4]) with non-Lipschitz conditions, which is a much weaker
condition than the Lipschitz one, by using a successive approximation method. Further-
more, we examine the mean-square stability of solutions on the initial value. This work
contributes to the theory of stochastic differential equations (SDEs), showing that the

solutions exist and are unique under weaker conditions.

This chapter is organized as follows. In Section [2.1) we describe the natural model. In
Section [2.2] under specific assumptions we imposed, we prove the existence and uniqueness
theorem of the solution to the natural equation (2.4 under non-Lipschitz conditions. In
Section we discuss the mean-square stability of solutions for the natural equation

(2.4). We conclude this chapter with concluding remarks.

2.1 Description of the natural model

In this section, we are interested in a famous model in finance, especially in the realm
of credit risk modeling. This model is known as the natural model. It is a one-default

model that gives the conditional law of a random time with respect to a reference filtration

47
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which represents market information and is widely applied in financial risk modeling and

in price valuation of financial products like Credit Default Swaps (CDS).

The credit risk is the risk associated with losses incurred by the lender from the
failure of a borrower to make timely and full payments of interest or principal, leading
to financial losses for the lender. To deal with this risk, two main models are commonly
used: the structural models and the intensity models. The structure models is based on
modeling the evolution of the total value of a firm’s assets. The default time is considered
a predictable event, and it is modeled as the first passage of a stochastic process with
a barrier. On the other hand, in the intensity models the default time is considered an
unpredictable event and is modeled as the first jump time of a homogeneous Poisson
process. Furthermore, the two models have been studied before the default time but it is
important to study what happens after the default time and it is essential to analyze the
impact of default on the counterparty and the rest of the market. These models did not

address these problems adequately.

The effectiveness of a one-default model depends on how the conditional laws of 7
can be computed with respect to the filtration F. The most commonly used examples
of random times include the independent time, honest time, Cox time, pseudo-stopping
time, initial time, etc. (for example, [8], [9], [I5], [25], [26]). A new class of random times
has been presented by M. Jeanblanc and S. Song (see [27]). Specifically, there exists a
random variable 7 and a probability measure Q within an extension of the probability
space (€2, F,P), such that the family of conditional expectations dX}* = Q[r < u/F],0 <
u,t < 0o, satisfies the following one-dimensional stochastic differential equation:

) { AX = X, (—EdNc+ S = (1= Z0)% ) tefwoe) ) )

Xu:ZC,

where

x is the initial condition that is F,-measurable random variable,
A is a given continuous increasing process null at the origin,

Y is a continuous local martingale,
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N is a continuous non-negative local martingale,
Z is an Azéma supermartingale such that Z, = N;e ™ satisfies 0 < Z; < 1, t > 0,

f is a Lipschitz function on R satisfying f(0) = 0.

Equation ([2.1)), called the natural equation, is cited in references ([5], [0], [27], [29], [39]).
It is worth noting that the financial models are defined by stochastic differential equations,
which are one of the most efficient ways to represent the evolution of a financial market.
Moreover, the natural equation (2.1) admits a rich system of parameters (Z,Y, f). The
parameter Z defines the default intensity. The parameters Y and f describe the evolution
of the market after the default time 7. This system of parameters establishes a favorable

framework for deducing market behavior and refining the calibration of financial data.

Then, the integral form of Equation (2.1)) can be expressed as follows

t —As t
Xt =T +/ Xs <_ 16 7 ) st +/ Xsf(Xs - (1 - Zs))dlfsa S [u7t]7 (22>

with the initial value X, = z.

This result is from [27], which enables a comparison between a submartingale 1 — Z and

a local martingale.

Lemma 2.1.1. [27] Let u € R% be fized. Let X be a (P,IF) local martingale on [u,oco)
such that X,, < 1— Z,. Furthermore, X; <1 — Z; fort € [u,00) if and only if the local
time at zero (°(X — (1 — Z)) of X — (1 — Z) on [u, 00) is identically null. Here the local
time is taken right continuous in the space variable a, i.e., the map a — (3(X — (1 — Z))

15 Tight continuous.

Proof. (a) Sufficient condition. Let A = X — (1 — Z). If /°(A) = 0, for any F-stopping
time T" > u such that any quantity in the following computation is integrable and that

local martingales stopped at time 7' are uniformly integrable martingales, by applying

Tanaka’s formula [I.2.5 we obtain

Ee [(Ar)"] = Ep [(Au)"] +Ep U Lia,>0pd (As)] + %Em [7(A)] <0,
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since A is a (P,F) supermartingale and its martingale part is a uniformly integrable
martingale, by the choice of T'. This proves that the condition is sufficient.
(b) Necessary condition. If A <0 on t € [u,00), we calculate the predictable bracket

(A) by applying It6’s formula

e

Ay = —A\p——
dA; tl—Zt

AN, + Xof (A) dY, — ZydA,.

Moreover,

— A+

—As 2
U8 = 8F (2 ) N X2 (0P Y~ 2805 X (A) ANV,

—As

< 2A? <1€_ 7

2
> AN+ 2X2f (D)2 d(Y ),

—As

§2A§<e

2
d(N); +2X2K2A2d(Y ).
1-2

It follows that, for 0 < € and 0 < t < oo, one has

t
1
/ ]].{0<A5<E}F d<A>S < 00.
0 s

Tanaka’s formula implies that (°(A) = 0.

This completes the proof of Lemma [2.1.1] O

2.1.1 The multi-dimensional natural equation

In 2017, F. Benziadi and A. Kandouci (see [7]) introduced the natural equation in higher
dimensions. Let (Ay,...,A;) be d-dimensional continuous increasing process null at the
origin, and let N be a d-dimensional continuous non-negative local martingale such that
0 < Nie™™ < 1,t > 0. Let F be a continuous Lipschitz mapping from R? into itself and
Y(t,w) = (Yi(t,w),...,Y:(t,w)) denote r-dimensional continuous local martingale defined

on a probability space (Q,F = (F),5, ,P). We consider the multi-dimensional version of
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the natural equation defined as follows:

( e*Al (t)

Xm(t) = Xl(t) (_1—21(15) le(t) +F11 in + - +F1ddY}) s

—Aq(t)
dXa(t) = Xa(t) <_1€—Zd(t) ANg(t) + FrdY1 + -+ Fryg dY}) .

\

Thus,
G { AX, = X, (— AN+ P(X, — (1= Z))dY;), ¢ € [u,00), s
X, =z,
where
e At e M e—Na T

AN (t) = (dN1(t),...,dN4)T ,dY (t) = (dYi(t),...,dY, ()T,

F= e , where T denotes the transpose of the vector.

We can express the Equation (2.3) in the following integral form:

t @_AS t d " . .
Xg=x+/u X, (—1_28) dN8+/u XY Y FIX,—(1—2,))dY], s€ut]

i=1 j=1

T

where 2 = (21,...,24)" is the initial condition and F}(x) is the i-th component of the

vector function Fj(x).
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2.2 Existence and uniqueness of solution to the natural

equation

In this section, we present our main result, where we prove the existence and unique-
ness of the solution to the natural equation ([2.4)) with non-Lipschitz conditions using an
iteration of the Picard type. Let us first present the problem.

2.2.1 Problem and assumptions

Let (Q,F = (F})i>0, P) be a filtered probability space, our focus is to introduce a techni-

cal modification to the natural equation 1} It is unknown to us if the quantity <— f:; )

is finite or not. So, we present the following stopping time: 7, = inf {t 1—-Z < %}

Hence, we assume the process X rather than X in the above Equation {)

The modified equation can be expressed as follows:

e

dX, = X, (_T) AN, + X, f(X, — (1 = Z)dY,, u<t<T, (2.4)
— LtATh

such that X, = Xy, forall t <7, and n € N.
Equation (2.4)) can thus be expressed in its integral form as follows:

~ t » —As t B 5
Xi=x +/ X, G#) dN, +/ X (X, — (1— Z))dY,, s€lut], (25)
u — LsATy, u

with the initial value Xu = .

We aim to establish the existence and uniqueness of the solution to the natural equation

(2.4) in the one-dimensional case. To achieve this, let us suppose the following:

Hypotheses (H)

e As

(H1) We assume that the stochastic integral fj =7

dNg, u <t < 00, exists and defines

a continuous local martingale. (see [27] for a similar assumption)
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(H2) Let A(+) be a concave non-decreasing continuous function from R, to R, such that
A0) =0, A(v) > 0 for v >0 and [, % = oo. For all z,y € R, f is continuous, bounded
and satisfying

f(@) = FWP < Mlz —yf). (2.6)

(H3) We assume the existence of a positive constant K such that for all x € R, f satisfies

the linear growth condition

[f(@)* < K(1+ [2]). (2.7)

Remark 2.2.1. The hypothesis (H2) is the so-called non-Lipschitz condition. In partic-
ular, if A(v) = Kwv, then the non-Lipschitz condition reduces to the Lipschitz condition.

