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Résumé:

Le présent travail porte dans un premier temps sur ’estimation de la distribution sta-
tionnaire d’un processus semi markovien a temps continu et & espace d’états fini (SMP)
par une méthode non paramétrique. Nous présentons la construction des estimateurs a
noyau pour la distribution stationnaire, ainsi que pour la moyenne du temps de séjour
et la récurrence moyenne. Ensuite, nous établissons la convergence forte et la normalité

asymptotique des estimateurs proposés.

Nous donnons des estimateurs & noyau des principales caractéristiques d’un proces-
sus semi-markovien en temps continu, telles que les temps de séjour conditionnels et
inconditionnels, ainsi que le noyau semi-markovien. L’objectif principal est d’utiliser ces

estimateurs afin d’établir les propriétés asymptotiques des estimateurs construits.

Dans un second temps, nous étudions la performance des systémes semi-markoviens.
Nous introduisons un estimateur a noyau de la performance. Nous analysons ensuite les

propriétés asymptotiques des estimateurs proposés.

Afin de prouver lefficacité de nos résultats théoriques, chaque partie est illustrée a

travers un exemple numérique.

Mots clés: Processus semi-markoviens; Estimateur a noyau; Distribution station-

naire; Performance du systéme; Consistance; Normalité asymptotique.



Abstract:

The present work firstly concerns the estimation of the stationary distribution of
a continuous-time semi-Markov process with a finite state space (SMP) using a non-
parametric method. We present the construction of kernel estimators for the stationary
distribution, as well as for the mean sojourn time and the mean recurrence time. Next,
we establish the almost sure convergence and the asymptotic normality of the proposed

estimators.

We provide kernel estimators of the main characteristics of a continuous-time semi-
Markov process, such as the conditional and unconditional sojourn times, as well as the
semi-Markov kernel. The primary objective is to use these estimators to establish the

asymptotic properties of the constructed estimators.

In a second stage, we study the performance of semi-Markov systems. We introduce
a kernel estimator of performance. We then analyze the asymptotic properties of the

proposed estimators.

To demonstrate the effectiveness of our theoretical results, each part is illustrated

with a numerical example.

Keywords: Semi-Markov processes; Kernel estimator; Stationary distribution; Per-

formance; Consistency; Asymptotic normality.
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2 Notation
Probabilistic

(Q, F,P) Probability space

(Q,F) Measurable space

(E, F) Measurable space

(S,B(S)) Separable metric space

B(S) Borel o-algebra on S

F o-algebra on ()

F o-algebra on E

P Probability

P;() Conditional probability P(- | Jy = 1)

E Expectation

E; Conditional expectation corresponding to PP;

Z = (Zi)ter, Semi-Markov process (SMP)

(J,S) := (Jn, Sn)nen Markov renewal process (MRP)

J = (Jn)nen Visited states, embedded Markov chain (EMC)

S := (Sp)nen Jump times of the semi-Markov process

X = (Xp)nen Sojourn times between successive jumps

(S;)ieE,neN Renewal process of successive times of visits to state ¢
a = ()ier Initial law of the semi-Markov process and of the embedded

Markov chain

v:= (Vi)icE Stationary law of the embedded Markov chain

7= (T;)icE Stationary law of the semi-Markov process

P = (Dij)ijeE Transition matrix of the embedded Markov chain

q(+) == (qi;(-))ijeE Density of the semi-Markov kernel

Q) = (Qi;())ijer Semi-Markov kernel

F(-) == (Fi;("))ijer Sojourn time distribution, in state ¢ before visiting state j
H(-) = (Hi("))ier Sojourn time distribution in state 4

H(-) = (Hi("))ier Survival function in state i

diag(H;(*))ick Matrix of sojourn time distribution functions
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K(+) Derivative of kernel function G
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Q1+ Q- Stieltjes convolution of Q1, Q2

Q™ n-fold Stieltjes convolution of Q

P(-) == (Pi;(*))ijer Transition function of the semi-Markov process

U() = (Vi;()ijer Markov renewal function

m = (my;)icE Mean sojourn time in state i

m Mean sojourn times of the semi-Markov process

Iij Mean recurrence time from state 7 to state 7,

for semi-Markov process
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Wi Mean recurrence time from state ¢ to state 7,
for the embedded Markov chain
M Fixed censoring time
Mg Set of real matrices on F x E
Mg(N) Matrix-valued functions defined on N, with values in Mg
V(M) Sample path of the semi-Markov process
N(M) Number of jumps of Z in the time interval [1, M]
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of the semi-Markov process, up to time M
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d(+) Performance
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(General Introduction

Stochastic processes constitute a fundamental framework for modeling systems that
evolve over time under uncertainty. A key characteristic of certain stochastic processes is
their limited memory property, meaning that the future evolution of the system depends
only on its present state, not on its past trajectory. Such processes offer powerful tools
for capturing the dynamics of various real world phenomena, including those modeled by
Markov and semi-Markov processes.

A Markov process (MP), named by the Russian mathematician Andrey Markov, is
characterized by its memoryless property. In such processes, the future state of the system
depends solely on its current state and not on the sequence of states that preceded it.
This property, known as the Markov property, simplifies the analysis and computation
of the process’s behavior. Markov processes have been extensively studied over the past
several decades, leading to a rich body of theoretical results and practical applications.
They are widely used to model systems where the time spent in each state follows an
exponential distribution in continuous time or a geometric distribution in discrete time.

Although these models are intuitive and computationally efficient, their restrictive
assumptions on the distribution of sojourn times limit their applicability in many real-
world scenarios.

To overcome the limitations of Markov models, semi-Markov processes (SMP) were
introduced in the mid-20th century, with key contributions from | ], | ]
and [ |. These models generalize the Markov framework by allowing the so-
journ time in each state to follow an arbitrary probability distribution. This additional
flexibility makes semi-Markov processes suitable for modeling systems where state tran-
sitions occur at irregular intervals or are influenced by external factors. Unlike Markov
processes, the memoryless property in semi-Markov models (SMM) applies to the sojourn
time within a state rather than the calendar time. This distinction enables semi-Markov
processes to capture a broader range of temporal dynamics while retaining the markovian
dependency structure between states. A distinctive feature of SMPs is that the sojourn
time in a given state is not limited to geometric or exponential distributions; rather, it
can follow any distribution on the positive real axis. [ ], | | was the
first who established the foundations of the theory of SMP by describing it as a gener-
alization of Markov jump processes as well as renewal processes. Since then, significant

developments have been achieved starting from [ | and

4



GENERAL INTRODUCTION 5

[1969] to [2021] and [2007] and references therein, resulting

in a comprehensive framework for both discrete-time and continuous-time settings.

A versatility of Markov and semi-Markov processes has led to their adoption in nu-
merous domains. In queuing systems, | | in the study of queuing
networks, SMPs help in understanding systems where service times and inter-arrival
times are not exponentially distributed, providing a more general framework than tra-
ditional Markov models. In reliability engineering | |, SMPs
are utilized to model and analyze the reliability of complex systems, allowing for the
assessment of system performance and failure probabilities over time. In finance and
credit risk [ |, SMPs are applied to model credit rating migrations and
the timing of defaults, offering a nuanced approach to credit risk assessment. In speech
recognition Yu [2010], hidden semi-Markov models (HSMMs), an extension of SMPs, are
used in speech recognition to model temporal dependencies and durations of phonetic
units more effectively than traditional hidden Markov models. In biology,

[ | used SMPs to model biological processes, such as animal movement
patterns and population dynamics, where the time spent in various states is variable.
In insurance mathematics [ |, SMPs are employed to model various
insurance risks, including claim occurrences and policyholder behavior, enhancing the
accuracy of risk assessments. In manufacturing systems | ],
SMPs model systems where the processing times are variable, aiding in the optimiza-
tion of production schedules and maintenance planning. In physics | ], in
physical systems, SMPs assist in modeling phenomena where particles or entities tran-
sition between states with non-exponential waiting times. In artificial intelligence and
machine learning [ |, SMPs contribute to reinforcement learning
algorithms, especially in scenarios where decision-making processes involve actions with

variable durations.

Advancements in statistical inference methods for semi-Markov processes have emerged
in response to growing interest in this area. Parametric approaches have been widely de-
veloped to estimate key parameters, such as transition probabilities and sojourn-time
distributions. Early works by [1968] and [1978] laid the
groundwork for maximum likelihood estimation (MLE) and empirical estimation tech-
niques. These parametric methods are known for their desirable asymptotic properties,
but they may encounter difficulties when dealing with small sample sizes or when the
underlying distributions are difficult to specify. In contrast, nonparametric methods have
been introduced to address these challenges. Studies such as those by
[ | expanded nonparametric estimation techniques to handle more complex scenar-
ios, including nonlinear functional and continuous-time processes. While nonparametric
methods provide greater robustness and flexibility, they often come with increased com-
putational complexity. Recent research has also explored hybrid approaches that combine

the strengths of both parametric and nonparametric methods, enabling more accurate
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and reliable modeling of semi-Markov processes.

In the last three decades, the estimation of semi-Markov processes has been a funda-
mental area of research in applied probability and stochastic modeling. Various method-
ologies have been developed to enhance the accuracy and applicability of estimation tech-
niques for SMPs. | | developed nonparametric estimation for the
semi-Markov kernel, advancing reliability analysis and stochastic modeling. A year later,

[ | introduced methods for estimating sojourn time distributions in cyclic
semi-Markov processes at equilibrium, offering insights into time-dependent behaviors
in stochastic systems. Around the same year, | | studied the
asymptotic behavior of the Markov renewal matrix and its application to semi-Markov
processes, providing deeper theoretical insights into renewal probabilities. Additionally,
in the same year, [ | applied semi-Markov processes to estimate
the reliability of complex systems, demonstrating their practical utility in engineering
and risk analysis. In 1999, [1999] extended nonparametric estimation
techniques based on hazard rate functions, increasing their flexibility in real-world appli-
cations. In 2006, [2006] introduced maximum likelihood estimation
methods for hidden semi-Markov models, contributing to parameter estimation in systems
with unobservable states. In the same year, | | explored entropy
in semi-Markov processes with Borel state spaces, linking entropy concepts to long-term
behavior and invariance principles. In 2012, | | applied semi-Markov mod-
els to estimate earthquake occurrences, enhancing seismic risk assessment.

| | introduced minimum divergence estimators for the Radon-Nikodym deriva-
tives of the semi-Markov kernel, providing new tools for estimating transition dynamics
in complex stochastic processes. In 2021, [ | compared major estima-
tion approaches for sojourn times and transition intensities in semi-Markov multi-state
models, offering insights into model selection for real-world applications. Finally,

[ | proposed kernel estimators for key characteristics of continuous-time semi-
Markov processes and established their asymptotic properties, including consistency and
asymptotic normality. They illustrate their approach with a three-state system and pro-
vide numerical evaluations. These advancements significantly strengthen the theoretical
and practical understanding of SMP estimation, leading to more reliable and adaptable

models for real-world stochastic processes.

The study of stationary distributions for semi-Markov processes plays a crucial role in
understanding their long-term behavior and applications in various domains. A stationary
distribution of an SMP describes the limiting probabilities of occupying different states
as time approaches infinity, generalizing the steady-state concept of Markov chains (MC)
by incorporating sojourn time distributions | |. In 2012,

[ | further expands on the theoretical framework of stationary distributions, providing

analytical approaches for determining these distributions in practical settings.

Beyond stationary properties, performance and performability analysis of SMP has
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gained significant attention, particularly in reliability and operational modeling.

| | explored the role of SMP in evaluating system performance, addressing both
transient and steady-state reliability metrics. Additionally, [ | introduced
the concept of expected cumulative operational time, which quantifies the total time a
system remains operational within a given period, serving as a key measure in reliability
assessment. These contributions collectively advance both the theoretical and applied
understanding of semi-Markov processes in the fields of performance evaluation and long-
term system behavior analysis. Main results presented in this thesis build upon these
foundational works, extending their methodologies and applying them to new contexts

within the framework of semi-Markov processes.

Several R packages have been developed to facilitate the modeling, estimation, and
analysis of semi-Markov processes in both discrete and continuous settings. A hsmm
package [ | specializes in hidden semi-Markov models, providing methods
for simulation and maximum likelihood estimation while offering more flexible sojourn
time distributions compared to standard hidden Markov models. A SemiMarkov package

[2015] provides parametric maximum likelihood estimation for con-
tinuous time semi-Markov models, supporting different sojourn time distributions such
as exponential, Weibull, and exponentiation Weibull. For discrete time semi-Markov
processes, the SMM package | | offers parametric and nonparametric es-
timation, along with simulation capabilities using various discrete distributions such as
Geometric, Poisson, and Negative Binomial. Extending the functionalities of SMM, the
smmR package [ | includes additional tools for computing reliability, main-
tainability, availability, and failure rates in multi-state semi-Markov models. These pack-
ages collectively contribute to the practical implementation and study of semi-Markov

processes across various domains.

Most existing estimation techniques for continuous-time semi-Markov processes rely
on empirical methods. While straightforward and widely used, empirical distribution
functions are step functions and may fail to provide accurate approximations when the
true underlying distribution is continuous. This limitation motivates the use of smoothing
techniques, particularly kernel-based methods, to construct continuous estimators that

better reflect the underlying probabilistic structure.

Kernel density estimation (KDE), introduced by | | and | ],
is a classical nonparametric approach for estimating the probability density function of
a continuous random variable. The kernel estimator smooths the empirical distribution
by spreading the probability mass over a neighborhood defined by a kernel function
and a bandwidth parameter. This technique has well-established theoretical properties,
including pointwise consistency and asymptotic normality, as shown by [ ],
and others. Bandwidth selection is a crucial component in practice and is addressed

through various strategies, such as plug-in and cross-validation methods [ |,

[1995], [1998], [2000].
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Despite the broad applicability of KDE, its integration into the semi-Markov frame-
work has been relatively limited. [ | studied kernel estimation for
sojourn time densities under the assumption that the distribution depends only on the
current state, with a fixed bandwidth and without investigating asymptotic normality.

[ | proposed kernel estimators for more general semi-Markov models
and studied their convergence in the space of integrable functions. Related developments
for Markov processes include the works of | ], | ,

|, and [1998], while [2008] investigated consis-
tency of estimators in the context of reliability.