Therefore, the non-Lipschitz condition is weaker than the Lipschitz condition.

Remark 2.2.2. Let K > 0, and let p € (0,1) be sufficiently small. To show the generality
of our results, we illustrate them using a specific choice of the function A(-) defined as

follows:

M) =Kv, v>0,

vlog (v71), 0<v<p,
)\2(U) - -1 !

plog (p') + Xy(p—)(v —p), v>p,

vlog (v™')loglog (v71), 0<v<p,
As(v) =

plog (p~")loglog (p~") + Xs(p—)(v —p), v >p,

where X' denotes the derivative of function A. All of them are concave non-decreasing

functions that satisfy f0+ % = +oo (i = 1,2,3). Therefore, we see that the Lipschitz

condition 1s a special case of the above conditions.

Remark 2.2.3. The ezistence and uniqueness of the solution to the natural equation with

Lipschitz coefficients were proved by M. Jeanblanc and S. Song (see [27]).
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2.2.2 Main result

The existence and uniqueness theorem of the solution for the natural equation (12.4))

with the initial value X, = z is now presented under the above hypotheses.

Theorem 2.2.1. [39] Suppose that (H1), (H2) and (H3) hold, then there exists a unique
solution to the natural equation (2.4)).

Based on the Picard-type iteration method, we construct an approximation sequence

X™ to obtain the existence of the solution to the natural equation 1' Let X0 = 2.

For each m = 1,2, ..., we define:

3 t —As t
thzm—l—/ x(—#) st+/ zf(r — (1 —Zs))dYs
u T HsA\Tp u

€_AS

t
S )V [ R - - Z)ay,
1 - ZS/\Tn u

~ t —As b ~
K=ot [ (-t avs [ X2 zyjar,

~ o —Ag t o R
X" =g +/ xmt (—#) dN, +/ XX — (1= Zy)dY,.  (2.8)
u - SA\Th u

To go forward in the proof of Theorem [2.2.1] let us first establish some helpful lemmas.

2.2.2.1 Important lemmas
The following lemma show the boundedness of the sequence { X/, m > 0}.

Lemma 2.2.1. [39] Under the assumptions of Theorem for all m > 1, there exists

a positive constant Ji such that

]E|)~(Z"\2 <Ji, forallu<t<T.



2.2.2 Main result 55

Proof. Using the elementary inequality (a + b+ ¢)? < 3(a® + b* + ¢?), one obtains

t ) efAS
X" | ————— ) dN;
/u ’ ( 1_ ZS/\Tn)

To simplify notation, we denote

2 t
T / XX~ (1 - Z,))dY,

X7 <3 (le2 +

)

€_As
= (—— 2.
}% ( 1__22An1) ’ ( 9)

FXP Y = XX = (1= Z). (2.10)

By taking expectations on both sides and using the Burkholder-Davis-Gundy inequality

)

(1.1f), we obtain

2 2

sup +E

u<r<t

sup
u<r<t

/ X™ RN,

/u Xy,

u<r<

E [sup |)~(7f"|2} <3 <]$|2 +E

t t
< 3|z]* + 3CLE U |X§”‘1]2|Rs]2ds} + 3C,E [/ yf(X;"—l)Fds]

t t
< 3|z]* + 3CLE {sup \X]j’“l|2/ |RS|2ds] + 3C,E U |f(XSm‘1)|2ds},

u<r<

such that
r t
S; =E | sup ]Xff"l\z |RS\2ds] ,

Lu<r<t u

We should start with the first term, S;. By Young’s inequality 1} we have

R 1 R 2 t 2
S) < - (E {sup |X7f”1|2} +E [/ |Rs\2ds} )
2 u<r<t u

In addition, we have the quantity E [fi |RS|2ds} < 00, and noting that E [qu |R5|2ds] =
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M, we obtain

_ 1 . 2
Slfg §E:[SUI)‘)CW1P] <+'—A42

u<r<t

1 1

Hence, we derive

N 1
S, =E {Sup | XM= 12/ |R| ds] 505+ 3 Ly (2.11)

u<r<t

Let us move on to the second term, Ss. According to {' since Xg“l is continuous

and f satisfies the linear growth condition 1' there exists a constant K such that
IFXTDP < KA+ [ X,
Consequently, we deduce
~ ~ t ~
S, <K U (1 +IE|X§”’1\2) ds} : (2.12)
From ) and (| , it follows that

1 1 - t -
E {Sup \X’”!Q] < 3Ja|* +3C (503+ 5MQ) +3CK U (1+1E!X;“*1|2) ds}
u<r<t w

2 1 Lo ~ = [ om—1|2
S 3kE| +‘SCH §Clg+’§ﬂ4' +—3C&f((7’—»u)%—3(§}( E”A; | ds

Note that for any [ > 1

max E[X™ 1|2 = max {IE]XOF max E ‘Xm‘ } <EXYP+ max BIXTE (213)

1<m<l
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Hence, we obtain

1<m<l u<r<t

1 1 _ 8 .
< 3|z]* + 3¢, <§(13 + 5M2> + 3C,K(T — u) + 3C, K (T — u)E| X?J?

t
—|—3C'2K/ max E|X™|*ds
L 1<m<l

1 1 . -

¢
+3C,K | max E [ sup \X;”|2} ds.

u 1Smsl o |u<r<s

Then,

t
max [ [sup |)~(ffl|2} <a+ 5/ 1I£la><(z]E [ sup |Xf.n|2} ds,

1<m<l u<r<t ulr<s

where a = 3|72 + 3C; (3C3 + 1 M?) + 3CLK(T — u)(1 + E|X?|?) and 8 = 3C,K.

Since E [ sup |X? \2] = |z|?, the Gronwall inequality (Lemma |1.1.1)) yields

u<r<t

max E [ sup |)~(fn”|2} < aexp(B(T —u))

1<m<l u<r<t

S J17

where J; = aexp(B(T —u)) > 0.

Since [ is arbitrary, we obtain
EX"?<J;, wu<t<T,m>1.
This completes the proof of Lemma [2.2.1] O

Lemma 2.2.2. [39] Under the assumptions of Theorem for all m,k > 1, there

exists a positive constant Jo such that

t
E | sup |[X™F — 5(;31]2} < JQ/ A (E { sup | XL X;”1|2D ds, forallu<t<T,

u<r<t u<r<s

- 1 1 - - [t -
max [ { sup |X;"|2] < 3|z]* + 3C, <503 + 5JW) + 3C,K(T — u) + 302K/ 1rga><<lE|X;"—1|2ds
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where \(v) = A\(v) + v is a concave non-decreasing continuous function from R, to R,

such that A(0) = 0, A(v) > 0 for v >0 and Jo+ % = 00.

Proof. For all m,k > 1, u <t <T, we can obtain from ({2.8])

~ ~ t e—As
Xtm+k _ in :/ X;n-i—k—l (_1

t
. )st+ [ X - -z,
- SN\Tn u

t e~ Ms t -
- [ xr (——) N~ [ Xt - (- Zay,
u 1 - ZS/\Tn u
T oomik1  wmo e
:/u {(XS _ X )(——1_an)} dN.
t
b [ Rt - - ) - e - - 2] av,

Let us set
e s
Ri=——71—], 2.14
( 1 - ZS/\Tn) ( )

FEXHt) = Xt (Xt — (1 - Z)), (2.15)

FXP Y = XX = (1= Z). (2.16)

Taking expectation on both sides and using the basic inequality (a + ) < 2(a*+ b?) and
Burkholder-Davis-Gundy inequality (1.1]), we obtain

r 2
E | sup |)~(l”+k—)2;"|2} < 2E | sup / (X:”k_l—f(:%_l) (Rs) dN; ]
u<r<t usr<t |Ju
s ~ - ~ ~ 2
28 | sup | [ (FE7) < fEr) av,
ulr<t |Ju

t
< 20,E [/ | Xkt X?‘1|2|R5|2d3}

LR [ / R f(X;H)Fds] |
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such that
¢
Po=s | [ PP
~ t ~ ~ ~ ~
Po= | [ 17CRren - frpas
For the first term P, according to (2.14)), we observe that | R,| = % < n because A

is a given continuous increasing process null at the origin and Z, is a continuous process.

Therefore, we have

t t
P =E U | XL Xsm—1|2|Rs|2ds] < n2/ E|X™ 1 — XM 2 s, (2.17)

u

For the second term P, referring to equations 1' and 1 , and since f satisfies the
non-Lipschitz condition ([2.6)), we obtain

[FOXTHRN) = FXPHP < AXT = X0 P).
Consequently, we derive

t
P, < / EA(| X1 — Xm=112))ds, (2.18)

Combining (2.17) and ([2.18]), we deduce

t
E [sup | Xk X;“F] < 204n2/ E| X1 — X2 ds

u<r<t
t ~ ~
+ 205/ EA(|XmHE1 — Xm=112))ds,

Therefore,

t
B | sup X+t = X0 < BRI SPas

u<r<t

where J, = max (2C4n2,2C5) and A(v) = A\(v) 4 v is a concave non-decreasing continuous
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function from R, to Ry such that A\(0) = 0, A(v) > 0 for v > 0 and Jor % = 00.

Applying Jensen’s inequality ([1.7)), we get

t
E | sup |[X™+F —X;”|2] < JQ/ ME| XM= Xm12) (s

u<r<t
t ~ ~ ~
< Jz/ A <E l sup | XML X;"1|2D ds.
u u<r<s

This completes the proof of Lemma [2.2.2] O

Lemma 2.2.3. [39] Under the assumptions of Theorem for all m,k > 1, there

exists a positive constant Js such that

E [ sup | XMtk — X,’n”]Q] < J3(t—w), forallu<t<T.

u<r<t

Proof. By Lemma and Lemma [2.2.2] we obtain

t
E [sup | Xtk X;”F] < Jg/ A <E [ sup | XmHA-l X,’,"_1|2}> ds

u<r<t u<r<s

t
S JQ/ )\(4J1)d8

<Js (t - U),
where J3 = JoA(4.J7).
This completes the proof of Lemma [2.2.3] O

For any m, k > 1, the recursive function is defined as follows:

¢tl = J3(t - U),
t~
= g, / X () ds,

v m+k Y0
Xtk _ g

¢ =E [ sup

u<r<t

1
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Let us choose T € [u,T] such that

JoX (J5(t —u)) < J3 forall te|u,Ti]. (2.19)

Lemma 2.2.4. [39] Under the assumptions of Theorem for all m,k > 1, there

exists a positive Ty € [u,T] such that

0< P <o <ot <...< @l foralte|uT). (2.20)

Proof. By Lemma [2.2.3| and induction in the exponent m, we have

. ~ 2
oF=E [Sup XXl } < J5(t —u) = ¢f.
u<r<t
. 2
P
u<r<t
L ~ 12
< Jg/ A (E[sup X X! }) ds
m u<r<s
t ~
g@/A@ﬂw

t
< [ A ds =
From (2.19)), we obtain
t N t 5
ﬁ:b/Awbﬁg/hMMmeBSMFM:@.
Consequently, we deduce that

<92 < gl forall teluTy].

We suppose that (2.20]) holds for some m > 1. For m + 1, we can easily check Lemma
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2.2.4 In fact,

v m+k 1
Xtk g

t
< Jy / A (]E { sup
u u<r<t

In addition, we have

t t
el _ J2/ Mgy ds < J2/ A (em ) ds = o
Therefore, we conclude that
LR < gt < gm o for all e [u, T1].
This completes the proof of Lemma [2.2.4] O

2.2.2.2 Proof of the main Theorem

By using the previous lemmas, we can now demonstrate Theorem [2.2.1. We start by

establishing the uniqueness result.

Proof of Theorem[2.2.1. (Uniqueness). Let both X, and X| be two solutions to the

natural equation (2.4) with the same initial condition X, = XQ’L Thus, we have

t _As t ~ ~
%-%- [, (—7) N+ [ Rp(E - (- 2z,
m — 4HsA\Th u

t o o—Ns t
- / X; -7 = st - / X;f<X; - (1 - Zs))dY;
u 1 - ZS/\Tn u
tro _ o—As
- X, — E—— ]
/u {< ’ S>( 1_Zs/\7n)}d ’

/t X f(Xy = (1= 2)) = XUf(XL = (1= Z,))] v,

+
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We put
e
s=—-———-+-—), 2.21
< 1 _-ZgAﬂ1> ( )

f(Xs) = Xsf(Xs - (1 - Zs))a (2'22)

FX) = X f(X = (1= Z,)). (2.23)
Taking expectation on both sides, and by the Burkholder-Davis-Gundy inequality (1.1])

and the fundamental inequality (a + b)? < 2(a? 4 b%), we have

2

sup
u<r<t

E [sup X, — X—”z} <2E

u<r<t

/ (X, — X)) (Ry)dN,

2

+ 2E | sup

u<r<t

| (ftx) - Fxp) av,

t t
<268 | [ |%. - KpIRPas| 4208 | [ 17CR) - FRDPas).
such that

t
f—E U X, — X;|2|Rs\2ds] ,

L=e[ [ 17050 - fxppas).

I
- ‘17Zs/\7'n ‘

For the first term I3, according to (2.21)), we observe that |R,| < n because A

is a given continuous increasing process null at the origin and Z, is a continuous process.

Moreover, we have

t t
I=E U | X, — Xg|2|RS|2ds} < n2/ E|X, — X/|*ds. (2.24)

u

For I, referring to equations 1’ and 1' and since f satisfies the non-Lipschitz
condition ([2.6)), we obtain

[F(Xs) = FXOP < A(X, = XI).
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Thus, we derive

= B\, — X)), (2.25)

Combining (2.24) and ([2.25]), we deduce

¢ ¢
E { sup | X, — Xﬂﬂ < 206n2/ E|X, — X!|?ds + 207/ E\(| X, — X1|?))ds.

u<r<t
Therefore,

¢
E [Sup |)~(T — )~(,f_|2} < J4/ ]E(/\(|)~(S — )N(;|2))ds,

u<r<t

where J; = max (2Csn?, 2C7) and A\(v) = A(v) +v is a concave non-decreasing continuous
function from R, to Ry such that A(0) = 0, A(v) > 0 for v > 0 and Jor % = 00.

Using Jensen’s inequality ([1.7]), we obtain

t
. [ sup X, — X;P] <Ji / A(E|X, — X72)ds

u<r<t
t~ ~ ~
§J4/ A(E{sup |X,«—X7/n|2:|>d5.
m u<r<s

From Bihari’s inequality (Lemma|l1.1.2)), it follows that

r

E[sup |)~(T—)~(/2] =0, u<t<T.

For all t € [u, T, the expression above signifies that X, = X{ a.s. The proof for uniqueness
is concluded.
(Proof of the existence). Initially, we note that it ¢ is continuous on [u, Ty]. For

each m > 1, ¢" is non-increasing on the interval [u, T1]. Hence, the function ¢, is defined

from the dominated convergence theorem as follows:

t t
¢ = lim ¢" = lim Jg/ A ) ds = Jg/ A ¢s)ds, for all t € [u,T7].  (2.26)

m—0o0
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Therefore,
t
o <ont g [ Mods

Since ¢y = 0, the Bihari inequality (Lemma|1.1.2)) yields ¢, = 0 for all u <t < T7.

According to Lemma [2.2.4] we can derive that for all u < ¢ < T3,
oI <P =0 as m — oo,

namely,

E| X — X% -0 as m — oo.

Due to the continuity of both processes X; and Z; and by the property of the function to

A(+) along with the completeness of L?, we can infer that for all u <t < Ty

FX = (1= Z)) 5 f(Xi— (1= Z)) as m — oo,

such that

X" X, as m— oo
Upon taking limits on both sides of equation (2.8), we achieve for all v <t < T} that

R t —As b -
lim X" =z+ lim [ X! (—16—) dN,+ lim [ X" (X —(1-Z,))dYs,
m—0o0 m—0oQ

- Zs/\'rn m—oo [,

namely,

_ o —Ag t _
X, = x+/ X, (-#) dN, +/ (X, — (1— 2.)dY,.
u — 4LsA\Tp u

The presented expression suggests that X, is the only solution of the natural equation
(2.4) on [u,T7]. Therefore, one can deduce by iteration that the natural equation ([2.4])

has a unique solution on [u, T'].

This completes the proof of Theorem [2.2.1] O
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Remark 2.2.4. The existence and uniqueness of the solution to the natural equation (2.4
are defined on a finite interval [u,T] by Theorem [2.2.1|. If all additions of the existence

and uniqueness theorem are met on every finite sub-interval of [u,400), then the natural

equation 1) will have a unique solution X, on the whole interval (—00,4+00). So, the
proof is similar to that in Theorem [2.2.1],

2.3 Stability of solutions for the natural equation w.r.t.

initial value

In this section, we establish the mean-square stability of solutions with respect to the

initial value. To this end, we first provide a definition of mean-square stability.

Definition 2.3.1. [39] A solution X7 of the natural equation (2.4) with initial value

X, = x is said to be stable in mean-square if for all € > 0 there is an 0 > 0 such that
E|X? — X/|* <& when Elz —y|* < o,
where XY is another solution of the natural equation 1) with the initial value X, = y.