The goal of this thesis is to develop and study kernel estimators tailored for continuous-
time semi-Markov processes. We construct estimators for the stationary distribution and
the associated functions, the mean performance and the cumulative operational time.
We also establish the asymptotic properties of these estimators, namely uniform strong
consistency and asymptotic normality. Furthermore, we obtain that the main theoretical
results are illustrated through a numerical example of a three state continuous-time semi-
Markov system.

In this thesis, we develop nonparametric kernel-based estimators for the stationary
distribution and the performance function of continuous-time semi-Markov processes. We
investigate their theoretical behavior, establishing results concerning their consistency
and asymptotic normality. These estimators are further illustrated through numerical

simulations and applied case studies.

Contributions of the Thesis

Objectives

The primary objectives of this thesis are summarized as follows:

(i) The construction of kernel estimators for the stationary distribution and related
key quantities. In this context, we establish fundamental asymptotic properties of
these estimators, including strong consistency and asymptotic normality. This con-
tribution addresses a notable gap in the literature by applying the well-established
Parzen—Rosenblatt nonparametric framework to semi-Markov models, thereby ad-
vancing the statistical theory of these stochastic systems. The theoretical findings
are supported by a numerical example that illustrates the asymptotic behavior of

the proposed estimators.

(ii) The investigation of the modeling of system performance within the semi-Markov
framework from a nonparametric estimation perspective. We present the nonpara-
metric kernel estimators of the mean performance and the cumulative operational
time. These estimators are derived using kernel-based methods applied to the un-

derlying transition characteristics, and their convergence properties are rigorously
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analyzed. The main theoretical results are validated through a numerical example

involving a three-state continuous-time semi-Markov system.

Outline of the Thesis

In chapter 1, we introduces the essential mathematical framework required for the analysis
of semi-Markov processes. It includes notational conventions and a review of foundational
concepts such as continuous-time Markov processes and Markov renewal theory. These
preliminaries are indispensable for the formal development of the semi-Markov framework
presented in subsequent chapters.

In chapter 2, we present the theoretical foundations and construction of continuous-
time semi-Markov processes. These models generalize both Markov and renewal processes
by allowing non-exponential sojourn time distributions, thereby relaxing the memoryless
property inherent to classical Markov models. The formal definition of semi-Markov
processes is presented, followed by a discussion of their probabilistic structure and a survey
of relevant application domains. The chapter concludes with an overview of numerical
techniques and Monte Carlo simulation methods for analyzing such processes when closed-
form expressions are not available.

In chapter 3, the focus shifts to the statistical estimation of semi-Markov characteris-
tics. We present a selection of results from nonparametric estimation theory that provide
the necessary theoretical tools for the construction and analysis of estimators. Empirical
and kernel estimators are proposed for key quantities such as the semi-Markov kernel and
sojourn time distributions, under the assumption of a finite state space. The asymptotic
properties of these estimators, including strong consistency and asymptotic normality,
are rigorously established.

In chapter 4, we introduce the kernel estimation of the stationary distribution of semi-
Markov processes. Building upon existing work in the literature, we investigate nonpara-
metric estimators for the stationary law in continuous time and study their asymptotic
behavior. Particular attention is given to empirical and kernel estimators with their con-
vergence properties. Theoretical contributions related to strong consistency, asymptotic
normality, and large deviations are discussed in the context of finite state space models.

In chapter 5, we present the modeling and estimation of performance and performabil-
ity measures in systems represented by homogeneous semi-Markov processes. A reward-
based framework is adopted in which each state is associated with a performance level
or reward rate. Kernel estimators for performance-related quantities are introduced, and
their asymptotic properties are studied.

Finally, the thesis concludes with a general summary of the main findings and suggests

possible directions for future research.



Chapter 1
Fundamental Concepts

This chapter presents the notations and essential prerequisites for describing the continuous-
time semi-Markov model. We provide the fundamental concepts and probabilistic prop-

erties of continuous-time Markov processes and continuous-time Markov renewal theory.

Consider a finite state space £ = {1,...,s}, representing the set of possible states
between which the system may transition over time. Let (€2, F,P) represent a probability
space, where (2 is the set of all possible outcomes, F is a o-algebra on €2, representing
the collection of events, and P is a probability measure on (€2, ). Furthermore, (F,.%)
denote a measurable space, where .% is the associated o-algebra of measurable sets. We
denote by Mg the set of real matrices defined on E x E, and by M g(N) the set of matrix-
valued functions on N with values in Mg. Finally, let I be a parameter set, typically a

subset of R, representing time or some other continuous index.

1.1 Background

Definition 1.1.1. [1955] (Stochastic process)

A stochastic process is a family of random variables {X (t),t € I} defined on (2, F,P)
with values in E. For every t € I, X(t) is a random variable X (t) : Q +— E, whose value
for the outcome w € Q is noted X (t,w). If instead of t we fix an w € ), we obtain the
function X (-,w) : I — E which is called a trajectory or a path function or a sample

function of the process.

The set E is called the state space of the stochastic process X = (X (t),t € I). It may
be denoted by X; instead of X (¢) (respectively, X, if I =N ).

An exponential distribution is commonly used to model the time between indepen-
dent events occurring at a constant rate. It has applications in various fields, including

reliability, biology, and queuing theory. It is defined as follows:
Definition 1.1.2. [201]] (Exponential Distribution)A random variable X :

10
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Q — [0, 00] has exponential distribution of parameter A (0 < X\ < 00) if
P(X >t)=e forallt>0.
We write X ~ Exp(X) for short. If A > 0, then X has density function
Fx(t) = Ae Loy

The mean of X s given by
E(X) = / P(X > £)dt = A",
0

The exponential distribution is essential in the theory of continuous-time Markov

processes, as highlighted by the following theorem.

Theorem 1.1.1. [1997] (Memoryless Property) A random variable X : Q +—

(0,00] has an exponential distribution if and only if it has the following memoryless

property:
PX >s+t| X >s)=P(X >t) forallst>D0.

Proof of Theorem 1.1.1. See appendix 5.4.3. O

1.2 Discrete-time Markov chain

Let (J,)nen be a stochastic process defined on a probability space (€2, F,P), with values

in a measurable space (F,.%).

Definition 1.2.1. (Markov Chain) Let J = (J,)n>0 be a sequence of random variables
defined on the same probability space (€, F,P) with values in a finite space state E. We
say that J is a Markov Chain (MC) if, for all i1,is, ... i1 € E, we have:

]P)(Jn+1 = Tn+1 ’ Jl =1, Jn = Zn) = ]P)(JTrH = In41 ’ Jn = 1n )
~ v ~ - —_—— ——
The future The past and the present The future The present

Definition 1.2.2. (Homogeneous Markov Chain) A Markov chain is homogeneous
iof, for alln >0,14,5 € B:

P(Jurr = i| Ju = j) = P(Ji = i| Jo = j).

In this case, we define

piy =P(h =il Jo =j),
for alli,5 € E, and p;; is called the transition probability.

Definition 1.2.3. (Transition Matriz) The matric p = (pij)ijer S a stochastic
1

matrix, i.e., for alli,7 € E, p >0, and for alli € F, Zp"j = 1.
jEE
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Remark 1.2.1. The function pz(»;L) =P(J, =7 | Jo = 1) is called the n-step transition
function. It describes the probability of transitioning from state i to state j over n steps,

providing insight into how the Markov chain evolves over time.

Definition 1.2.4. Let a = (ay, ..., as) be the initial distribution of the chain, that is the
distribution of Jy, is defined by

Definition 1.2.5. (Sojourn Time) Let (J,),, be a homaogeneous Markov chain with
transition matrix p = (p; ;)i jer. We denote by T; the random variable equal to the sojourn

time in state i. For every k € N*,

Proposition 1.2.1. [196]] Let (Jn),,»¢ be a Markov chain with tran-

sition function p. Then:
P(T,=k)=(1—- pz-i)pl(-f) (geometric distribution)
and on the other hand, if p;; # 1, we have, for j # i:
. . N Dij
]P)<Jn+1 =] | Jn _lajn—{-l #w -3 -
1 — pi

Suppose py; # 1. If the chain is in state i at a fized (non-random) time n, it remains in
that state for a geometrically distributed number of steps with parameter 1 —p;;. Howewver,

it’s worth noting that we can only deduce the sojourn time in state i as a geometric

distribution with parameter 1 — py;.

1.3 Classification of States

In this section, we introduce the classification of states in Markov chain. By analyzing
these classifications, we gain insight into the long-term behavior and stability of the
system. Understanding these concepts is essential for predicting the future dynamics of

Markov chain in various applications.

Definition 1.3.1. (Accessible State) We say that state j is accessible from state i,
=1,

(2

written as 1 — j zfpl(;l) > 0. We assume every state is accessible from itself since p

Definition 1.3.2. (Communicate State) Two statesi and j are said to communicate,

written as i <> j if they are accessible from each other. In other words,
14> 7 means i — j and j — 1.

Definition 1.3.3. (Irreducible Markov Chain) A Markov chain is said to be irre-

ducible if all states communicate with each other.
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Definition 1.3.4. (Recurrent State and Positive Recurrent) A state is said to be
recurrent if, any time that we leave that state, we will return to that state in the future
with probability one. On the other hand, if the probability of returning is less than one,
the state is called transient. Here, we provide a formal definition, for any state i, we
define

Giu =P (J, =1, for somen>1|Jy=1).

Furthermore, a state i 1s recurrent if G;; = 1, and it is transient if Gy < 1.
A state i is called positive recurrent if it is recurrent (G = 1) and the expected return
time to state 1 1s finite. More formally, let S; be the return time to state i, defined as the

smallest n > 0 such that J, =1i. The state i is positive recurrent if:

Definition 1.3.5. (Periodic, Aperiodic State) A state i € E is said to be periodic
of period d > 1, or d-periodic, if d is equal to the greatest common divisor of all n such
that P (J,i1 =i | Jy =14) > 0. If d = 1, then the state i is said to be aperiodic.

Definition 1.3.6. (Ergodic State) An aperiodic recurrent state is called ergodic. An
irreducible Markov chain with one state ergodic (and then all states ergodic) is called

ergodic.

Definition 1.3.7. (Stationary Distribution) A probability distribution v on E is

said to be stationary or invariant for the Markov chain (J,)n>o if, for any j € E

ZV(i)pij = v(j),

i€E
or, in matrixz form,
vp =v,
where v = (v(1),...,v(s)) is a row vector of the stationary distribution.
Theorem 1.3.1. [1997] (Existence and Uniqueness) Let (J,),>0 be a discrete-

time Markov chain with state space E, and suppose that the chain is irreducible and

recurrent. Fixz an arbitrary state 1 € E. For each j € E, we have

D; = E,;( number of visits to j during a cycle around i)

=E; |> 1{X, =4V >n}

neN

=Y Pi(X, =4, Vi>n),

neN

where P;(+) = P(-|Jo = 1), B[] = E[- | Jo =], and V; = inf{n > 0: X,, = i} is the first

return time to state i. Note that D; = 1 because the cycle ends with the first return, at
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time V;, to state i. Furthermore, 1ix,—jyv,>n}y @5 an indicator function, which is defined

by

1 if A occurs,
14= .
0 otherwise.

Then the vector D = (D;);ecr satisfies the following properties:
D; = ZDipij7 VjeEk,
i€k
and
> Dy =E{Vi.
JEE
If the state i is positive recurrent. Then
J
E;[Vi]’

defines a stationary probability distribution for the chain.

vj = jE L,

1.4 Continuous-time Markov process

Let (J;)i=0 be a stochastic process defined on the probability space (€2, F,P), with values

in the measurable space (F,.%).

Definition 1.4.1. (Markov Process) A stochastic process {J; : t € Ry} with a fi-
nite state space E is said to be a Markov process, if for all i,j,19,71,...,1,—1 € E and
to, b1, -y bn,tnt1 € R+ such that 0 < to <ty <+ <ty <Tpyt,

P(Jtn+l :] | Jtn = 7;, Jtn—l == in—l;- . 'aJto - 20) == ]P)<Jtn+1 :] | Jtn == Z)

If ty,tq,...,t,—1 are taken as moments from the past, t,, as the current time, and ¢,,1,
as a future moment, the equation indicates that the probability of a future state depends
exclusively on the present state, without influence from prior states. This means that
the future behavior of the Markov process is determined only by its current state. For

this reason, Markov processes are classified as stochastic processes with the memoryless
property.

Definition 1.4.2. (Homogeneous Markov process) The Markov process (J;)icr, is
called homogeneous, if for all i,5 € E and t,,11,t, € Ry, such that 0 <ty <t; < --- <
tn < tn+17

P(Jtpr =3 | S, =) =P(Jy, = j | Sy = 10).

Definition 1.4.3. (Transition function) Let (J;)icr, be a homogeneous continuous-
time Markov process with state space E. The functions defined on Ry by

thZ](t) = ]P)(‘]tn-u :j | Jtn = Z)? Za] € E7

are called transition functions of the process. The matriz p(t) = (pz‘j<t>)ij€E is called the

transition matriz (possibly infinite).
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Lemma 1.4.1. (Chapman-Kolmogorov equations) For all s >0 andt > 0,

pig(s +1) = Y Daul$)pus (1)- (1.1)

uel

Proof of Lemma 1.4.1. See appendizx 5.4.35. O

Using matrix notation, we write p(t) for the square matrix of transition probabilities
(pi;(t)), and call it the transition function. In matrix notation, the Chapman-Kolmogorov
equations reduce to a simple relation among the transition functions involving matrix

multiplication:
p(s +1) = p(s)p(t), (1.2)
forall s >0and t > 0.

It is important to recognize that (1.2) means (1.1). From the perspective of abstract
algebra, equation (1.2) says that the transition function has a semi-group property, where

the single operation is matrix multiplication.

Lemma 1.4.2. [1997] (Positive Transition Probabilities) For an irreducible
Markov process, p;;(t) > 0 for all i,5 and t > 0.

Proof of Lemma 1.4.2. See appendix 5.4.35. O
Proposition 1.4.1. [1971] Let the random variable T; be the waiting time in
state i. Using the Chapman-Kolmogorov equation (see [201/] and [1955]),

T; follows an exponential distribution with a parameter \; > 0,
Git)=P(T;<t)=1—eM  t>0 i€cE.

Definition 1.4.4. (Generator Matrix) Let us define a generator matriz as a matrix

A = (aij); jep on E with entries

=i - (1 _pii) =7,
Ai'pij i#j,

CLZ']' =

where \; is called the exponential rate of the system. In particular, the relation
Qis = — Z Qij
i
holds for all 1 € E.

Furthermore, the (i, j)-th entry of the generator A is called the infinitesimal transition

rate from state i to state j.

The specification of the initial distribution o completes the characterization of the
process and enables an explicit expression of the finite-dimensional marginal distributions,

as given in the following theorem.
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Theorem 1.4.1. [2012] For a Markov process (J;)i=o with initial distribution

a and time instances 0 < t; < ... <t,,n € N, the equation

P(Jy =i, Je, = Jn) = Zaipijl (t1) Pjujo (b2 — t1) oo Djjn (b — t1)
i€k
holds for all jy,...,j, € E.
An initial distribution « is said to be stationary if the process J is stationary, which

means that

]P(Jh :jh"'a‘]tn :jn) :P(Jtl—l—s:jl;-”at]tn-l—s:jn),
holds for all n € N, where 0 < t; < ... < t,, states ji,...,J, € E, and s > 0.

Theorem 1.4.2. A distribution m on E is stationary if and only if TA = 0 holds.
Proof of Theorem 1.4.2. See appendiz 5.4.5. O

Before proceeding, we establish the existence and uniqueness of a stationary distribu-

tion for a Markov process in the following theorem.

Theorem 1.4.3. [1997] Let {J; : t = 0} be an irreducible and positive recurrent

Markov process. Further assume that
Ai=inf{\;:i € E} >0,

where \; = —a;; denotes the total rate of leaving state i, and A = (a;;) is the generator
matriz of the process. The condition X\ > 0 ensures that no state has arbitrarily small

exit rate. Then, there exists a unique stationary distribution for Jy.

Definition 1.4.5. A Markov process is said to be reqular if it is irreducible and positive

recurrent.

The following proposition focus on two key results regarding the asymptotic behavior

of a Markov process.

Proposition 1.4.2. [1997] If Jy is a reqular Markov process, then the limit
lim P (J; = j) = 7,
t—o0
of the marginal distribution at time t tends to the stationary distribution as t tends to
infinity. Further the limat
lm py (1) = 5,
holds for all i,j € E and is independent of i.

They therefore fulfill a system of linear equations
Zm)\ij:(),jEE, Zﬂjzl.
i€k jEE
To obtain the limit distribution of the process, it is necessary to resolve the specified

system of linear equations.
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1.5 Markov Renewal Process

Markov renewal processes are a class of stochastic models that combine aspects of Markov
processes and renewal theory. These processes describe systems that reset at random in-
tervals, with the transitions between states following the memoryless property of Markov

processes. Let us consider:
e £ ={1,...,s} the state space.

e The stochastic process J = (J,,),>0 with state space E, where J,, denotes the state

of the system at the nth jump time.

e The stochastic process S = (S,,)n>0 With state space N, where S,, denotes the time
of the nth jump, with Sy =0and 0 < S} < Sy < ... <S5, < Sp1 < ...

Definition 1.5.1. Under the above assumptions, the sequence S = (S,;n € N) is called

a renewal process. The times S,, are called renewal times.

A Markov renewal process is a bivariate stochastic process (J,,,S,). The process has
to satisty the following formula:

P(Jo+1 =7,S0+1 — Sn <t |Jo,J1,- s JIn, 80,51, ,5n) =P (Jnt1 =7, Sn+1 — Sn <t | Jn),
(1.3)
forall j € F,allt € Ry and all n € N.
Moreover, if Equation (1.3) is independent of n, (J,,Sy) is considered to be time homoge-

neous Markov renewal process.

states
Ja(w) B —
Ji(w) —

Jo(w)4————

% % % % time
0= S(](w) Sl(w) Sg(w) 53((,4}) 54(0.))

Figure 1.1: A sample path of a Markov renewal process.
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Figure 1.1 shows a sample path of the process, where each jump occurs at time S, (w) and the
process enters state J,(w). The horizontal segments represent the sojourn times in each state,
and the black dots mark the transition instants. This path illustrates the piecewise-constant

nature of the Markov renewal process over time.

From an operational point of view, an important characteristic of the considered system at
time ¢ is the total number of replacements occurring on the interval [0,¢]. Note that, the initial
component is excluded from consideration.

If N(t) represents the random variable defined above, for n > 1:
Nit)y>n-1& 5, >t
N(t) is the counting process of the renewal process.
Definition 1.5.2. We call a renewal equation the equation of the form
h=g+Fxh, (1.4)

where F' is a distribution function on Ry, and h, g are real-valued functions defined on R. Here,

F is an unknown function, and g is a given function.



Chapter 2
Semi-Markov Process

This chapter is dedicated to the presentation of the semi-Markov model, a powerful generalization
of Markov and renewal processes that allows for arbitrary sojourn time distributions. Unlike
classical continuous-time Markov chains, semi-Markov processes (SMPs) are not restricted by the
memoryless property, making them more suitable for modeling complex real-world systems where
the timing of transitions plays a critical role. We begin by introducing the formal definitions
and basic structure of continuous-time semi-Markov processes, which will serve as a foundation
for the remainder of the thesis. Furthermore, we highlight the wide range of applications of
SMPs across various domains. Finally, we introduce some numerical methods and simulation
techniques that are useful for analyzing semi-Markov processes when analytical solutions are

intractable.

2.1 Continuous-Time Semi-Markov Framework

Let Ry be the set of nonnegative real numbers [0,00), E be the finite state space. Let J :=
(Jn)nen be the sequence of consecutive states visited by Z = (Z)ier, , and S := (Sy)nen the
corresponding jump times of Z. We further denote by Xg = Sy = 0, and by X7, Xo,... the

sequence defined by X, := S5, — S,_1, for n € N*, the sojourn times in these states.

Definition 2.1.1. (Continuous-Time Semi-Markov Process) Consider a Markov-renewal
process {(Jn, Sn) : n € N} defined on a complete probability space and with state space E. The

stochastic process (Z;)ier, defined by
Zt - JN(t)v (21)

is called a semi-Markov process (SMP) where N(t) :=sup{n > 0| S, <t} is the counting pro-
cess of the SMP up to time t.

Definition 2.1.2. The semi-Markov process Z is said to be reqular if
Pi(N(t) < 0) =1,
foranyt >0 and any i € E.

Lemma 2.1.1. [2001] For regular semi-Markov processes, we have S,, <

Sn+1, for any n € N, and S, — oco.

19
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2.2 Related Quantities of Continuous-Time Semi-Markov
Process

In order to analyze the behavior and performance of a continuous-time semi-Markov process
(SMP), it is essential to introduce and study several random variables and functions associated
with its evolution. These quantities provide key insights into the structure and dynamics of the

process.

Definition 2.2.1. Let us denote by Q(t) = [Qsj(t),4,5 € E], t > 0, the semi-Markov kernel of
Z, defined by

Qij(t) =P (Jnt1 = 4, Xpt1 < t| I =1), (2.2)
which are absolutely continuous with respect to the Lebesgue measure, and let ¢;;(t) be the cor-

responding Radon-Nikodym derivative.

Let us define the transition probabilities from state ¢ to state j of the embedded Markov

chain (J,)n>0, denoted by p = (pij)i jek, as
pij = lim Q(t) = Qij(00) = P(Jut1 = j [ Jn = 1),

where we assume that the transition probabilities p = (p;;)i jer do not depend on the index n.

Furthermore, the initial distribution, for all ¢ € F, is given by
Qy 1= ]P’(J() = Z) = P(Z() = l) (2.3)

Let us consider the renewal process (S;'L)n>0 of successive times of visits to state i. Let ug;
and p; denote the mean recurrence times of the state ¢ in the MRP and in the corresponding
Markov chain (Jy),~q, respectively. Furthermore, p;; is the mean interarrival times of the
eventual delayed renewal process (S}), ie., py; = E[S5—Si] and pf; = E[Sf|Jy =] with
Sy =min{n > 1, J, =i} is the first visit time to the state 7.

Definition 2.2.2. Foralli,j € E andt € Ry, the conditional sojourn time distribution in state
i, given that the next state to be visited is j, denoted Fij, is defined by

Fl(t) = P(Xn—i-l S t | Jn == i, Jn+l == ]) (24)
Meanwhile, the sojourn time distribution in state ¢, denoted H;, is defined by

Hi(t) =P (Xpi1 <t |Jn=1) =) Qi(t), teRy.
jeE
Moreover, we define the corresponding survival function to H;, denoted H;, by

Hilt) = 1— Hit).

Assuming that the integral of the corresponding survival function is convergent. Then we

have the following result:

—+00

- oo +oo
[ Mt = /0 tdH;(t) = — /0 tdH;(t).
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Remark 2.2.1. For any i,j € E, the following observations hold:

1. In general, Q;j is a sub-distribution, i.e., Q;j(00) < 1, hence, H; is a distribution function,

HZ(OO) = 1, and Qij(O—) = HZ(O—) =0.

2. Another type of semi-Markov process can be obtained if Fij(-) does not depend on j, i.e.,
Fij(t) = Hz(t) and
Qij(t) = pij Hi(2).
For the general case we can derive the following result.

Proposition 2.2.1. For alli,j € E andt € Ry. It holds true that

Fy(t) = 250, 25)
Pij
Proof of Proposition 2.2.1. See appendiz 5.4.3. O

Definition 2.2.3. Let us define the transition matriz P(t) = [P;;(t) : i,5 € E] of the process
(Zt)teRJr; by

Py(t)=P(Zi=j|Zo=1)=P(Inyy =7 |Jo=1).
Then the unconditional semi-Markov state probability is equal to
Pi(t) =P(Z=3) =P (Inw = J)

=> P(Jnw =4 |Jo=1)P(Jo=1)
=1

= Z aiPij (t) .
i=1

The transition matrix satisfies a Markov renewal equations, as a part of these equations the
convolutions of functions which are introduced by Stieltjes and serve as the basis for matrix-

Stieltjes convolutions.

Definition 2.2.4. Let consider g to be a locally bounded function and G to be a real right
continuous nondecreasing function both defined on Ry, the Stieltjes convolution of the function
g with the function G is defined by

g*G(t):/Rg(t—x)dG(x):/O g(t —x)dG(x), teR,.

Furthermore, when G and F' are cumulative distribution functions, we have

G*F(t):/o G(t—x)dF(:r):/o Pt — 2)dG(z) = F + G(1).

Definition 2.2.5. ((Stieltjes convolution)) Let R;(t), i € E, t > 0, be a real valued mea-
surable function and @ be a semi-Markov kernel. Then the Stieltjes convolution of R by @ is
defined as

Q * Ry(t) ::Z/O Qir(ds)Ry(t — s).

keE
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Now, consider the n-fold Stieltjes convolution of @ by itself. For any i,j € E,

Liizjteryy if n =0,
n QfL t lf n = 1,
Qz(j)(t) = j( )t
Z/ Qik(dS)Q,(gfl)(t —s) ifn>2.
ke 0

2.3 Markov Renewal Matrix

Let define N(t), associated with the Markov renewal process (Jp,Spn)nen (cf.

[ |), as the total number of transitions up to time ¢. It is given by:

N(t) =Y Nj(),

JjEE
N(M) 00
where Nj(t) := Z L=y = Z]l{]n:j,sngt} is the total number of visits to state j up to
n=0 n=1

time ¢.
The Markov renewal function denoted VW;;(-),4,j € E,t > 0, is defined by

Wij(1) = B [N;(1)] = E (N; (1) | Jo = i)

n=0

n=0
Hence, ¥;;(t) is the expected number of visits from state i to state j up to time ¢.

The Markov renewal equation in matrix form is given by
[e.e]
w(t) =Y Q")
n=0

where W(t) = [V;;(t) 14,5 € E].

The matrix renewal function W(t) is the solution of the Markov renewal equation
(1) = (1) + Q x T (1),

where I(t) = I when ¢t > 0 and I(¢) = 0 when ¢ < 0.
The transition function P(t) = [P;;(t) : i,j € E] satisfies the following Markov renewal
equation
P(t)=1(t) —-H+ Q= P(%). (2.6)

By solving the above Markov renewal equation (2.6), cf. [ |, it is seen
that, in matrix notation, we have
P(t) = (¥ (I-H))(?),

where H(t) = [H;(t)] is the diagonal matrix of ith entry >°%_; Q;(t) and 1 = (1,1,..., 1)t
It is also known, cf. | |, that the transition matrix function P(t) = [P;;(t) : i,j €

E] of the semi-Markov process can be written as

Pij(t) = Lizjy (1 - Z Qik(t)) + Z /0 Py;(t — s)Qix(ds).

keE keE
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Definition 2.3.1. For alli,j € E, we define the function G;; by
Gij(t) = ]P(Nj(t) >0 | Jo = i),

which is the probability that state j has been visited at least once by time t, given that the process

starts in state v at time 0.

2.4 Classification of States

Let (v;;4 € E) be an invariant measure for p = (pi;)i jeE, i.e., vp = V.

Definition 2.4.1. For alli,j € E, the following statements hold:
1. Two states i and j are said to communicate if i = j or G;;(00)Gj;(00) > 0.
2. A state i is said to be recurrent if Gi;(00) = 1, otherwise it is called transient.

3. A recurrent state i is said to be a positive-recurrent state if p;; < oo and null-recurrent if

g = OO.

4. A state i is said to be periodic with period d > 0 if Gy (+) is arithmetic, i.e., concentrated

on {nd :n € N}. In the opposite case it is called aperiodic.

Definition 2.4.2. A Markov Renewal Process (MRP) in which all states satisfy the following

properties is described as:
1. Irreducible if all states communicate with each other;

2. Positive recurrent if all states are positive recurrent.

Proposition 2.4.1. [2001] For any i,j € E, we have the following results:
1. A Markov Renewal Process (MRP) is irreducible if and only if its EMC' is irreducible.

2. A state i is recurrent (transient) in the MRP, if and only if it is recurrent (transient) in
the EMC.

3. For an irreducible finite MRP, a state i is positive recurrent in the MRP, if and only if it

is recurrent in the EMC and if m; < oo.
4. If the EMC of an MRP is irreducible and recurrent, then all states are:

e positive-recurrent if and only if >, pvim; < 0o;

o null-recurrent if and only if ZieE v;m; = 00.
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2.5 Applications of Semi-Markov Processes

Semi-Markov theory is one of the most productive subjects of stochastic processes to generate
applications in real-life problems. While we cannot provide a comprehensive overview of all
such applications, this area is particularly significant in fields such as economics, manpower
models, insurance, finance (more recently), reliability, simulation, queuing, branching processes,
medicine (including survival data), social sciences, language modeling, seismic risk analysis,
biology, computer science, chromatography, and fluid mechanics. Significant results in these
fields can be found in [1999] and [2007].