2.3.1 Main result

The stability theorem of solutions for the natural equation (2.4)) with the initial value

X, = x is now presented.

Theorem 2.3.1. [39] Suppose that the assumptions of Theorem are true. Let X and

ng be two solutions of the natural equation 1) with initial values x and y respectively.
Then, the solution of the natural equation (2.4)) is stable in mean-square.

In order to obtain the stability theorem of solutions, we need the following lemmas.

2.3.1.1 Important lemmas

First, we introduce the extended Bihari’s inequality which was introduced in [49]
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Lemma 2.3.1. [52] Let T > 0 and zy > 0, and let z(t),q(t) be two continuous functions
on [0,T]. Let A : Rt — R* be a concave continuous and non-decreasing function such

that \(v) >0 forv > 0. If
T
2(t) < 2z —i—/ q(s)A(z(s))ds, forall 0<t<T,

then fort € [0,T],
T
2(t) < F71 (F(ZO) +/ q(s)d5> ,
so that

F(z) —i—/t q(s)ds € Dom (F~'),

where F(v) = 1” %,v > 0 and F~! is the inverse function of F.

Lemma 2.3.2. [52] Assume the assumptions of Lemma hold. Let for t € [0,T],

q(t) > 0. If for all € > 0, there exists t; > 0 such that 0 < zy < € it satisfies

/:q(S)ds < /: %-

Then for all t € [t,T],

2(t) <,
holds.

Proof. For every ¢ >0, let f=F(v)= 1v %‘
By Lemma [2.3.1], we have

At) < B! (F (20) + /t Tq(s)ds) |

If \(s) is a continuous non-decreasing function, then the inverse function of v = F~(f)

is also a non-decreasing function.
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For 0 < v < ¢, we have

P [ [ [

For 0 < zy < ¢, we can choose t; > 0 such that

[ o= [ 55

Hence, for all ¢ € [t1,T],
Therefore,

Thus, we obtain

T e
2(t) < P71 (F (20) —|—/ q(s)ds) <F! (F (20) —|—/ T;) <F ' (F(e) <Le.
t 20
This completes the proof of Lemma [2.3.2] O]

2.3.1.2 Proof of the main Theorem

With the help of the previous lemmas, we can now demonstrate Theorem [2.3.1]

Proof. According to the assumptions of Theorem m, X7 and X! are both solutions of
the natural equation (2.4 with initial values x and y, respectively, which are defined as
follows:
R t oA t ~
X/ :az+/ X7 (—T> st~|—/ XIf(XZ—(1—2Z)dYs, u<t<T, as.
u — 4sA\Th u
(2.27)
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~ t ~ _A'S t ~ ~
Xt =y [ R (- v [ ot - -z,
m T 4HSA\Tp u

Subtracting the Eq. (2.27) from the Eq. (2.28), we obtain
- . tro. N oA
Xe-xr oy [ - (-5 ) v
u 1 _’ZgATn

* /ut [X:f@z? —(1-2,) - XVf(XY—(1— Zs))] dy.,

We put

FIXY) = XUF(XY = (1= Z))).

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

We take the expectations on both sides, and using Burkholder-Davis-Gundy (BDG) in-

equality (1.1) and the fundamental inequality (a + b+ ¢)* < 3(a® + b? + ¢?), we obtain

sup
u<r<t

E { sup | X% — 5(312] < 3E|x — y|* + 3E
u<r<t

2

+ 3E | sup

u<r<t

| (e - o) av.

/ (X7~ XY)(Ry)dN,

|

t
< 3E|z — y|* + 3CsE {/ | X7T — X§/|2|RS|2d51

race| [ 170 - o)

t
< 9Ble — o'+ 3GE | sp 187~ 27 [ s

u<r<t

race | 1170 - o
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such that

r t
=2 s X7 [ |Rs|2ds}7

lu<r<t

Ay=E /|le‘ — f(X )|2ds}.

For the first term A;, by Young’s inequality l) we have

~ 1 _ _ 2 t 2
A < ¢ <E [SUP | X — Xfﬂ +E {/ |Rs\2ds] ) .
2 u<r<t u

Moreover, we have the quantity E [fj |R5]2ds] < 00, we note that E [qu |Rs|2ds] =M

Then,
i 1 v y|2 ‘o 2
Ay < -E|sup | X —-X!I| +=-M
2 u<r<t 2
1 1
< =Cyo+ =M>.
< 5t + 5

Hence, we deduce

1

t
~ ~ - 1
A1 =K |: sup |Xf — Xﬂg/ |R5|2d8:| 5010 + = 9

u<r<t

—M?2 (2.33)

For the second term A,, according to (2.31) and (2.32), and since f satisfies the non-

Lipschitz condition ([2.6]), we have
F(XD) = F(XOPP < A(IXT = XY,

Consequently, we derive

A < / "EO(XT - X9P))ds. (2.34)

Combining ([2.33)) and ([2.34]), we obtain

S 1 1
E { sup | X* — X§/|2] < 3E|x — y|* + 3Cy (5010 + —M2)

u<r<t 2

¢
—|—3Cg/ A (IE { sup | X* —XE\Q]) ds
u u<r<s
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Let A(v) = 3CoA(v). So, Ai(v) is clearly a concave non-decreasing continuous func-
tion from Ry to R, such that A\(0) = 0 and [, % = 00. Moreover, let z(t) =
E(sup,<,<; | XZ — XY[%), q(t) = 1 and 2z = 3E|z — y|> + 3Cs (3C10 + 3 M?) > 0 with
M, =E [fuT ]Rs\zds} > M. Hence, for any € > 0, £ = £ with ¢ arbitrary. From Lemma

4

2.3.2, we have

£ dU /[T
> s)ds =T —u, as zy<E.
[z ’

Thus, for any t € [u, T|, we derive

2(t) <€,
holds.
So,
E [sup | X — Xﬂz} <&
u<r<t
This completes the proof of Theorem [2.3.1]. O]

2.4 Concluding remarks

The main contribution of this chapter is the examination of a crucial financial model the
so-called natural model focusing on its representation through the significant stochastic
differential equation known as the natural equation. The main objective was to inves-
tigate the existence and uniqueness of the solution to the natural equation under
non-Lipschitz conditions and to establish the mean-square stability of solutions to the

considered equation.

The obtained results in this chapter show that the natural equation admits a unique
solution under the non-Lipschitz conditions, which makes the analysis more challenging,
we were nevertheless able to establish the desired results. These results significantly
extend the applicability of the natural model in financial mathematics, offering a more

flexible and realistic modeling framework for markets exhibiting irregular dynamics.
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The findings of this chapter provide a solid mathematical foundation for the natural
model and significantly broaden its applicability in financial modeling. The proposed
analysis allows the model to accommodate a wider class of stochastic dynamics that
better reflect realistic market behaviours. As a result, the natural model becomes a
strong and adaptable framework for the theoretical investigation of stochastic systems

and defaultable financial markets.



Chapter 3

Stochastic flows for one-dimensional
natural equations with non-Lipschitz

coeflicients

In stochastic analysis, the study of stochastic flows for stochastic differential equations
(SDEs) has attracted significant attention. This area of research offers a framework
for examining mathematical concepts like regularity and stability as well as practical
applications in disciplines like biology, physics, and finance.

The study of stochastic flows for stochastic differential equations (SDEs) aims to in-
vestigate the stability of the solution with respect to the initial condition together with
its regularity in both time and space variables. Under suitable assumptions on the coef-
ficients, such stability properties combined with appropriate regularity in time allow the
application of Kolmogorov’s continuity criterion, which yields the existence of a modifica-
tion of the solution that is jointly continuous in (¢, ). In the case of Lipschitz coefficients,
this can be obtained by the powerful Gronwall inequality. The situation changes com-
pletely, however, in the non-Lipschitz case since the use of Gronwall inequality meets an
obvious difficulty. This joint continuity reflects the regular dependence of trajectories on
both time and initial conditions and constitutes a key tool in the analysis of qualitative
properties of stochastic systems.

Furthermore, there has been a lot of interest in stochastic analysis on the study of the

homeomorphism property of stochastic flows generated by stochastic differential equations

73
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(SDEs). For a large class of SDEs, the associated solution map generates a stochastic flow
of homeomorphisms. More precisely, for almost every sample path w, the mapping  —
X;(z,w) is continuous, one-to-one and onto, and its inverse mapping is also continuous.
This property plays an important role in the qualitative analysis of stochastic dynamical
systems and provides valuable information on the behavior and stability of the trajectories.

Our objectives in the present chapter are to examine the bicontinuity and homeomor-
phism property of stochastic flows of the solution for the natural equation in the
one-dimensional case with non-Lipschitz coefficients.

This chapter is organized as follows. In Section [3.1], we present the formulation of the
problem and the hypotheses used throughout this chapter. In Section |3.2] we will demon-
strate that the solution for the one-dimensional natural equation has a bicontinuous
modification in (¢,z). In Section we will prove the homeomorphism property of the
solution of the natural equation with non-Lipschitz coefficients. We end the chapter

with some concluding remarks.

3.1 Presentation of the problem and hypothesis

In this section, we present our problem together with the hypotheses used throughout
this chapter. We begin by recalling the natural equation in the one-dimensional case
announced in the chapter above.

Let (,F = (F;)i>0.P) be a filtered probability space. For any continuous increas-
ing process A null at the origin, for any continuous non negative local martingale N,
for any continuous local martingale Y, for any azéma supermartingale such that 7, =
Nie ™t satisfies 0 < Z; < 1, t > 0, for any Lipschitz function f on R null at the ori-
gin, there exist a random variable 7 such that the family of conditional expectations
dXy = Qlr <u/F],0 < u,t < oo, satisfies the following one-dimensional stochastic

differential equation:

At

) { ;l(Xt_: X, (5 dN, + f(Xo — (1= 2))dY,) ¢ € [u,00),

(3.1)

where x is the initial condition that is F,,-measurable random variable.
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Our goal is to add a technical change to Equation (3.1). We know whether the quantity

(— f:/;) is finite or not. So, we introduce the stopping time: 7, = inf {t 1—-Z < %}

Hence, we assume the process X rather than X in the above Equation {D

The changed equation can now be expressed as follows:

~ ~ eiAt
d)g;::)g <——1———————

_'ZQAWL

) ANy + X f (X — (1 = Z,))dY;, u <t < oo, (3.2)

such that X, = Xy, forall t <7, and n € N.

Equation (3.2)) can be expressed in integral form as follows:

~ t ~ _AS t ~ ~
Xt::c—i—/ X, (_—1 eZ )st-i-/ Xof(Xs — (1= Zy))dYs, s€lu,t], (3.3)
m — HsA\Th u

with the initial value f(u = x.

In order to attain the bicontinuous modification and homeomorphism property of the

solution for the natural equation (3.2]) with the initial value z, let us suppose the following;:

Hypotheses (H’)

e As

(H’1) We assume that the stochastic integral qu 7

dN,, u <t < 00, exists and defines

a continuous local martingale. (see [27] for a similar assumption)

(H’2) Suppose that f is bounded and satisfying

[f(x) = f@)I* < K26(lz —yl), (3.4)

and
|f(@) = f)] < rrellz —yl), (3-5)
where k1 () and kog(-) are two concave functions.

(H’3) There exists a constant K > 0 such that for all x € R, f satisfies the linear growth

condition

[f(@)* < K(1+ |2). (3.6)

We present the following fundamental example of a concave function.
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Example 3.1.1. [50] Notice that for some 0 < 6 < 1/e, we define a concave function as

follows:

xlogat, x <4,

Ko(T) =
Ologf~' + (logf~t — 1) (z —0), x>0.

Setting xq = 0, we obtain

Then,
F~Y(x) = exp{logf - exp{—2}}, =z <0.

If z(0) < 6, replacing this in (1.6)) gives

2(t) < (z(0)) 0l foal), (3.7)
For0 <0 <1/e, let k19, kop be two concave functions that are defined for j = 1,2 by

@) z logz "7 <0,
Rj;o\T) = . N N
’ ([log o-1"7 — 7 [log 6-1)1/9 1) x + ; [log -1 g v > 0.

3.2 Bicontinuous modification of the solution

In this section, we establish the bicontinuity property of the solution for the one-
dimensional natural equation (|3.2]) with non-Lipschitz coefficients based on Kolmogorov’s
continuity criterion and Bihari’s inequality. Before presenting our theorem, we shall men-

tion a few remarks.

Remark 3.2.1. Based on the Kolmogorov theorem and Gronwall’s lemma, F. Benziadi
and A. Kandouci have demonstrated the continuity property of the solution of the natural

equation with Lipschitz coefficients in the one-dimensional case (see [0]).

Remark 3.2.2. Recall that, under assumptions of Theorem the existence and
uniqueness results of the natural equation (3.2) have been established (see [39]).
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3.2.1 Main result

The bicontinuity theorem of the solution for the one-dimensional natural equation ((3.2))

is now presented under the above hypotheses.

Theorem 3.2.1. [40] Assume that (H’1), (H’2) and (H’3) hold, and X} is the solution
of the natural equation (3.2)). Then exists a bicontinuous modification of the random field

(t,x) —> Xf

To prove Theorem [3.2.1] let us first establish some helpful lemmas.

3.2.1.1 Important lemmas

We need the following elementary lemma.
Lemma 3.2.1. [50]

1. For j = 1,2, Kjp 1s a decreasing function in 0. Specifically, if 1 > 01 > 0y, then

Kjor < Kjos-
2. For any p > 1 and 0 sufficiently small, we have

1
“Jtp

2Pk o (x) Krgie (277P), j=1,2. (3.8)

Proof. The first assertion is straightforward. Let us consider the second one. It is clear

that both sides coincide when x < . For x > 6, we need to prove that

gitp

J+p

h;(z) = (log o — ;) TItP 4

J+p

1 1 1 -7
—a” (((bg@l)j - l(logel)j‘l) T+ 1.(1og91)j‘10) > 0.
j j

Set

1

B= <[log61]j — ,[1og91]§—1> :

(S
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Then we have
’ . -1 1 —1 1 —17i1 ] . 1 1711 I
Wy(x) = ((j +p)log~" — 1) 2?1 —pa? (Bx—i— 3[log9 E 0) —jBax? <Bac+ ;[log@ E 9) .

When j = 1, we obtain
Pi(z) =2 (2((1+p)logd™" —1) — p((logf~" — 1)z +6) — (log6~" — 1)z)
=277 (p(z — 6)) > 0.

When j = 2, a careful computation shows that the derivative can be written

1 p+2
hy(x) = 1)———|0(x—0 1) — —7— —0)>>0
o) = [0+ = g | o= 0+ [+ 0 - o -0 2,
if 6 is sufficiently small. Then the lemma follows from h;(#) = 0.
This completes the proof of Lemma [3.2.1 O]

We state now the following version of the Kolmogorov continuity criterion.

Lemma 3.2.2. [50] Let Jy, Jo C R two closed intervals and {X(s,t),(s,t) € J1 X Jo} a

stochastically continuous process. Forn € N, let

Xn(s,t) = (X(s,t) An)V (—n).

If for every n there exists p,, Cy, a, > 0 such that

E |sup |Xn(s,t) — X, (s, )" | < Cu |t =t Vit e T,
seJp

then X has a bicontinuous modification X. In particular, if p=p, > 1 and o = «,, > 0
are independent of m, then the paths Jy > t — )?(~,t) € C (Jy) are f-Hélder continuous
for every B < ap~t.

Proof. Let )/(\'n be a bicontinuous modification of X,,, and let I denote the set of all rational

points within the rectangle J; x Js.

Define the sets as follows:

C, = {w :Vn €N, (s,t) — )A(n(s,t,w) is continuous} ,
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Cy = {w :Vn, Y(s,t) €1, )?n(s,t,w) = Xn(s,t,w)},

where

B, = {w Vs t) e 1, | Xu(s,tow)| < n} .
Note that the sequence C5 N B,, is increasing with respect to n, since for each n,

)N B, C )N Bn+1-

Moreover

CoNCy=Ch ﬂ {w: X(s,t,w) < o0}

(s,it)el

Therefore, the set C' = C; N Cy N C5 has probability one. For each w € C', define
)A((s,t,w) = )?n(s,t,w) ifwe B,.
We now check that X is well-defined. Indeed, if w € C1 N Cy N B, and (s,t) € I, then

)A(nH(S, tw)=Xp(s, t,w) = X(s,t,w) = X,(s,t,w) = )A(n(s,t,w).
By continuity, it follows that

)A(n+1(s,t,w) = )?n(s,t,w), for all (s,t).

Thus, X is well-defined. Additionally, for every w € C and (s,t) € I, we have

X(s,t,w) = X(s,t,w).

Since J; X Jo 3 (s,t) — X(s,t,w) is continuous for w € C, and by the almost sure

continuity of X (s,t) together with the stochastic continuity of X (s,t), we conclude that
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X is a modification of X.

For the second one, we set

X, (5,t,w) — X,(s,t'
_D: w:vnEN7 sup | n(Sa ,W) ,ﬁn(s, ,CU)| < 00
s€J1, '€ [t — /|
t£t!

Then, for each w € C' N D, the mapping J; X Jy 3 (s,t) — )?(s,t,w) is bicontinuous.