To illustrate the potential of semi-Markov processes, we present four examples that highlight

their applications in diverse domains.

2.5.1 Occupational Illness Insurance

This example involves occupational illness insurance, where partial or permanent disability may
result. The amount of incapacitation allowance depends on the degree of disability recognized
for the policyholder by the occupational health doctor, typically on a yearly basis, as the degree
evolves over time.

Consider the invalidity degree as a stochastic process (J,,n > 0), where J, represents the
value of this degree at time n. Introduce the random variable S,,, representing the time between
two successive transitions from J,_1 to J,. These transitions are often observed through periodic
medical inspections.

Assuming the process (J,,Sy) follows an SMC extends the Markov model and allows for a

more detailed analysis of the illness progression.

2.5.2 Queuing Theory

Consider a queuing system where customers wait to be served by a single server. Customers
are served according to the FIFO (first-in, first-out) discipline rule. Assume the capacity of
the waiting room is infinite, meaning every customer waits until they are served. Time 0 is
designated as the arrival of the first customer, who is immediately served.

As in the preceding example, suppose each customer has a type J, € E = {1,...,s} for all
n > 0, which influences service times and/or interarrival times. Define the random variables .J,,
as the type of the (n + 1)th customer, (By),>1 as the service time of the nth customer, and
(Ap)n>1 as the interarrival time between the nth and (n + 1)th customers.

A key problem in queuing theory is the study of successive waiting times (W,,,n > 0), where
W, represents the time the (n + 1)th customer waits before being served, with Wy = 0.

Queuing models start with assumptions about the sequences (J,,,n > 0), (By,n > 1), and
(Ap,n > 1), as well as their stochastic dependencies. For instance, in the M/SM/1 model, the

assumptions are:

1. Successive interarrival times (A,,n > 1) form a Poisson process of parameter A.
2. Successive service times (By,,n > 1) form an SMC with kernel Q.

3. The processes (A,,n > 1) and (Bp,n > 1) are independent.
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2.5.3 Claim Process in Insurance

Consider an insurance company covering s types of risks or having s different types of customers
for the same risk, forming the set £ = {1,...,s}. For example, in automobile insurance, we
can distinguish three types of drivers: good, average, and bad. Thus, F is a space consisting of
three states: 1 for good, 2 for average, and 3 for bad.

Now, let (Sp,,n > 1) represent the sequence of successive observed claim amounts, (X,,,n >
1) the sequence of interarrival times between two successive claims, and (J,,n > 1) the successive
types of observed risks.

In the classical model of risk theory called the Cramer-Lundberg model (see

| ]), it is assumed there is only one type of risk, and the claim arrival process is a

Poisson process of parameter \. [ | later extended this model to an arbitrary renewal
process. In these classical models, the process of claim amounts is independent of the claim
arrival process.

By considering a semi-Markov chain (SMC) for the two-dimensional processes

((Jn,Sn),n > 0) or ((Jn, Xpn),n > 0), it becomes possible to introduce dependencies between

successive claim amounts. This model was initially developed by | | and
| | based on work of | | and has since led to many extensions, such as
those described in | |.

2.5.4 Reliability

Reliability analysis plays a crucial role in engineering and system design, ensuring that systems
function as expected over time. It encompasses key concepts such as availability (the probability
that a system is operational at a given time), maintainability (the probability of restoring a failed
system within a given time), and dependability (a broader measure that includes reliability,
availability, maintainability, and safety). However, in many real world applications, such as
mechanical systems, communication networks, and power grids failure and repair times do not
follow an exponential distribution. This limitation motivates the use of a semi-Markov processes,
which generalize Markov processes by allowing arbitrary sojourn time distributions.

A semi-Markov models have significant applications in reliability theory, as described by

| | and more recently by [ |. Consider a reliability system Z

that can be in one of s states E = {1,..., s} at any time ¢.

A stochastic process of successive states of the system is represented by (Z,),>0. The state
space E is partitioned into two subsets: U ("up" states where the system functions) and D
("down" states where the system fails), such that E =U U D and UN D = {).

Key reliability indicators include:

1. Reliability function R(t): The probability that the system operates without failure from
time O to ¢:
R(t) = P(Zs € U,Vs € [0,1]).

2. Point-wise availability function A(¢): The probability the system is functional at time ¢:

A(t) = P(Z, € U).
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3. Maintainability function M (t): The probability the system transitions from a failed state

D to a functional state U at time t:

M(t)=P(Z, €U| Zye D).

2.5.5 Performance and Performability

A semi-Markov models provide a powerful framework for evaluating system performance and
performability, making them essential tools in reliability engineering, computing systems, and
maintenance operations. Unlike traditional reliability analysis, which focuses solely on failure
rates, these models offer a broader view by incorporating measures of system efficiency and
effectiveness. This is particularly important for fault-tolerant systems, where both reliability and
performance must be considered together. To meet this requirement, [ | introduced
the concept of performability, which quantifies the probability that a system maintains a desired
level of performance over time. This approach helps evaluate not only whether a system is
operational but also how well it functions under different conditions.

A more general way to model accumulated system performance over time is through the
performance reward functional, we consider a bounded Borel function L : £ — R and the

following continuous additive functional of the semi-Markov process (Zy,t > 0).

B(t) = /O L(Zy)du. (2.7)

Let ®(t,z) = P(®; < x) be the distribution function of Wj; then the function U(z,t) := 1 —
®(t, ) will be the performability function over the interval [0,¢]. Tt gives capacity of the system
to reach level x up to time .

Recent advancements have refined computational methods to accommodate semi-Markov
processes more effectively, making them valuable tools for analyzing real-world systems. These
developments allow for a more comprehensive evaluation of system behavior, ensuring that both

reliability and performance expectations are met.

2.6 Numerical Methods and Simulation

In this section, we present essential numerical and simulation techniques used in the analysis of
semi-Markov systems, especially when dealing with complex models where closed-form solutions
are difficult or impossible to obtain. The methods covered include Markov chain approximations,

Laplace transform, numerical solutions of integral equations and Monte Carlo simulation.

2.6.1 Markov Chain Approximation

A Markov chain approximation method seeks to approximate a controlled diffusion process of

the form

dz(t) = b(x(t), u(t))dt + o(z(t))dw,
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where b and o are the drift and diffusion functions, and u(t) is a control process. The goal is to

numerically compute or approximate the value function V' (z) associated with a cost functional

Wiwu)=E [/o e Pk(a(t), u(t)) dt + P gla(r)|

where 7 is the exit time from a domain and 8 > 0 is a discount factor (cf.
[ |), we have
V(z) = inf W(z,u).

2.6.2 Laplace Transform

In semi-Markov process (SMP) modeling, solutions to key time-dependent quantities are nat-
urally expressed in terms of Laplace transforms, as first developed in classical work by

| |. These quantities include state probabilities P;;(t), first passage distributions Gj;(t),
expected number of visits M;;(t), and Markov renewal functionals such as 1;;(t) and W¥;;(t).
Because most SMPs do not admit closed-form time-domain expressions, numerical inversion of
Laplace transforms becomes essential.

The Laplace transform of a function ¢(t) is defined as:

~ o0
o) = [ e toan
0
and its inverse is given by the Bromwich integral:

1 a-+i00 i~
t) = — e*¢(s)ds.
o0 =5 [ etits)
This inversion is numerically challenging in general but becomes tractable for probability
distributions with smooth, nonnegative density functions. The method employed is the EULER
algorithm by [ |, which approximates the inverse using a Fourier-cosine

series:
al . ~ (A jmi
o0~ Y1y (5T

where the weights w; depend on Euler summation coefficients, and the approximation is effective
for functions with at least two continuous derivatives.
This inversion technique enables practical computation of transient behavior in SMPs, bridg-

ing the gap between classical theory and modern numerical implementation.

2.6.3 Numerical Solution of Integral Equations

[ | present a straightforward numerical method for solving transient behaviors
in homogeneous semi-Markov processes (SMPs), focusing on computing state probabilities over
time. The main idea is to express the time-dependent state probabilities p;(t), for each state j,
through a system of convolution-type integral equations involving the semi-Markov kernel and

the embedded Markov chain. The key equation has the form:

pi(t) = 3;Gi(t) + 3 /0 iy (t — $)pr(s) ds,

keE
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where d;; is the Kronecker delta, G;(t) is the probability of staying in state ¢ until time ¢, and
qk;(t) is the transition density from state k£ to j. The authors propose a discretisation scheme
where time is divided into intervals of size h, and the integrals are approximated using numerical

quadrature rules, yielding a recursive algorithm to compute p;(t) step by step.

2.6.4 Monte Carlo Simulation

Monte Carlo methods are widely used for the numerical evaluation of a semi-Markov systems.
The idea is to simulate many independent realizations of the process and use statistical es-
timates to approximate system performance. The following algorithm simulates a trajectory
of a semi-Markov process using the competing risks construction. The output is a sequence
(Jo,Soy .-y Jk, Sk) such that Sy <t < Sgy1.

Algorithms

Algorithm 01: Based on the EMC.
1. Put £k =0,5) =0, and set jy as the initial state;
2. sample random variable J ~ P (ji,-) and set jr11 = J(w);
3. sample random variable X ~ Fj, ;  (-) and set r = X (w);
4. put k:=k+1 and s = sp_1 + x. If s, > ¢ then end;
5. set ji := jr+1 and continue to step 2.
Algorithm 02: Competing Risks-Based Semi-Markov Trajectory Simulation.
1. Put £k =0, Sy = 0 and set Jy as the initial state;

2. sample random variables X¢ ~ Aj,(-) == 1 — Jo Que(du) [1 — Hy (u)] ™!, forall ¢ € E
such that pj ¢ > 0;

3. put z := min {Xe(w);ﬁ € E};

4. set J := argmin { X‘(w); ¢ € E};

5. put k:=k+ 1 and Sy := Sk_1 + x; if Si > t then end;

6. set J := Ji41 and return to Step 2.

Monte Carlo simulations provide flexible and powerful tools for the study of a semi-Markov

models, but they can be computationally expensive, particularly for large-scale systems.

In conclusion, numerical methods and simulation techniques play a crucial role in the study
of semi-Markov systems. While analytical solutions are often intractable, these numerical ap-
proaches provide practical means for evaluating system performance, reliability, and other key
measures. The choice of method depends on the specific application, computational constraints,

and desired level of accuracy.



Chapter 3
Elements of Statistical Estimation

In this chapter, we start by presenting fundamental theorems and lemmas of nonparametric
estimation theory, which serve as essential tools for the subsequent analysis. These results lay the
theoretical foundation for establishing the properties of our estimators. We then introduce both
empirical and kernel estimators for key quantities associated with semi-Markov processes in a
finite state space. We study the strong consistency and the asymptotic normality of the proposed

estimators, providing a solid theoretical basis for their application in statistical inference.

3.1 Basic Set-up of Nonparametric Estimation

Theorem 3.1.1. [1909] (Strong Law of Large Numbers) Let (X1, Xa,...) is
an infinite sequence of i.i.d. Lebesgue integrable random variables with expected value E[X;] =
E[X5] = ..., then we have

—ZX 2% E[X].

n—o0

Theorem 3.1.2. [1955] Let (Yn),en be a sequence of random wariables and (Ny),cn @

positive integer-valued stochastic process. Suppose that

Y, —>chdN —>—|—oo

n—oo
Then,
Yy, =5 Y.
n—oo
Theorem 3.1.3. [1925] (Slutsky’s Theorem) Let X, X,,,Y,,n € N, be random vari-
ables or vectors. If
X, 2 X,
n—oo
and
Y. N c,
n—oo

with ¢ a constant, then

oY, + X, % c+ X,
n oo

29
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o VX, 2 X,

n—0o0

o YV IX, 2, c X, for c¢#0.
n— o0

Corollary 3.1.1. [1997] (Elementary Operations) Let £, &1, &a, ... andn,m,na, . ..
be random variables with &, LN & and ny, L 1. Then a&, + bny, L a€ + bn for all a,b € R, and
Enn LN &n. Furthermore, &, /ny, LN &/n whenever a.s. n# 0 and 0, # 0 for all n.

Lemma 3.1.1. [1997] (Convergence in Probability and Distribution) Let

£, 61,8, ... be random elements in a measurable space (Q, F) into a separable metric space
(8,B(S)). Then

T

with equivalence when & 1s a.s. a constant.

Theorem 3.1.4. [1933] (Glivenko-Cantelli Theorem) Let F),( Z]I{Xk<1'}
be the empirical distribution function of the i.i.d. random sample X1, ..., X,. Denote by F the
common distribution function of X;, i =1,...,n. Thus

sup | F,(x) — F(x)] <3 0.

z€R n—oo

Theorem 3.1.5. [1965] (Strong Consistency) Suppose that K (zx) is a function of
o

bounded variation, f(x) is a uniformly continuous density function, and the series Ze—vnhQ

n=1
converges for every positive value of v. Then

sup | fn(2) — f(2)] — 0,
z€eR

with probability one as n — oo.

The strong law of large numbers and the central limit theorem for additive functionals of
Markov renewal processes (MRPs) were established by [1964]. The notation
used throughout this work follows that introduced by | |.

For a real measurable function f, defined on E' x E xR, define, for each M > 0, the functional
We(M) as

N(M)
Wi(M) = > f(Jn1,Jn, Xn).

n=1

Set
Aij 3:/0 f(i,7,2)dQi(x), A= ZAij,

s

Bij :=/O (f(i,§,2))%dQi;(x), Bi:=Y_ By

Jj=1
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Furthermore, we have

rii= Z ,u“
St +2222Amﬂ““w
d=1

d=1 l#i j#i Mdd’u]J
Finally, put
ri
mygi= —,
d Hii
By := 0—12.
Hii
Theorem 3.1.6. [196]] (Strong Law of Large Numbers) Consider an
irreducible and aperiodic Markov reward process (MRP), we have
Wf(M) a.s,
— .
M M—o0 my
Lemma 3.1.2. [196/] (Central Limit Theorem) Consider an irreducible

and aperiodic Markov reward process (MRP), we have

M=YV2[W(M) — M -my] 25 N(0,By).