~

Therefore, sup, e, xJ, X (s,t,w) is bounded by some L. Hence, X (s,t,w) = X.(s,t,w)

for all (s,t) € J; x Jp, and

X (s,t,w) — X (s, ', w)]
sup B < 0.
seJy, tt'eds |t —1 |
LAt

Since C'N D is of full measure, the desired result holds.

This completes the proof of Lemma |3.2.2] O]
We present the following lemma on the non-confluence property.

Lemma 3.2.3. [40] Assume that (H’1), (H’2) and (H’3) hold, then the natural equation

1} has a unique solution Xf with the initial value x. In addition, the following non-

confluence property holds:
:U>y:>]P’<)~(f>Xty,u§t<oo):1. (3.9)

Proof. Let x > y, the solution of the natural equation

— A+

— LtAT,

X (u,z) =z,

AN, 4 FRO (6 2) (1 zt>>cm) ,

has the property that

P (X(m)(t,x) > XMt y),u<t < oo) =1, Vm.
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For m — oo, X("(t,z) — X7, equation (3.9) holds.
This completes the proof of Lemma [3.2.3 O

We also need the following crucial Lemma.

Lemma 3.2.4. [40] Assume that (H’1), (H’2) and (H’3) hold, and X is the unique

strong solution of the natural equation (3.2). For any p > 2 and t > u, we have

E[sup X® - XV

u<s<t

] < Clle — oG} vy e R, (3.10)

where C} and C} are two positive constants.

Proof. Put A, = X7 — X!,z > y. By Lemma we know that A; > 0. Then

~ t ~ _AS t ~ ~
K=ot [ Ko (- )aves [ X - a -z,
U 1 - ZS/\Tn U
R t o= t R
Xty [ R (- v [ R - -z,
u — LsA\Th u
Therefore,

—As

a=amys [t - (- )| v [ [ - a-z)
- XUf(Xy = (1= Z,))] av,.

By applying Ito’s formula to A?, we obtain

t
A§:A§+/ pAP~!

~ Ny efAs
X* - X —— ) dN,
(X 9(1_&m>

(KPR - (1= 2) = RUF(RY = (1= 2) ) .
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Moreover,

t ~ ~ —As
A=y [ pAr (X - X (~ ) v,
u 1 - ZS/\Tn

t
b [ part [Rep(X - (1 2) - XY - (- Z)] v,
1 [ 2/ v )2 e ’
_ _ p— T _ XY -
e G

2

+ % / plp— DAL [Ref(XE = (1= 2,)) = KUY = (1= 2,))] ds

e

t ~ _ —As
w5 [ 2wl DAz - X (——1 ‘ Z)
X |XEF(RE = (1= 2) = RU(RY = (1= Z))| d < NY >,

To simplify notation, we denote

RS::(_Téiii7>’ (3.11)
FIX9) = XPF(X3 = (1-2y)), (3.12)
FXY) = XVF(XY = (1= Z,)). (3.13)

|Ag|P = |Ao|? + B} + B¢ + B> + B¢ + B},
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where
t
B; = / plA KT = XY)RydN,
t o .
B — / Pl [f(X2) = F(XD)] av,,
[ Ve W
B = 5/ p(p = DIA (X7 = XY)*Rds,
d 1 t p—2 | F/ve 8¢ ?
Bl =5 [ plo—DIAP[F(XD) - F(x2)] ds,

Bl = [ bl — DA - SR, [FOR) - FED]dv. ).

For B}, by the Burkholder-Davis-Gundy inequality (1.1]), we obtain

t 2
E ( sup |le]) < pCE (/ A, |RS|2ds)
u<s<t u

|—ehs]
‘I_ZSATH ‘

From equation (3.11]), we observe that |R,| = < n because A; is a given con-

tinuous increasing process null at the origin and Z, is a continuous process. By Young’s

inequality (1.3]), we have

1
t 2
E ( sup \Bi\) < pCnE (/ IAS\deS)
u<s<t u

1
t 2
< e (sup (4 [ 1apas)

u<s<t

¢
< EE [sup |As|p} +CE {/ |As|pds]

u<s<t

< ~h(t) + C,E Uut | A, ds} , (3.14)

B |

1 _ pCn
where Cp = 5.

For B?, according to (3.12) and (3.13), and since f satisfies the equation (3.4) and by
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Young’s inequality ([1.3) and Burkholder-Davis-Gundy inequality (1.1)), we obtain

2
ds)

< CE ( sup |As|p/ AL [22 (| Ay )d )

u<s<t

D=

t ~ o~ ~ ~
E(sup |Bt2|) < pCE (/ |AS|2p_2‘f(Xf)—f(X§)

u<s<t

[N

1
< -E [sup | As |p] +02/ (| A~ 2“3,9(1145’)) ds

u<s<t

I

<Ly 1 c2 / E (JAJ" 22, (| Au))) ds (3.15)

A

2 _ pC
WhereC’p— T

For Bf, we obtain

-V ( [ 1ariras)
plp— e ([ 4 as)

t
< C3E [/ | A,|P ds] : (3.16)

N —
3

E ( sup |B§|) <
u<s<t

<

DN | —

where C3 = p(p — 1)n?

For B, according to (3.12)) and (3.13), and since f satisfies the equation (3.4), we have
1 t
B (sup 121) < ol 1) [ B (AP 304.0) ds
t
4 2
< [ E(AP (D) ds (317)

where C = 1p(p — 1).

For B/, according to (3.12) and (3.13), and since f satisfies the equation (3.5) and by
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Lemma [1.1.4] we obtain

e (sup 1821) < plo— o [ |70 - k) d<N,Y>s>

B ———
t ~ ~ ~ ~

< o ([ 1|k - ) ds)

< C°E (/t yAsyplm,qus\)ds)

t
gcg/ E (|Au" " k10(|As])ds)

(3.18)

Combining ((3.14)-(3.18) gives that

h(t) = E [ sup |A. \p} <A+ 1h( 1)+ CIE Ut AP ds} + (1)

u<s<t

t
+c§/ E (|A[P242 (| AJ])) ds + CPE [ 14, |pd3}
t t
0p [ B (AP ,0A40) ds +CF [ B (AP (A

t t
1
§A€+C§/ E|Asypds+0;/ E (JAsP72k3 4(JA4))) ds+§h(t)

t
+ CS/ E (|As|p_1/{179(|A8|)d8) ,
where C’6 C’1 + 03 and C7 02 + C4

From Lemma [3.2.1] we obtain

t 207 t 205 t
h(t) < 2A§ + 205/ E A" ds + TP/ E (k1,00 (JAs|?)) ds + 7”/ E (k100 (JAs|?)) ds

u

¢ ¢
§2A8+20§/ E|As|pds+C§/ E (k1,00 (|As|P)) ds

u

t
<2404 / E (1,00 (|A.J7)) ds
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207 203 ~ .
where C§ = -+ =55 C) = max(2C5,CY) and Rygr(z) = Kyer(z) + 2 is a concave

function decreasing in 6.

By Jensen’s inequality ((1.7]), we obtain

where C’; =2 and C’g = Cg )

Finally, by the equation (3.7]), we have

~ -ex —é’g(t—u)
o[ ar] < a5

u<s<t

Thus,
B | sup [ %2 - %] < Glo L), ey ek
u<s<t
This completes the proof of Lemma [3.2.4] O

3.2.1.2 Proof of the main Theorem

Since th is continuous with respect to t, by the above lemmas, one may prove Theorem

B.211

Proof of Theorem |[3.2.1. Let p > 2 and let (Xf) be the solution of the natural equa-

t>u

tion 1} with Xjf = x. For every t € [u,u—k 1%%”), the mapping x th has a (-
P

Holder continuous modification for 5 < e=Crlt—u) _

]lo. Moreover, by Lemma [3.2.4fand Kol-

mogorov’s criterion Lemma3.2.2| f(f has a bicontinuous modification in (¢, z) € [u, T]xR.

This completes the proof of Theorem |3.2.1] O
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3.3 Homeomorphism property of the solution

In this section, we prove that for almost all w, the mapping z —— Xf (w) defines a
homeomorphism on R. To achieve this, we follow the approach introduced by Yamada and
Ogura [65], which requires proving that the mapping 2 — X7(w) is strictly increasing

and continuous w.r.t. z, that its inverse mapping is also strictly increasing and continuous

w.r.t. z, and that ‘llim )Xf (w)’ = 00, for almost all w. Before presenting our theorem,
x|—00

we shall mention a few remarks.

Remark 3.3.1. In the one-dimensional case, F. Benziadi demonstrated the homeomor-

phism property of stochastic flows of the natural equation with Lipschitz coefficients (see
[51).

Remark 3.3.2. Under the assumptions of Theorem we recall that the solution of
the natural equation (3.2)) has a bicontinuous modification in (t,z) € [u,T] x R.

3.3.1 Main result

Under the above hypotheses, the homeomorphism theorem of the solution for the one-

dimensional natural equation (3.2)) is now given.