M—o0

Before stating the following lemma, we introduce some associated counting processes related

to the semi-Markov process, defined for all i, 7 € E and t < M, as follows

(i) Ni(M) = Zfi(lM) L =iy = 2221 1y, =i,s,<my, the number of visits to state i up to
time M.

" N(M o
(ii) Nij(M) = El:(l )1{J1_1:i7lej} = > Ly, ,=i5=j,5,<Mm}, the number of transitions
from state i to state j up to time M.

Lemma 3.1.3. [2001] Under the previous notations, if the EMC (Jy,)y, is
positive recurrent, then, for any i,j € E we have:
Ni(M)
1. N(M) MH_>OO v(i),

NZ(M) a.s. .

2 NG m’/(z)mﬁ
g MilM) a5 1
M—soo Hii’

4 NZ](M) a.s. pi
' M M—soo Hii’

5 N(M) a.s. 1
M e V@R

Theorem 3.1.7. [1965] (Taga’s Theorem) Let the transition distribution functions
Qij(t) be expressed in the form

Qij(t) = piy Hi(t),
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where the matriz p = (pij)z‘jeE is reqular, and H;(t) has finite means and variances which will
be denoted by

[T o2 [T N2 am
TZ_/O tdH;(t), g /0 (t —7)° dH;(t).

Then the limiting distribution of the total sojourn time, S;(t) spent in state i in [0,t], certainly

exists for any initial state so that

Si(t) — Tit D L
lim P #Sx — ¢ Ti His=Ti .. ’
t=oc V't i of | o}

5

Ti

(nii—7i)°

where p;; and p3 are the mean and the variance of the recurrence time of the state j, respectively,

and ¢(u) denotes the unit normal distribution function.

3.2 Nonparametric Estimation of Main Related Quan-

tities for Semi-Markov Process

In this section, we introduce nonparametric estimators, using both empirical and kernel meth-
ods, for several fundamental quantities associated with semi-Markov processes. Specifically, we
consider the estimation of the semi-Markov kernel, the transition probabilities, the sojourn time
distribution, the transition function, and the Markov renewal function. Furthermore, we show
that these estimators are strongly consistent and asymptotically normal on a finite state space

by analyzing one observed sample path.
Definition 3.2.1. Let us consider a sample path of the Markov renewal process (Jn, Sn),en
V(M) := (Jo, X1, -5 In(any—1 Xnanys Inuys una ), M€ Ry, (3.1)

where up := M — Sy ts the time elapsed between time M and the last jump time Sy (), or

equivalently, the censored sojourn time in the last visited state Jy(np)-

3.2.1 Empirical Estimators

Let V(M) denote the sample path of a Markov renewal processes (Jy,, Sy ), e, as defined earlier
on Equation (3.1). Foralli,j € E, t > 0 and t < M, we define the empirical estimator @ij(t, M)

of the semi-Markov kernel @Q;;(t) (cf. [1968]; [1999]), by
N(M)
@i (1. M) = W ; L i=in=j.x<t}- (3.2)

From the definition of @ij(t, M), we have
Qij(t, M) = Fj(t, M) - pij (M), (3.3)
where p;;(M) is the empirical estimator of the transition probabilities p;;, which is given by:

N(M)

M) =" 00 = Mon lz; Lona=in=ip (3.4)
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and, the empirical estimator Ej(t, M) of the conditional distribution function Fj;(t) is de-
fined by

B L Ve
Fy(t, M) = N, (M) Z Lgi=im=j.xi<t}- (3.5)
k =1

Here, the conditional transition mechanism provides the probability distribution of the sojourn
time in state i before transitioning to state j, given that such a transition occurs.
Let us define the empirical estimator (¢, M) = [\f’ij(t, M)] of the Markov renewal matrix

(1) = [i(1)], by _
W(t, M) =" Q" (t,M), (3.6)
n=0
and, let f’(t,M ) be the estimator of the transition function of the semi-Markov process,
given by
P(t,M) =W (I — diag(Q(t, M))). (3.7)
Asymptotic properties

Before establishing the asymptotic properties of the empirical estimators, we first need to define

the following assumptions concerning the Markov renewal process (J,, Sy )nen,

(A.1) The embedded Markov chain (J,,)nen is irreducible and 0 < m; < oo with m; is the mean
sojourn time in state ¢ € F of the SMP.

(A.2) The Markov renewal process (Jy,, Sp)nen is aperiodic.

We recall the following theorems from [ | and
| |, which establish the strong uniform consistency and the asymptotic normality of the

proposed estimators.

Theorem 3.2.1. For any fizred i,j € E and t € Ry, t < M, under Assumptions (A.1)-(A.2),

we have the following results:
(i) The empirical estimator p;;(M) of pij is strongly consistent, i.e.
ﬁZJ(M) &) Dij as M — oo.

(i1) The empirical estimator Ej(t,M) of Fij(t) is uniformly strong consistent, i.e.

Fyj(t, M) _Fij(t)’ 950 as M — oo

max sup
LIEE ye[0,M)

(i1i) The empirical estimator Qvij (t, M) of Qij(t) is uniformly strong consistent, i.e.

max sup ‘@ij(t,M) —Qij(t)‘ 2250 as M — oo
LIEE te[0,M)

(iv) The empirical estimator QVE;) (t, M) is uniformly strong consistent, i.e.

max sup ‘@Z(;l)(t, M) —QZ(?)(t)‘ 2250 as M — oo.
LICE ¢e[0,M)
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(v) The empirical estimator \I’ij(t, M) of the Markov renewal function W;;(t) is uniformly

strong consistent, i.e.

max sup \T/ij(t,M)—\I’Z-j(t) 2250 as M — oo
LIEE tefo0,M)

(vi) The empirical estimator ﬁij(t,M) of the transition function Pi;(t) is uniformly strong

consistent, 1.e.

max sup |Pi(t,M)—Py;t) —>0 as M — occ.
BIEE teo,M)
Proof of Theorem 3.2.1. See appendix 5.4.3. a

Theorem 3.2.2. For any fized i,j € E and t € [0, M], under Assumptions (A.1)-(A.2), as
M — oo, the following statements hold:

(1) (M1/2 [pi; (M) — pij], M2 H;(t, M) _Hl(t)D converges in law to a bivariate normal

random variable with mean zero and covariance matriz elements (Omn)1<,, <o given by
o11 = pipij (1 —=pij) . 022 = pyHi(t) (1 — Hi(t)), o012 =021 =0.

(i) M'/? (QVZ] (t, M) — Qjj (t)) converges in law, as M tends to infinity, to a zero mean normal

random variable with asymptotic variance
00, (1) = piiQij (1) [1 — Qi (1))

(i) M'/? (lflij(t, M) — \I/,-j(t)> converges in law to a normal random variable with mean zero

and asymptotic variance

03, (t) = Z Z Loy {(‘I’ir x W) Qi — (Wi % Wy Qrk)z} (t).

reE keE

(i) M'/? (]gij(t, M) — B-j(t)> converges in law to a zero mean normal random variable with

asymptotic variance
b, () =35 pire [(1— Hy) % Birgj — WigLg_j3y]” % Qui(t)
—{[(1 = Hy) * Bigij — Wil p] = Qrk(t)}27

where

B (1) =33 QU Q™ ).

n=1m=1

Proof of Theorem 3.2.2. See appendiz 5.4.3. O
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3.2.2 Kernel Estimators

Let Y(M) denote the sample path of a Markov renewal processes (Jy,Sn),cy, as previously
defined on Equation (3.1), for all 4,5 € E, t > 0 and t < M, we define the kernel estimator of

Qi; and H; respectively (cf. [ |), by
N (M)
N 1 t— X,
Qlj(t7M) - NZ(M) = G < h@],M ) ]1{J1_1:i,Jl:j}? (38)
and NOD
~ 1 t— X
H;(t, M) = — )1 =i}s :

where G(t) = ffoo K (t)dt, with K is a bounded kernel function.
For fixed states ¢ and j, it is important to observe that the smoothing parameter of the
aforementioned estimators is dependent on the sample size. Thus, we should write hy; n, () =

hijm (vesp. h; nyry = hiar). However, for the sake of simplicity, we opt for a more concise

notation.
Let us denote by W(t, M) the estimators of ¥(t) (cf. [ |), defined by
@(t, M) = QM(t, M). (3.10)
n=0

Let f’(t, M) be the estimator of the transition function of the semi-Markov process (see

| ]), given by
P(t, M) =W(-, M) * (I — diag(Q(-, M).1))(t). (3.11)

Asymptotic properties

Prior to analyzing the asymptotic properties of the kernel estimators, we first present the fol-

lowing assumptions which are necessary to derive the asymptotic behavior of our estimators.

Assumptions
(H.1) The semi-Markov process Z is regular with finite mean sojourn times m.

In addition, the following assumptions are required in order to establish all the asymptotic

properties investigated in this work:

(H.2) i) Q4j(t) is continuously differentiable with respect to the Lebesgue measure, and let
qij(t) be the corresponding Radon-Nikodym derivative.

ii) The first derivatives g;;(t) is bounded.
(H.3) The kernel G is a distribution function, where its derivative is K.

(H.4) The kernel K is a density function of bounded variation such that lim |xK(z)| =0,

T—00

| [ntK (t)G" ! (t)dt| < oo, and | [ #/K™(t)dt| < oo for j = 0,1, and n = 1,2.
(H.5) The smoothing parameter h;; ys satisfies

lim Ay =0 and lim Mhj;p = 0.
M—o0 M—o0
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Comments on the assumptions

The structural assumption (H.1) is the same as those classically used for the semi-Markov
processes framework (see, for instance | |, [ |, and

[2016]. (H.1) means that the counting process { N (¢) : t > 0} has a finite number of jumps
in a finite period with probability 1. In addition, under this hypothesis we have S, < Sp41,
for any n € N, and S,, — oo as n goes to infinity. Assumption (H.2) imposed on Q;;(t) is a
regularity type hypothesis. Whereas, assumption (H.2)(i) is a constraint of the regularity type
that will enable us to get strong consistency. Furthermore, the second derivative hypothesis
(H.2)(ii) establishes more restrictive constraints when going through to state the asymptotic
normality of our estimators. (H.4)-(H.5) are technical constraints. They are imposed for the

sake of simplicity and the brevity of the proofs.

Theorem 3.2.3. [2022] For any fized arbitrary states i,j € E and any fived
arbitrary positive t € Ry, t < M, under Assumptions (H.1)-(H.5), the following statement

stand true.

I) The kernel estimator H;(t, M), as introduced in (3.9), is uniformly strongly consistent,
1.e., )
max sup ‘I:Q(t,M) — H(t)| L2550 as M — oo
€E te[0,M)

II) The kernel estimator @ij (t, M) proposed in (3.8) is uniformly strongly consistent, i.e.,

max sup |@ij(t,M) - Qi) =50 as M — oco.
LIEE te[0,M]

Proof of Theorem 3.2.3. see [2022]. O

Theorem 3.2.4. / | For any fized arbitrary states i,j € E and any fized
arbitrary positive t € Ry, t < M, under Assumptions (H.1)-(H.5), the following statement

stand true.

1. The kernel estimator \il(t, M) proposed in (3.10) is uniformly strongly consistent, i.e.,

max sup ‘\T/ij(t,M) - \Ilij(t)‘ 2250 as M — oo
4LI€E ¢e[0,M]

2. The kernel estimator lg(t,M) proposed in (3.11) is uniformly strongly consistent, i.e.,

max sup
4LI€E te0,M]

Pyj(t, M) —Bj(t)) 2550 as M — co.

Proof of Theorem 3.2.4. see / /. O
The following results concern the asymptotic normality of the proposed estimators.

Theorem 3.2.5. (see [2022] and [2025]) For any fized arbi-
trary states i,j € E and any fived arbitrary positive t € Ry, t < M, under Assumptions
(H.2) — (H.5), the following statements stand true.
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VMIH;(t, M) — Hi(t)] 2 N(0,0%.(t)) as M — oo,

(3

with the asymptotic variance

oy, (t) = pai Hi(t) [1 — Hi(t)]. (3.12)

\/M[@ij(t, M) — Qi;()] 2, N(0, Uéij t)) as M — oo,

with the asymptotic variance

05, (1) = miiQij(t) [1 = Qi (2)]. (3.13)
3.
Mhar [@ij(t, M) — \Iuij(t)} 2o N(0,03,,(8)  as M oo,
where ) )
U\%U (t) < Z Hmm, Z (\Ilzm * \I/rj)2 * er(t) /KQ(Z)dZ
m=1 r=1
4.
vV Mhs [Aij(t,M) — P,-‘(t)] 2, N(O,al%ij(t)) as M — oo,
where

012;.2,], () < Z Hmm Z [0 Wij — (1 — Hj) % Wiy * \Iluj]2 * Qmu(t) /K2(z)dz,
m=1 u=1

where fLym is the mean recurrent time of state m for the semi-Markov process (Z)icr, -

Proof of Theorem 3.2.5. The asymptotic normality of the kernel estimators relies on
classical results from empirical process theory and the properties of kernel smoothing techniques.
We refer the reader to [ | and [ |, where these results are
established in detail. O



Chapter 4
Stationary Distribution

In recent years, results for the nonparametric estimation of the stationary distribution of a SMC
have been developed. In continuous time, | | presented an empirical estimator
and also studied its asymptotic properties, such as strong convergence and asymptotic normality.
One year later, [ | proposed a nonparametric estimator for the general state-space
stationary law and gave some asymptotic properties. | | presented principles of large
deviations for the estimators of | | in the finite case. Furthermore, in discrete
time, | | studied the asymptotic behavior of an empirical estimator for a partic-
ular case of finite SMCs.

This chapter is devoted to the study of the stationary distribution of continuous-time semi-
Markov processes. In Section 4.1, we present the theoretical background, including the stationary
distribution of the embedded Markov chain, the mean sojourn time of the semi-Markov process,
the mean first passage time of state ¢ for the Markov renewal process (MRP), and the station-
ary distribution of the semi-Markov process itself. Section 4.2 is dedicated to the empirical
estimation of the proposed quantities, along with an analysis of their asymptotic properties.
In Section 4.3, we construct kernel-based estimators for these quantities and establish their
asymptotic properties, such as consistency and asymptotic normality. Confidence intervals for
the stationary distribution are also derived. Finally, Section 4.4 presents an application that

illustrates the practical implementation of the proposed estimation methods.