Theorem 3.3.1. [40] Assume that (H’1), (H’2) and (H’3) hold and X} is the solution
of the natural equation (3.2). Then, for almost all w, for each t > wu, the mapping

R>z+— Xf(w) € R s a homeomorphism on R.

To prove Theorem we first establish an important lemma, which plays a funda-

mental role in proving the surjectivity property.

Lemma 3.3.1. [40] Assume that (H’1), (H’2) and (H’3) hold, and X} is the solution
of the natural equation (3.2)). Then, for every a € R, there exists a constant Cr,, o Such
that,

E [sup <1+|Xf|2> ] < Crua (T+2P)", teuT), zeR

u<s<t
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Proof. Let u <'T' < oo. By Ito’s formula, we have

~ ot t ~ a—1 _
(1+1%e1) :(1+yg:\2)a+/ 2a (1+]X212) " Xr

x X;‘"(—%)dNSJrX;‘f(Xj—(l—ZS))dYS
- SN\Tp,
+/t a(1+|f<§|2) T 4 2a(a — 1)(X2)? (1+|X§|2)°‘2]

2
—As

T 6— T T o
x [Xs<— 1_ZSATn)dNS+X8f(XS (1-Z.))dY,

(14 157)" = e oy + [ 2a (1) Gt (25— ) v
/UZQXI (1+1%2p) " %
# [ o (i 1) 2t - o (14 1)
Jortre

+ /: :a (1+ \X:F)a_l +20(a - 1)(X)? (1+ |X§y2>a_2}

(1 - Zs))dY;

<[ - a -z o

+ /ut :04 (1+ \X;f|2)a_l +20(a = 1)(X)? (1+ |f(§y2)a_2}

<Joty (-5 ) [enct - a - 2] av).

SA\Tn,
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Noting

e s
. 1
ro= (155 (3.19)

FXT) = XPA(XE = (1= Z)). (3.20)

Hence,

- @ t - a—1 _
(L4 17) = o fePye o [ 20 (L4 127)7 (R RN,

t

~ a-1l . . .
+ [ 20 (14 |XEP) T XEf(XD)ay,

=

t

~ a—1 .
+ [ 20 (14 1K22) (R0)2(R)s

T~

t

20(a — (X (14 |X2P)" (1)2s

+
s

t 2

o [ 20 (1 1xep)” R ds

=

t -2 2

+ [ 2ala— )& (1 1%2R) T [F(XD)] ds

T~

t

[ oa (14 1%p)" KR, [FRD)] av v

s

t —_

+ [ data - D) (14 IXP) R [FRD] AN,

s~

Then,

(14 IXER) = (L [2) + AL+ A+ A7 + AL+ AT + A5 + A] + A3,
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where

a—1
Al = 2a 1+|X’” ) (X7)2R, dN,,

a—1 . .
a2 = [ 2a(14]%22)" Xef(XD)ay,,

a—1 _
2a 1+|X‘” ) (X2)2(R,)? ds,

2a 1—+-|Xm ) [f(j(f)rds,
2a(a — 1)(X5) 1+ |X§\2)H {f(f(g)r s,

Al

[
[
[
4} = / 20(a - D& (14 1%22) " (R ds,
[
[
[

20 (1 + | X7 )alXsz [f(ffj)] d(N,Y)s,

45 = [ata -0 (14 15) T R 708 6y,

u

For A}, by the Burkholder-Davis-Gundy inequality (1.1)), Young’s inequality (1.3]), and

the elementary inequality |z|*> < 1+ |z|?, we have
1
¢ . 20-2  _ 2
E ( sup yA;|> < 2aCE (/ (1 + \X§|2> ]X;’”]‘*\Rs]?ds)
u<s<t u
t ~ 200 %
< 2aCnE (/ (1 + |X§|2> ds)
_ e [t _ e\
< 20CnE < sup (1 + |X§\2) / (1 + |X§|2) d5>
u<s<t w
1 ~ o t ~ o
< E [sup (1 + |X§|2) } +CE [/ (1 + |X§|2) ds} . (3.21)
4 u<s<t u

1 _ aCn
where C, = “5".
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For A? using the Burkholder-Davis-Gundy inequality (1.1]), we have

t ~ 20-2 - 2
B (sup 1421) < 2acm ([ (14 1%2) " IR CRPas)

u<s<t

according to (3.20]), and since f satisfies the equation (3.6, by Young’s inequality (1.3])

and the elementary inequality |x|?> < 1 + |z|?, we obtain

1

t - 2a 2

E ( sup ]A§|> < 2aCKE (/ (1+ |X§]2> ds)

u<s<t u
t 3
§2aCKIE(sup (1+\X§\2) / (1+ng|2) ds>
u<s<t m
1 N : N
SZE[Sup (1+|X§|2) ]+O§E U (1+|X§|2> ds], (3.22)
u<s<t u

where C2 = <K,

For A3, by the elementary inequality |z|*> < 1+ |z|?, we obtain
t ~ a—1 _
E ( sup ]A§|> < 2aE (/ (1 + |X§|2> |X§|2|RS|2ds)
u<s<t m
t ~ a—1
< 20n’E (/ (1+1%2P?) \Xg\?ds)
t ~ «
< C°E (/ (1 + yx;CP) ds) ,
u (3.23)

where C3 = 2an?.

For A}, we obtain
t ~ a—2
E ( sup \Aﬁ\) <2a(a—1)E (/ (1 + |X;”|2) |X§]4\Rs]2d5)
u<s<t u
t ~ e
< 2a(a —1)n’E (/ (1 + |X§|2> ds>
t ~ (0%
< C'E </ (1 + |X§|2) ds) , (3.24)
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where C = 2a(a — 1)n?.

For A?, according to (3.20)), and since f satisfies the equation (3.6)), we obtain
t ~ a—=1 _ _
 ((sup 1431) <208 ([ (141828)" 7R Pas)
u<s<t u
t ~ o

< 2aKE </ (1+|X:|2> ds)
t ~ (0%

< C°E (/ (1 v |X§|2) ds) , (3.25)

where C? = 2aK.
For A¢, according to ([3.20]), and since f satisfies the equation (3.6)) and by the elementary

inequality |x]* <1+ |z|* , we obtain
t ~ a—2 . -~
B (sup 1481) < 200 - 08 ([ (14182P)" IR Pas)
u<s<t u
t ~ (6%
< 2a(a — 1)KE (/ (1 + yX§|2) ds)

< CE (/ut (1 + |X§|2)ads> , (3.26)

where C% = 2a(a — 1)K.

For A!, according to (3.20), and since f satisfies the linear growth condition and by

Lemma [I.1.4], we obtain

t - a—1 _ -~
E (sup 147) < 208 ([ (14 12R) " IREIRIFCED A, ),

u<s<t

< 2anC'K'E (/ut (1 + |X;”|2>a \/d<N>s\/d<Y>s>

< C'E (/ut (1 + |X§|2>a ds) , (3.27)

where C! = 2anC'K’.
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For A%, Lemma [1.1.4] gives us

 (sup 142) < tate- 02 ([ (14 1507) 7 RPIRICEDI. )

u<s<t

< da(a — 1)nC'K'E ( / t (1+ |X§y2)“ \/d(N>s\/d<Y>s)

< C°E (/ut (1 + |X§|2)a ds> , (3.28)

where C% = 4a(a — 1)nC'K’.

Combining (3.21))-(3.28)) gives that

g(t,z) =E [sup (1 + |)~(f]2> } < (1+ |a:\2)°‘ +E [sup |Ai\] +E {sup |A§|]

u<s<t u<s<t u<s<t

+E [sup |A‘;’|} +E [sup |A§|] +E [sup |A§|]

u<s<t u<s<t u<s<t

+E [sup |A§@ +E [sup \AZ|] +E [sup \Ai\] .

u<s<t u<s<t u<s<t

Thus,

o(t.2) =E {Sup <1+|)~(§”|2>a] < (1+|x|2)o‘+i]E {sup (1+|X§IQ>Q}

u<s<t u<s<t
[t ~ « ] 1 - «
+CLE / <1+|X§\2) ds +—E[sup (1+|X§]2)]
LJ w i 4 u<s<t
~ [0 T t ~ (0%
|2) ds| + C3E (/ (1+|X§|2) ds)
~ (07 t ~ a
1+ | X7)? ds)+cgE (/ <1+|X§|2) ds)

)
>ads) +CTE ([j (1 + |X§|2>ads)
)

t

+
2
=
:\
—
—_
_|_
I
8
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Therefore, we have

g(t,z): =E {Sup (1 + |f<f|2)“] < (1+ |z + C°E [/t (1 + |X:|2)“ds} + Lo,

u<s<t 2

where C) =CL+C2+ C2+ CL+ C> + C8 + CT + C8.