4.1 Stationary Distribution of Semi-Markov Process

Definition 4.1.1. For a semi-Markov process (Z;)ier., , the stationary distribution ™ = (71, .. ., 7Ts)t

1s defined, when it exists, for every i,j € E, by
i = lim Py;(t).
™ = i B (1)

The following proposition states the explicit expression for the stationary distribution of the

semi-Markov process.

38
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Proposition 4.1.1. [196/] Under the assumptions (A.1) - (H.1), the stationary dis-

tribution T of the semi-Markov process (Zy)ier.,. is given, for alli € E, by

(4.1)

where m; is the mean sojourn time in a state i of Z, which is given by

o0
m; = / (1 — H;(t))dt. (4.2)
0
Moreover, we define the mean sojourn time of Z, denoted 7, by
S
The next proposition provides an explicit expression for the mean recurrence time in state 4

of the Markov renewal process.

Proposition 4.1.2. [2001] Under the assumption (H.1), the mean re-
currence times in the state i of the MRP is defined by,

m
Based on Proposition 4.1.1 and Equations (4.3), we obtain the following result
vim;
In addition to Equation (4.4), the stationary distribution can also be written as
mg
= —. 4.6
Y (4.6)

Remark 4.1.1. In general, the stationary distribution w of the semi-Markov process Z is not
equal to the stationary distribution v of the embedded Markov chain (Jn)n>0. However, the

equality ™ = v holds in particular cases, such as when m; is independent of i € E.

4.2 Empirical Estimation of the Stationary Distribu-
tion

Let Y(M) denote the sample path of a Markov renewal processes (Jn, Sn), e as defined earlier
on Equation (3.1), for alli,7 € E, ¢t > 0 and t < M, let consider the empirical estimator of the
stationary distribution of the EMC (J,,)nen,

- N;(M)
i = . 4.7
(M) = ST (4.7
Lemma 4.2.1. [2005] For alli € E and M € Ry, we have

(i) The empirical estimator v;(M) of the stationary distribution v; of the embedded Markov

chain (Jy)n>0, is strongly consistent, i.e.,

max |7 (M) — vi| 2250, M — oo.
(2
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(i) The random wvariables VM (v;(M) — v;) converge, as M tends to infinity, to a centered

normal distribution with variance

o2 =v;(1—u). (4.8)

Proof of Lemma 4.2.1. See Appendiz 5.4.3 O
For all i € E and M € Ry, let pf;(M) be the estimator of the mean recurrence time p; of
the embedded Markov chain (J;,),>0, defined as
- N(M) 1
(M) = = . 4.9
By convention, let p};(M) = 0 if N;(M) = 0.

Proposition 4.2.1. / | For alli € E and M € Ry, we have

1. The empirical estimator ji5;(M), defined by Equation (4.9), of the mean recurrence times

wh; of the embedded Markov chain (Jy)n>0, is strongly consistent, i.e.,

mag’ﬁfi(M)—Mfi‘@o as M — oo.
1€

2. The random variables v/ M (u;(M) — pf;) converge, as M tends to infinity, to a centered

normal distribution with variance
*\ 2 *
02 = (i) (s — 1), (4.10)
Proof of Proposition 4.2.1. See Appendix 5.4.3 O

For all 7 € F, the empirical estimator of the sojourn time distribution function ﬁi(t, M), t e
R4, M € Ry, is defined by
N; (M)

~ 1
Hi(t,M):W ; L, <o) (4.11)

where Xj; is the Ith sojourn time in state i. Based on Equation (4.11), the empirical estimator
for the distribution function of the sojourn time in the state i is defined by

mi) = [ e an)

0
0 1 Ni(M)
= 0 Nz(M) ; ]l{XizZt}dt
= N0D ; /0 Lix, > dt.
Furthermore,
1 N; (M)
mi(M) = ————— X 4.12

In the case where Ny(M) = 0, set (M) = H;(t, M) = 0.
The strong convergence, when the censoring time tends to infinity, of estimator (4.12) was
shown by | |. In the following lemma, we present the strong convergence and

the asymptotic normality of this estimator.
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Lemma 4.2.2. [2005] For any fized i € E and M € R, we have

1. The estimator m;(M) of the mean sojourn time in state i, is strongly consistent, as M —
00, that is
max |m; (M) — m;| £%50.
el

2. The random variable VM (m;(M) — m;) converges, as M — oo, to a centered normal

random variable with variance
o0
0

Proof of Lemma 4.2.2. See Appendiz 5.4.3 O

Now, the empirical estimator of the stationary distribution of the SMP, 7;(M) is defined by

~ v (M)m; (M) :
(M) = <122 , jEE. (4.14)
’ > iep Vi(M)mi(M)
Theorem 4.2.1. [2005] The proposed estimator (4.14), of the stationary distri-

bution for a semi-Markov process m;(M) satisfies the following properties:
1. Strong consistency,

max |7; (M) — m;| =% 0.
i€k M—o0

2. Asymptotic normality,
VM(@(M) — 1) > ¢og,
M—o0

where the linear function g is defined by

g(:n):(1+ x/ + _Phm o z e Ry
m; — my /Lzz mz)Q, ’

with p?i is the variance of the recurrence time of the state i, and ¢ is the distribution

function of the standard normal random variable N'(0,1).

Proof of Theorem /4.2.1. See Appendix 5.4.3. a

4.3 Kernel Estimation of the Stationary Distribution

Let V(M) denote the sample path of a Markov renewal process (Jy,Sn),cy, as defined in
Equation (3.1), for all i € E, t > 0 and ¢t < M, the empirical estimator of the stationary
distribution of the embedded Markov chain (.J,,)nen, is given by Equation (4.7).

Assuming the integral of the corresponding survival function converges, we define the kernel

estimator of the mean sojourn time in state i, based on Equation (4.2), as follows:
oo A~
(M) = / (1 —Ht, M)) dt
0

= / tdﬁi(t, M)
0

= ot )h n{Jl - Z}/ (t_Xl>dt. (4.15)
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Based on Equations (4.3), (4.7) and (4.15), we can define the kernel estimator of the mean

sojourn time of Z as follows:

mM) = Y Dp(M)ig(M)
kel

= Z Z hk: L= k}/ tK (t_Xl)d (4.16)

h
keEl 1 k,M

Since the corresponding functional is independent of time, we obtain 7 = .
Derived from Equations (4.4), (4.7), and (4.16), the kernel estimator of the mean first passage
time to state i of the Markov renewal process (MRP), is given by:

pi(M) =

10 k}/ tK( >dt. (4.17)
keE =1 hkM -

Considering Equations (4.5), (4.15), and (4.16), we deduce the kernel estimator of the sta-

tionary distribution of the semi-Markov process (SMP) Z as follows:
m; (M)v; (M

7 (M) = TUDZ) (4.18)

m(M)

4.3.1 Asymptotic Properties

Before analyzing the asymptotic properties of the kernel estimators, we begin by stating the
assumptions required to derive their asymptotic behavior. These build upon the conditions
(H.1)—(H.5) introduced in Section 3.2.2.

We introduce the following lemma which will be necessary to prove our results in Section
4.3.

Lemma 4.3.1. / | Forn = 1,2. If (H.2)-(H.5) hold, then as M — oo,

we have oo
[ 7o () st < @t
0 ij,M

Proof of Lemma 4.3.1. By using a change of variable and an integration by parts followed

by Taylor’s expansion, we have

teo (t—x hz’jt,M n
/ G <h ) dQij(z) = —/ G" (2) dQij (t — hijnr2)
0 1j,M —00

+oo
<— G" (2) dQi;(t — hijaz)

—0o0

+o0
< / nK(2)G" 1 (2)Qi;(t — hijz)dz

—0o0

+oo
< / nK ()G (2) Qi (t) — hijarzaiy () d=

—0o0

+oo

+00
< QZ](t)/ nK(z)G”_l(z)dz — hij MG (t*)/ an(z)G”_l(z)dz

—00 —00

< Qy5(1),

where ¢ — h;j 2z < tF <t O
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4.3.2 Main results

Our first result in Section 4.3 concerns the asymptotic properties of the estimator proposed in
Equation (4.15).

Theorem 4.3.1. / | For any fized i € E, under (H.1)-(H.5), we have
1. The estimator m;(M) of m; is strongly consistent, that is

mz}gx|mZ(M)—mi X% 0 as M — oc.
1€

2. The random variable vV M (m;(M) — m;) converges, as M — oo, to a centered normal

distribution with asymptotic variance

—+00
oz < i H;(t) (1 — H;(t)) dt. (4.19)
0
Proof of Theorem 4.3.1.
1. Strong consistency, we have
+00 ~
max | m;(M) —m; | = max | Htht—/ (t)dt |
1€ER i€l
+<>o
= dt
mae | [ (m(0— A >) |

< HtM H;(t) | dt.
< [ s | 20 - 10|

For all ¢ € E and M € Ry, the strong consistency of the kernel estimator H j(t, M) is
stated in Theorem 4.1 of [ |. Therefore,

maEX]mZ(M)—mi 1250 as M — oco.
1€

2. Asymptotic normality, we have
VM (g (M) —m;) = VM < H;(t, M)dt — Hi(t)dt>
— VM (Hi(t) — H(t, M) )

“+o00

Then v M [m;(M) — m;] has the same limit as

400 1 N(M) t— X
\/M/ N Z N;(M) Z [G< ) l) Lo y=ig=4} — Qij(t)]l{Jz_li}] dt

0 jEE =1 hij.m
N(M)
1 M [t t— X
T VM = 2 Ni(M) /o [Qij(t)ﬂ{‘]“:i} -G ( hiar ) ]1{J11=z‘,Jl=j}] dt
1 N(M)
= f(Ji=1, J1, X7)
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Apply central limit theorem related to semi-Markov processes (see
[ |) to the function Wy (t) such that

where, for any fixed ¢ > 0, we define the function f: F x F x Ry — R by

fldrz) =Y Nj(v[M) /;Oo [Qij(t)]l{d—i} -G <t — x) Tga— w—y}} dt

hij

M +oo t—=x
- Hi()1 gy — G Lyg_iy | dt.
Nz'(M)/o [ (0 <hir,M> (@ }}

In order to apply the Pyke and Schaufeles” CLT (cf. [ ]), we need
to compute the quantities Ag., Ag, Bar, Ba,7d,ms,02(t) and then O’?ni. Using Fubini’s
theorem and Lemma 4.3.1 with assumptions (H.2)-(H.5). We have

Ag = Z Agr

rekb

—Z/m  (d, %) dQuy ()

rek
( ‘ ta=i} hi'rM {a=i}

B Z /0+Oo {NAKM) ,

= Wi / - [Hi(t)/omﬂ{d:i}der(m)—/0+OOG<ZZTM> 14— dQar( )] dt

rekb

:ZNZ-](WM) /+°° [H( Ypar T i}_/(:ooG(Zx)]l{d 1dQar (z )} dt

rek i, M

+oo
X Z {d z}/ pdr er(t)] dt

Then

M

+oo
Ag < Wﬂ{d:i}/o [Hi(t) — Hq(t)] dt.
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For By, by using Fubini’s theorem, Jensen’s inequality and Lemma 4.3.1, we have

Bg = ZBdr

=y

-y 0P dQu (o)

_ ;E /0 o {NfM) /O o [Hi(t)]l{d:i} _G (Z‘E) n{d:i}} dt] ’ 10w (2)
_ ;5 /O i []\7]24]\4) /0 = [Hi(t) e <Z‘j>] dt} ’ 100 (2)

< 7;3/0%0 Ly [(Ni](wM)>2/o+oo |:Hi(t) ~-G (Z;Aj)rdt] dQqr(x)

<% <Nfg4m>2n{d:i} / - [HE(@ / " dQu () + / e (t - ) 1Qu ()

Rir v
_oH, (1) /0 e (t - “”) der(m)] n

hir,M
Thus
M 2 +oo )
Ba< )Y < > Ly / [H? (t)par + Qar(t) — 2H;(£)Qay (t)] dt.
rek NZ(M) 0
Since Ni]E/IM) 3 ﬁ (see | |), when M — 400, we have
2 B
Bu< iy [ [HHO + Hat) — 21O (0] .
Furthermore,
T, = Z Ad MJ:Z
deE dd
M ) - Hate)
i nd-/ Hy(t) — Hy(t)] dt
S Mg Ni(M) = s '
= as M — o,
1
my=—r; =0 as M — oco.
Hii
Then
o2, (1) = ~—o? (1)
mg ILL” 3
_ 1 Mg
= d "
Mg Ik Haa
/ﬁ‘. Wi +oo
= i1 g / [H7(t) + Hq(t) — 2H;(t)Hq(t)] dt
Hii dep Mdd
Thus, since p; = V% (see [1976]) and py; = V@z (see
[ |), we have
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We obtain from the CLT that v M [m;(M) — m;] converges in distribution, as M tends
to infinity, to a normal random variable with zero mean and the variance a,%ﬂi given by
inequality (4.19). O

Our second result in Section 4.3 concerns the asymptotic properties of the estimator proposed
in Equation (4.16).

Theorem 4.3.2. / | For any fized i € E, under (H.1)-(H.5), we have
1. The estimator m(M) of T is consistency, that is

~

|m(M) —m |23 0 as M — oo

2. The random variable v/ M (ﬁ(M) —m) converges, as M — oo, to a centered normal

distribution with asymptotic variance

ok <MY v /+OO Hy(t) (1 — Hy(t)) dt. (4.20)
der 70

Proof of Theorem 4.3.2.

1. consistency, we have

| m(M) —m | =| Zﬁi(M)mi(M)—Zl/imi\

ik ik
= ;E(ﬁi(M)mi(M) —vim;) |

< ZE | Dy(M) g (M) — vimy — D(M)m; + 5;(M)m; |
< i | D3(M) (i (M) = mi) + mi ((M) — vy) |

< iZEﬁi(M) | (M) —m; | +§m | vi(M) —v; |

For each i € F and and M € Ry, the strong consistency of the estimators v;(M) and
m; (M) are established in Lemma 4.2.1 (1) of [ | and Theorem 4.3.1 (1),

respectively. Therefore, we have

|m(M) —m <50 as M — oco.
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2. Asymptotic normality, we have

VI [fa(M) —m) = VM [; DM ;Vm]
- \/MZGZE []J\\?(M)) /Oool}i(tv M)dt — v; /OooHi(t)dt}
) \ﬁ;/ [ ((Zj\\j i Jz\\fr((z\]\j))ﬁ(t M) +vz-Hz-(t)] dt
- WZGZE/ ]\; L N ]J\\j > +uij;3Qij(t)] dt
- F;];/ [N 1]\\44 Liingy = vill(img) — N((]\A;[))Qm(t M)
+viQi; (t)] dt

We obtain that v M {ﬁ(M ) — m} has the same limit as

M
M NZ(M t— X
¥ ZZ/ N(M) ]1{1 —jy = Vil{imjy — N(M) Z ( hij i ) ]1{J11i7sz}]
i€E jeE =1
+1iQi; (¢ )]
N(M
1 M Ni(M) [To° F0o0
M Z N;(M) [N M) / Loamiampydt = 1/1'/0 o=zt
=1 i€k jeFk
N;(M) t— oo
‘N(M)““l-”*“}/o 0 (T ) vt [ @t
| N
=— F(Ji-1, J1, X)-
\/M lz; ( 1 )

Apply central limit theorem related to semi-Markov processes (see

[ |) to the function Wy (t) such that

Ni(M) N;(M)
fdro) =3 > 5 Ni( { N () ==y~ Vilta=i=g) — Fy Hasir=it
i€F jeE

— O
xG (hijM) + v {d_z}QZ] (t):| dt

=25 / oo[ {a=iy Wi = N((M))]l{d z}G<

> +villgg—p Hi(t) | dt

1 ’LT‘M

1S
M [t Ny(M) _ [(t—a
= — Wq — G Hy(t)| dt
s, W N @ () o]
with W; = 7
In order to apply the Pyke and Schaufeles” CLT (cf. [ ]), we need

to compute the quantities Agy, Ag, Bar, Ba,7d,m¢,02(t) and then o2.. Using Fubini’s

theorem and Lemma 4.3.1 with assumptions (H.2)-(H.5), we have
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Ag = Z Agy
rek
— 7;/0%010 (d,r,z) dQay(z)
S s L e e ()
tuy /0 o Hd(t)dtH dQayr ()
) TEZE N;Zw) [/OJroo w, </0+oo der(fb‘)> gt Z]\\f;l((]\f\;f)) /0+00 </O+Oo G (2;;) der(x)> dt

vy /0 " 00 ( /0 - der(x)) dt]

s ,,EZE No(M) /o [pdrwd N ]\?(M) Qar(t) ‘*’PdrVde(t)} dt

M oo
< Nd(M)/o [Wa — WaHq(t) + vaHa(t)] dt.

For By, by using Fubini’s theorem, Jensen’s inequality and Lemma 4.3.1, we have

et
=Z;AH1ﬂ¢nwWﬂ%A@
-2 [ () [ I (e (i) o) ] aaute
Then
Pus Niin)zé+m[wﬁlfwdQ”@ﬁ+<?%%Q>Q(A%wG2<;;§>de*”>
vonz) ([ deut) -2 ([ e (10 dauto)

oW, (J]Vvd((ﬂf‘j;) ( /0 a (2d;> der(g;)> oW Hy(t) ( /O o der(x))] dt

M \? [ree Na(M)\? Na(M)
<[ —— W2+< >Ht+u2H2t—2V H2(t
(wam) [ e (R ) mato+ v = vl e
Na(M)
—2Wy N(M) > Hd(t) + QWdI/de(t)] dt.
Since % 3 Tid and Wy “% 0 (see | |), when M — +o0, we get

+o0o
Ba< s [ Halt) (1~ Hy(t) .
0
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Furthermore,
Wi e
ri <y (Wa = WaHa(t)] d
deE Paa N:
=0 as M — oo
1
ms=—r; =0 as M — oo,
Hii
1
2 2
0% = —o;,
it
where
O"2 Bd 'u”'
7
deE Had
[idd oo
<y 0 jLav; Hq(t) (1 — Hq(t)) dt
dep Hdd
Then, since p}; = Vll (see [ |) and pi; = V@l (see
[ |), we have
05 < Zuddvd/ Hy(t) (1 — Hy(t)) dt
deE
+o0o
le/d/ Hy(t) (1 — Hg(t)) dt.
dek

We obtain from the CLT that v M [ﬁ(]\/l ) —m] converges in distribution, as M tends

to infinity, to a normal random variable with zero mean and the variance o2 given by

inequality (4.20). O

Our third result in Section 4.3 concerns the asymptotic properties of the estimator proposed
in Equation (4.17).

Theorem 4.3.3. / | For any fized i € E, under (H.1)-(H.5), we have

1. The estimator [;;(M) of wi; is strongly consistent, that is

mabgc\u“(M)fui”E)O as M — oc.
1S

2. The random variable /M (j1;(M) — pi;) converges, as M — oo, to a centered normal
distribution with asymptotic variance

oa < — Z [tdaV Hd(t) (1 — Hy(t)) dt. (4.21)
Yi deE

Proof of Theorem 4.3.3.
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1. Strong consistency, we have

m(M) ™
M _ .. — -
ma | (00) — | = | S
x| PM) M m o m
= max ~ - % 7,
i€E  U;(M) v py(M)  vy(M)
| TOD =) m@OD) ~ )
i€k vi(M) viti(M)
1 ~
Sy e | ) = |+ max | (M) — v |
1
gy [T | M) 7 | i | 700) — i

For every i € E and M € R, the strong consistency of the estimators D;(M) and (M)
are proven in Lemma 4.2.1 (1) of [ | and Theorem 4.3.2 (1), respectively.

Consequently, we obtain

maEX|u“(M)—uii|ﬂ>0 as M — oo.
e

2. Asymptotic normality, we have

VM (fiii(M) — pii) = VM (ggﬂj\j )
— <D 1 —m) _Zﬁi(li\@(ﬁi(M)_yi))
- (1 ) M)—?TL) — Mig (/V\i(M)_Vi)}

Ni(M)
N(M)

ng(t M) 4+ v Qp; (1 ]dt < ]\]\;[)) ulﬂ

We obtain that /M [j1;;(M) — u;) has the same limit in distribution as

M Nk(M) 1
ZZ/ Wilt=} = N Z G(h >]1{Jl 1=k 1=}
k€E jeE kg, M
+Vkaj (t>] — His z}
= (Wil =k p=j}
VM =1 Ni( k EjcE N’f 0 o
Ni(M) _ (t— X,
- N(M) “ < P > L =ka=jy + VeQu;(t )]I{le=k}> dt — uiiWﬂl{Jsz,k:j:i}]
1 N(M)
= —= > (1, D, X))
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Apply central limit theorem related to semi-Markov processes (see
[ |) to the function Wy (t) such that
N(M)
= Z f(Jl—17 JlaXl)v

=1

where, for any fixed ¢ > 0, we define the function f: F x F x Ry — R by

+eo Ni(M) (t—x)

Wil G Ly s
[/ < k& {d=k k=5} — N(M) oy {d=k,r=5}
Qe (t) L 4= k}) dt — MiiWi]l{d:k,k:jzi}]

von oo L, (e - N ()
Wil G Ty
Ni(M >Z Ni(M) Ly FHER TN T g )
e Hi (0) 1 g=ry) dt — pii Wil {g—p— |

= waann (e San6 () o) o]

N(M)
f(d’ 7 M

kEEjEE

In order to apply the Pyke and Schaufeles” CLT (cf. [ |), we need
to compute the quantities Agy, A4, Bar, Ba,ra,ms,02(t) and then U;Zm' Using Fubini’s

theorem and Lemma 4.3.1 with assumptions (H.2)-(H.5), we have

Ag=)_ Ag

reE

+oo
=Y [ rna) iQu)

relb

B A (0 X7 :/om (e N @ () + vattao) a

rek
/O o (Wd - ]]\\r;’((]\ﬂj)) G (Z;;) + 1/de(75)> dt

—1taaWa] dQar ()
N(M) M /+°° i
— Ni(M) Na(M) Jo |

—pdaWa) dQar ().

Thus

0 2 [ (s 308 [ ()t

“+oo

+rgH,(t) /0+00 der(CL‘)> dt — Mdde/o der(l‘)]
<> Man M [/O+OO (dedr _ NaM) Qar(t) + Vde(t)pdr> dt

= Ni(M) Na(M) N(M)
—ttdaWapar]
NM) M +00
< N (M) Ny(3) [/0 (Wq — WqHg(t)) dt — Mdde] '
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For By and by using Fubini’s theorem, Jensen’s inequality and Lemma 4.3.1, we have

By = ZBdr

rek

“+o0o
— Z/O [f(d, 7, 2)]?dQar ()

rek

_ 7;5 /0 e [JJ\Z((AJ\?) NfM) [ /0 oo <Wd _ ]]\&((Jj\\j))a ( Z;;) + Vde(t)> dt

—paaWa])* dQuar ()

-2 @%) (NfM))Q /0+OO :/0+Oo (e~ N @ (iZ_M) RO

rel
—114aWa)? dQar (x)

<2 @%)))2 (NfM))Q/om :/0+Oo (W3 ! (JJVvd%))ZGz (o) 2
Nd(M)G (t —z
N(M) har,m

> + I/(?Hg(t) + 2ugHy(t)Wy — 2uqHy(t) ]]\\f;l(M) G b >> dt

+oo Ng(M)  [(t—=z
2 W2 — 2ugqW, / H W, — -4
+ugaWq — 2paaWa ; vaHg(t) + Wy N ) G Tt dt| dQg, ()

<2 (zjg%f (NfM))Q [/0+OO (W3 [ (vavd%)?
X /{:oo G2 (:Lm;) dQar(z) — 2Wd]]\\7;l((ﬂf\j)) /;oo a <Zdﬂ\j> dQur ()
g H (1) /0 - dQar(x) + 2vaHy(t)Wy /0 +O° dQqr () — 2vaHq(t) ]]\@(%)

+o0 t—ux 9 12 oo
X / G dQar () | dt + pgaWy / dQar (%) — 21aaWa
0 0

har,nt

« /0 o (ude(t) /0 T dQu () + W, /0 " Qu (@) — ]]@(%)
X /0 e (2;;) der(x)> dt} .
Then
bas @%)))2 <Ndﬂ<4M>)2 Mm <W3 - <]z\@<(ﬂﬂj>)>2Hd“) -2y Hal)

]]V\;l((]\]‘j)) Hd(t)) dt + pzgWi — 2p1aaWa /0 m (vaHa(t)

+Vc2lH3(t) + QI/de(t)Wd — QI/de(t)

+Wy — ]]\\r;l((j]\\j)) Hd(t)> dt:| .

Since Nd]&M) = ﬁ, % % v, and Wy “% 0, when M — +o00, we have

1 9 o +oo
Ba< o [ Ha(t) (1= Halt)) d.
] 0

7
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Furthermore,
pi; N(M) M [/+OO
i = * Wa — WaHq(t)) dt — paaWa
l ger Pdd Ni(M) Na(M) |Jo ( ®)
=0 as M — o0,
1
mp=—r; =0 as M — o0,
i
2.(1) = ——o?(0),
* i
where i
o) => Byl
dep  Mad
+00
« dad 1
<Y B g | Halt) (1= Ha(t)) dt.
dep Had Vi 0
Then, since p}, = i (see [ ) and pgq = % (see
[ |), we have

1 oo
Jiii < — Z ,uddz/fl/ Hd(t) (1 — Hd(t)) dt.
Vi ack 0

Hence, VM [fi;(M) — pg;) converges in distribution, as M tends to infinity, to a normal

random variable with zero mean and the variance aﬁ . given by inequality (4.21). O

7

Our last result in Section 4.3 concerns the asymptotic properties of the estimator of the

stationary distribution of a semi-Markov process.
Theorem 4.3.4. / | For any fized i € E, under (H.1)-(H.5), we have
1. The estimator w;(M) of m; is strongly consistent, that is

maEx|ﬁi(M)—7ri 1“5 0 as M — .
1€

2. The random variable M (7;(M) — ;) converges, as M — oo, to a centered normal

distribution with asymptotic variance

9 v; +oo
02 < <%) [ () (- Hi) (4.22)
Proof of Theorem 4.3.4.
1. Strong consistency, we have
= (M ‘
max | #(M) — s | = max | 73Dy _ M
i€k i€E i (M) Hii
= max | = M) — — — — - —
i€k | Mii(M)i( ) pii Ba(M) o Hg (M) |
1 m;

SO0 (M) —m; | +———— i (MY — i | .
Mii(M)ri%aé(‘mz< ) iilbii M)I?e%(m”( ) — pii |
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For all i € F and M € Ry, the strong consistency of the kernel estimators m;(M) and
ii(M) are established in Theorem 4.3.1 (1) and Theorem 4.3.3 (1), respectively. Then,

we obtain

mabgdﬁi(M)—m X% 0 as M — 0.
1€

2. Asymptotic normality, from Theorem 4.3.2 (1), we have the converge in probability of

m(M) to 7. So, we have

VM (i (M)vy(M) — mivy) = VM ((D;(M) — v;) (i(M) — my) + v (M)

For every i € E, v M [m;(M)—m;] converges in distribution to a normal random variable is
stated in Theorem 4.3.1, as M — oo, and from Lemma 4.2.1 (1), we have | 7;(M) —v; \5 0

as M — oo.
So, using Slutsky’s Theorem we obtain that v M[(m;(M) —m;) (U;(M) — v;)] B0 as
M — oo.