Hence, we obtain

« t ~ «
g(t,x) = E [Sup (1+1%71) ] §2(1+|x|2)a+202/ E(1+|X:) ds

u<s<t
t
<21+ |z|*)* + 202/ g(s,x)ds.
By Gronwall’s inequality (Lemma (1.1.1)), we obtain
g(t,z) <21+ |z[*)* exp (2CL(T — u))
< Crua(l+ 23"

It follows that,

E {Sup (1 + |Xf|2> ] < Cruo(l+2z»)Y, teu,T), z€eR,

u<s<t

where Cr,.o = 2exp (2C(T — u)).

This completes the proof of Lemma [3.3.1] O
3.3.1.1 Proof of the main Theorem
By using the above surjectivity property lemma, we can now prove Theorem |3.3.1

Proof of Theorem [3.3.1. First, we show that the mapping = — X7 is strictly increasing
and continuous w.r.t. x for each ¢t > u and for almost all w.

Let Q denote the set of all rational numbers. By Lemma [3.2.3]

IP()N([<)~(tq, u<lt<oo, r<gq, rqeQ)=1
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From this, we obtain that x — Xf is strictly increasing on Q. By continuity w.r.t. z,

it follows that x — Xf is strictly increasing and continuous w.r.t. x € R for each t > u
and for almost all w. Moreover, its inverse mapping is strictly increasing and continuous

w.r.t. x for each ¢ > u and for almost all w.

Hence, from Theorem [3.2.1 the mapping

R>zr— X’f(w) € R, forall ¢t >u, foralmost allw,

is a continuous injection for each ¢t > wu. It follows that, for almost all w, the mapping
z — X7 (w) is one-to-one for all ¢ > u.

Second, we show that

| l‘im |X7(w)| = oo forall t>u, for almost all w, holds. (3.29)
T|—00
By the above Lemma |3.3.1}, in the case where a = —2, we have

1
lim E [ sup ————| =0.

|z| =00 u<t<T (1 + |Xta:|2>

Fatou’s lemma implies that

1
liminf sup ——— =0, as. (3.30)

|z| =00 y<t<T (1 + ‘thP)

We now show that
lim inf Xf = +o00.
r—o00 u<t<T

From (3.30)), we deduce that

hin_)s;ip uggT | X7 =00, as. (3.31)

By the increasing property of the mapping x — Xf, we have

inf |X7| < uérgT (Xf Y |)~(?|> < U%IIETXZ” V sup |X?|, forallz >0, as. (3.32)

u<t<T B u<t<T
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Combining (3.31]) and (3.32)) gives that

limsup inf X¥ =400, a.s. (3.33)

z—oc uStST

Where sup |X?| < oo, a.s. holds.
u<t<T

Noting that the mapping x —— E;ET )N(f is increasing, we deduce from (3.33

lim inf X?(w)= +oo, for almost all w.
r—ro00 u<t<T

By analogous arguments, one can also show that

lim sup X7(w)= —oo, for almost all w.
T—r—00 u<t<T

Consequently, we obtain that

‘llim | X7 (w)| = oo forall t>u, for almost all w.
x| —00

Hence, the mapping x — Xt”" (w) is an onto mapping from R to R for each ¢t > u and for
almost all w.

Since the mapping = — X7(w) is a continuous and bijective mapping (one-to-one and
onto mapping) from R to R for each ¢t > u and for almost all w and its inverse mapping
is also continuous for each ¢ > w and for almost all w. As a result, for all t > u and for
almost all w, the mapping z — Xf (w) is a homeomorphism on R.

This completes the proof of Theorem [3.3.1} O

3.4 Concluding remarks

The main contribution of this chapter is the study of a financial stochastic differential
equation known as the natural equation. The objective was to examine the qualitative
properties of the stochastic flows such as bicontinuity and homeomorphism of the solution

for the natural equation in the one-dimensional case under non-Lipschitz coefficients.



Under Lipschitz coefficients, these properties are classically obtained using standard
tools such as the Gronwall inequality, which ensures stability and regular dependence
on initial data. However, in the non-Lipschitz coefficients, this approach is no longer
applicable, and the analysis becomes much more complex. The weaker regularity of the
coefficients makes the problem more challenging and requires more refined techniques to

establish the continuity of the solution.

By Kolmogorov’s criterion and Bihari’s inequality, we are able to overcome these
difficulties and establish the bicontinuous modification and the homeomorphism property
of stochastic flows of the solution for the natural equation. These results show that even

under weaker non-Lipschitz conditions the solution retains strong regularity properties.

The findings of this chapter provide that the bicontinuity and homeomorphism proper-
ties ensure that the natural model behaves in a stable and consistent way with respect to
the initial data. This is particularly relevant in credit risk modeling, where the accuracy
and stability of the model are essential for describing default events and assessing financial
risk. Hence, proving these results under weaker assumptions increases the reliability and

applicability of the model in practice.
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Conclusion and perspectives

Conclusion

Throughout this thesis, we focused on the study of an important financial model, the
so-called natural model, with particular emphasis on its representation through the sig-
nificant stochastic differential equation known as the natural equation. The principal

contributions and findings of this thesis can be summarized as follows:

In the first contribution of this thesis, we applied the successive approximation method
to prove the existence and uniqueness of the solution to the natural equation under weaker
conditions, termed the non-Lipschitz conditions. Moreover, we studied the mean-square
stability of solutions for the natural equation with the same conditions. The results ob-
tained show that the solution of the natural equation can still exist and be unique when

the classical Lipschitz condition is relaxed.

In the second contribution of this thesis, based on Kolmogorov’s continuity criterion
and Bihari’s inequality, we studied the bicontinuity property of the solution for the nat-
ural equation in the one-dimensional case under non-Lipschitz coefficients. In addition,
we established the homeomorphism property of the solution using the approach of Ya-
mada and Ourga. These results contribute to a better understanding of stochastic flows
under non-Lipschitz coefficients. Furthermore, proving this property of stochastic flows
under non-Lipschitz coefficients was particularly challenging due to the inability to apply

Gronwall’s inequality.
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Perspectives

The study carried out in this thesis can be used to develop new research on stochastic
flows under non-Lipschitz conditions. For future work, several interesting issues remain

to be addressed, such as:

e Demonstrates additional properties of the stochastic flows, such as the differentiabil-
ity of the solution of the natural equation in the one-dimensional case under non-Lipschitz

conditions.

e Extend the study of stochastic flows of the solution for the natural equation in the

multi-dimensional case.

e Introduce numerical simulations which will be carried out to illustrate the theoretical

results obtained.

e Demonstrates the stochastic flows of solutions to non-Lipschitz natural equations

driven by Lévy noise.

e Demonstrates the stochastic flows of solutions of natural equations on manifolds.
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« Sur le flot d’'une équation différentielle stochastique »

Résumé :

Dans cette these, nous nous concentrons sur un modeéle financier important, connu sous le nom de
modele naturel. Plus précisément, ce modele est décrit par une équation différentielle stochastique
appelée équation naturelle, qui joue un réle important dans notre étude. Dans un premier temps,
nous étudions l'existence et l'unicité des solutions de I'équation naturelle dans le cas
unidimensionnel sous une condition plus faible que la condition de Lipschitz, appelée condition de
non-Lipschitz. De plus, nous étudions la stabilité en moyenne quadratique des solutions de
Péquation naturelle. Dans un second temps, nous examinons les propriétés de bicontinuité et
d’homéomorphisme des flots stochastiques de la solution de I'équation naturelle
unidimensionnelle a coefficients non lipschitziens, par rapport a la condition initiale, en nous

basant sur le critere de Kolmogorov.

Mots clés: Flots stochastiques, coefficients non lipschitziens, équations différentielles
stochastiques, existence et unicité, marché financier, bicontinuité, homéomorphisme, inégalité de

Bihari, théoreme de Kolmogorov.

« On the flow of a stochastic differential equation »

Abstract :

In this thesis, we focus on a prominent financial model, known as the natural model. Specifically,
this model is represented by a stochastic differential equation called the natural equation, which
plays an important role in our research. Firstly, we investigate the existence and uniqueness of
solutions to the natural equation in the one-dimensional case under a condition weaker than the
Lipschitz condition, termed the non-Lipschitz condition. Additionally, we study the mean-square
stability of the solutions to the natural equation. Secondly, we study the bicontinuity and
homeomorphism properties of stochastic flows of the solution to the one-dimensional natural
equation with non-Lipschitz coefficients with respect to the initial value based on Kolmogorov’s
criterion.

Key words : Stochastic flows, Non-Lipschitz coefficients, Stochastic differential equations,
Existence and uniqueness, Financial market, Bicontinuity, Homeomorphism, Bihari inequality,

Kolmogorov’s theorem.
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