Thus, VM [7;(M) — m;] has the same limit in distribution as

1 v; oo t— Xl
I=1 j€E v
mi
+ o (B(M) - VZ)}
N(M) +oo
1 M v; t—X;
= W N, (M) [m/o (Qij(t)]l{Jz1=i} -G < hijar > ]l{Jl1=iJz=j}> dt
I=1 jeE " A
m;
t— Wil = z:J}]
1 N(M)
= — Ji—1,J;, X
Nili ; FCim1, i, X))

Apply central limit theorem related to semi-Markov processes (see
[ |) to the function Wy(t) such that

N(M)

Wit) = > f(Jir, Ji, X),

=1

where, for any fixed ¢ > 0, we define the function f: F x F x Ry — R by

M v; [T t—=x m;
fld,rz) = Z N,(M) [m/o (Qij(t)]l{dzi} -G ( > l{d:i,r:j}) dt + %Wi]l{d:i:j}

TR hij v

M v; [T t—ux ™m;
= Ty |— H;(t) — —W;| .
N;(M) 1= {m/o < -6 <hM>> o }
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In order to apply the Pyke and Schaufeles” CLT (cf. [ |), we need
to compute the quantities Ag,., Aqg, BdT,Bd,rd,mf,ag(t) and then 072”. Using Fubini’s
theorem and Lemma 4.3.1 with assumptions (H.2)-(H.5), we have

Ad—z/m (d,7,2) dQuy ()

reE

_ TEZE/M T [V /Om (Hi(t) e (2‘5)) dt + TnW] dQar ()

+oo v +o0 v; +oo t—x m;
—Z/ N Lgge Z}[ H;(t)dt — = i G( ‘ )dt+mWi]deT(x)

m
rek 0

- Z La-iy [” [ (/ ” 0Qu) ) i - 2

x /;Oo </O+OOG (Z‘A’;) d%(x)) dt-+ 4w, /m o )]

s 400 )
< TZ ]\[jééfm]l{d_i} [Z/O (Hi(t)par — Qar(t)) dt + TrZWipdr:|

T

M v; +oo m;
< ——1giy | = Hi(t) — Hy(t))dt + =W, | .
wanteen |2 [ o - Hao)ar 2w
For B, and by using Jensen’s inequality, Fubini’s theorem and Lemma 4.3.1, we have

Bg = ZBdr

rek

—Z/M (d, 7. 2)2dQur ()

rek

_ Z/+OO [ n{d i [m /O+Oo <Hi(t) -G <Z_;>> dt+nﬂ?Wi]]2der(w)
T (i) e [ G (-0 (7)) o

oMy i Om (Hi(t) e <hm~M>) dt] dQar ()

AN

T

m m

<§5(N](”m>2 e [(2) [ (w0 [ du+ [ 6 (1) dout

+o0 _ ) ~+00 ) .
_2Hi(t)/0 G(t x)der(:r)> dt + (7::)214/;/0 der(x)+2%Wi%

hir, M

too +oo m; v [T +oo t—
<[ (/0 der<x>> =y (/0 G (hinM) der(x)> dt] .
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ni<y (s 1ama [ [ (20 [y + [0 (175 ) aquto

+00 - . +o0 . .
i) [ 6 (1) dQua) e () w2 [ dQute) + 2wt

hir, M m

e e mi v [T [T (t—u
X ; H(t) (/0 der(m)> dt — Z%T/Vl% ; </0 G (hi'r,M> deT(x)> dt]

S TGZE <]\IZ](W]\4)>2 Lia=iy {(W)Q /{:Oo (HF (t)par + Qar(t) — 2Hi(1)Qay (1)) dt

m
+oo . . +oo

Ht)dt — 22w, 2 Qur (t)dt]
m

M5 2 m Us
+ (jl) Wizpd'r + 2jle :Zpd'r
m m m m Jg

0

g(A4)){Mﬁﬂ[(W)QA+M(Hﬂﬂ+iﬁ@)—2ﬂxﬂﬂﬂﬂ)ﬁ

m

Ni(M
MmN o omi o v [T m; v [T

+ (j) Wo+2—=W,— H;(t)dt —2—W;,— Hy(t)dt| .
m m m Jo m m Jo

Since Nd]&M) = ﬁ and Wy “3 0, when M — +o00, we have
vi2 [T
Ba < pilgg—p (%) / [H?(t) + Hy(t) — 2H;(t)Hy(t)] dt.
0
Furthermore,
* “+o00
i Vi i
N 1ﬁm/ (Hi(t) — Ha(t)) dt + 2w,
L g Ni(M) = o Z mo
= as M — oo,
1
mp=—r; =0 as M — oo.
Hii
Thus
1
2 2
o (t) = —0o;(t
2= o)
~ Lyop, ki

=— L
i B Haga

I L 5 vy 2/+oo 2
< — —pilig_in | = Hz t)+ Hy(t) — 2H;(t)Hy(t)| dt.
e 2 g V(5) | TR+ Hat) — 2i0) Ha)

Then, since p; = V% (see [ |) and p;; = ,,@Z (see
[ |), we have
2 viy2 [T
< s [ 22 ) _H:
Or, X Mii <m> 0 Hl(t) (1 Hl(t)) dt
+o0
Vi
< (2 : — H; :
<(z) | HOO- @)

Hence, vV M [m;(M) — m;] converges in distribution, as M tends to infinity, to a normal

random variable with zero mean and the variance agri given by inequality (4.22). O
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4.3.3 Confidence Interval

The main purpose of the confidence interval is to supplement the estimate at a point with
information about the uncertainty in this estimate. It is considered as a direct application of the
Central Limit Theorem. In order to provide a confidence interval for the stationary distribution
7;, we need first to propose a consistent estimator of the variance 2. A natural consistent
estimator of this variance, denoted by 3,%1, (M), is obtained by estimating the parameters involved
in this quantity such as v;, m;,m and pu;;.
Indeed, from the strong consistency of 7;(M),m; (M), m(M) and fi;(M), (see the proof of
Lemma 4.2.1 (1), and Theorems 4.3.1, 4.3.2 and 4.3.3), we deduce the strong consistency of
Gfri(M ).
Consequently, from Theorem 4.3.4, we get that

VM [7:(M) — ;] 25 N (0,62 (M)) .

U

Then

VM D
= ap M) —m = N (0.1).

Therefore, hence for @ € (0, 1), an asymptotic 100(1 — «)% confidence interval for 7;(M) that

can be straightforwardly computed is

CI = [LCL,UCL] = |#(M) — 2

where

* za is the upper § quantile of the standard normal distribution.

e LCL (Lower Confidence Limit): The lower bound of the confidence interval.

e UCL (Upper Confidence Limit): The upper bound of the confidence interval.

4.4 Application

In this section, we carry out a simulation study to evaluate the finite sample performance of the
estimation procedure described in the previous sections. we consider a system whose behavior
is described by a three state semi-Markov process in the following way. The state space of the
system is given by F = {1,2,3}, and the transition probabilities of the embedded Markov chain

are given by the matrix p,

0 1 0
p=1] 08 0 0.2
1 0 0

Where the system is defined by the initial distribution o = (1/3,1/3,1/3).
It should be noticed that the sojourn times in the states of this process are Weibull distributed,



58 4.4 Application

and the semi-Markov Q(t) is defined by

A
0 1—exp [— (%) ] 0
A A
Qt)=| 08 (1 —exp [— (5—2) D 0 0.2 (1 —exp [— ([%) ])
A
1—exp [— (5%) ] 0 0
The parameters of these distributions are: A = 2, 31 = 1.20Y2 By = 0.5-/2 B3 = 0.9 and
By = 1,401/

Recall that the stationary distribution of the EMC (J,)nen is the row vector v = (v4)ick
such that

vV =vp,

Therefore, the competition leads to
vy = 04545, vy = 0.4545, and w3 = 0.0910.
By applying Equation (4.2), we obtain the mean sojourn time in a state i of the SMP,
myp = 2.0948, my = 1.8863, and m3 = 2.1590.

Utilizing Equation (4.4), we derive the mean recurrence times for state i in the MRP, as

follows:
H11 = 44129, Moo = 44129, and M33 = 22.0644.

Using Equation (4.5), we obtain the stationary distribution of the SMP,
m = 0.4747, mwo = 0.4275, and w3 = 0.0978.

In this numerical example we have chosen the cumulative distribution function
Gu) = ["_3(1-2%) T_11j(2)dz. In addition, the bandwidth hr has been obtained by the
"PBbw" method, which computes the plug-in bandwidth of the Polansky and Baker method,
cf. [ |.

We realize one sample trajectory of this system for a number of jumps equal to 500 (with
the total time M = 2000).

Using Equations (4.15), (4.16), and (4.18), we obtain the estimators v;(M), m;(M), and
i (M), respectively, by

N

1(M) =0.4547,  Dy(M) = 0.4547,  and ©3(M) = 0.0906,
(M) =2.1944, mo(M) =1.9188, and m3(M) = 2.1644,
11(M) = 45442, /./ZQQ(M) = 45442, and ZZ33(M) = 22.0824.

3

=)
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State 1 State 2 State 3
e 0.4747 0.4275 0.0978
Kernel estimator of ; 0.4827 0.4225 0.0948

80% C.L of 7;(M) | (0.4683, 0.4974)
90% C.I of #(M) | (0.4642, 0.5016)
95% C.I of #(M) | (0.4606, 0.5051)
98% C.I of 7(M) | (0.4565, 0.5093)

(0.4101, 0.4344) | (0.0883, 0.1014)
(0.4066, 0.4380) | (0.0864, 0.1033)
(0.4036, 0.4410) | (0.0848, 0.1049)
(0.4001, 0.4445) | (0.0829, 0.1067)

Table 4.1: Confidence interval of the kernel estimator of the stationary distribution.

Table 4.1 gives a comparison between the true value of the stationary distribution for the
SMP with its kernel estimator, for a number of jumps equal to 500.

Furthermore, by leveraging the asymptotic properties of these estimators, we construct con-
fidence intervals (CI) for the true values of ; at confidence levels of 80%,90%, 95%, and 98%.
These intervals give a range of plausible values for the true stationary distribution and allow us

to assess the precision of the estimators:

e The 80% CI provides a narrower range but offers less confidence that the true value is

within this interval.

e As we increase the confidence level to 90%,95%, and 98%, the intervals become wider,
reflecting greater certainty that the true value lies within the range, though at the cost of

reduced precision.

Figure 4.1 shows the estimated stationary distribution across series simulations together
with the true stationary distribution for states 1,2, and 3. We analyze simulations conducted
for fixed values of N(M) ranging from 1 to 500, expressed as N(M) = 1,2,...,500. The black
lines reflect the variability in the estimator across different simulations (Ker stat), while the
red line represents the true stationary distribution (True value) as a reference.

Furthermore, Figure 4.1 demonstrates how closely the kernel estimator approximates the
true stationary distribution for each state. These results highlight the accuracy of the estimator

and its capacity to capture the underlying stationary behavior across the three states.
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stationary in state 1

stationary in state 2

stationary in state 3

02 03 04 05 06 07 08

02 03 04 05 06 07 08

02 03 04 05 06

00 0.1

== True value
— Ker_stat

100 200 300 400 500

N(M)

== True value
— Ker_stat

100 200 300 400 500

N(M)

= True value
— Ker_stat

N(M)

Figure 4.1: Comparison of the true value of the stationary distribution from simulated

series and the kernel estimator for states 1,2, and 3.
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Figure 4.2: Comparison of the kernel estimator with 90% confidence interval and the true

value of the stationary distribution for states 1, 2, and 3.
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Figure 4.2 illustrates the comparison between the kernel estimator (blue line: Ker stat) and
the true stationary distribution (black line: True value) for states 1, 2, and 3, along with the 90%
confidence interval bounds, we analyze simulations conducted for fixed values of N(M). The
confidence interval is indicated by the green line for the lower confidence limit (90% LCL) and the
red line for the upper confidence limit (95% UCL). This interval provides a range within which
the true stationary distribution is expected to lie with 90% confidence. The consistent inclusion
of the true values within these bounds across all states confirms that the kernel estimator reliably

approximates the stationary distribution.
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04

— True value
—— Emp_stat
— Ker_stat

03
I

stationary in state 3

01

00
I

T T T T T T
0 100 200 300 400 500

N(M)

Figure 4.3: Comparison of the kernel and the empirical estimators with the true stationary

distribution for states 1, 2, and 3.

Figure 4.3 shows the comparison between the kernel estimator (Ker stat) and the empirical
estimator (Emp _stat) introduced in | | states 1, 2, and 3, alongside the true
stationary distribution (True value). The figure illustrates how both estimators converge toward
the true stationary distribution as the sample size increases. Overall, both the empirical and
kernel estimators provide results that are close to the true value, indicating better estimation

performance.

One way of illustrating the accuracy of the estimator is by providing the Mean Square Error
(MSE). We have carried out N = 200 repetitions of the experiment, and we have taken 100
points of discretisation, we analyze simulations conducted with fixed values of N(M) ranging
from 1 to 500.

MSE (7;) = E | (7 (M) — m;)?| .

Table 4.2: MSEs for the both methods, kernel and empirical estimation.
State 1 | State 2 | State 3
Empirical estimation | 0.00262 | 0.00241 | 0.00146

Kernel estimation | 0.00038 | 0.00021 | 0.00083

Table 4.2 presents the MSEs values for the both methods. It can be seen that the kernel
method generates better result than the empirical one. Therefore, the kernel estimator of the
stationary distribution converges to the true value and achieves the minimal mean square error

among the considered estimators.



Chapter 5

Performance and Performability
Modeled by Homogeneous

Semi-Markov Processes

There are many applications and real cases for which the continuous time description is the
most natural one. Discretizing the time in these situations is in fact only an approximation
for the model under study. Many of these applications fit into the semi Markov description.
In other side, the discrete time case can be obtained from the continuous one, by considering
countable measure for discrete time points. This is why we present, a systematic modeling of
performance measurements in the framework of continuous-time semi-Markov processes with a
finite-state space. More precisely, the mean performance is estimated by using the nonparamet-
ric kernel method. As it is mentioned in | |, a performance level, or a reward
rate is associated with each state. The resulting semi-Markov reward process is then able to
capture not only failure and repair of system components, but degradable performance as well.
therefore, the development of performance model is needed when we are interested in the level

of productivity of a system.

5.1 Performance and Performability of Semi-Markov
Processes

The performance process at time ¢ > 0, denoted ®(t) is the real-valued integral functional of a

homogeneous semi-Markov process (Z;)icr . defined by

t t
®(t) = / L(Zu)du=" L(j)/ Iy, —jydu, t>0, (5.1)
0 . 0
JjeEE
where L is a real-valued function defined on E.

The function describing the marginal distribution of ®(¢) at time ¢ is referred to as per-

formability. Specifically, it is given by
G(t,V):=P@(t)eV), t>0, VeBR;). (5.2)

64
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Furthermore, If (J, Sn),,cy is the MRP defining the process ®(t) at time ¢, then
(I)(t) = L(J())Xl + ... +L(Jn_1)Xn+L(Jn) (t— Sn) for te [Sn75n+1)7 (5.3)

Moreover, it is important to generate the trajectories of the performance process ®(t), using the

definition of the counting process, we obtain an equivalent form of formula (5.3)

N(t)

®(t) = L(Je1) Xi+ (t = Sn) L () (5.4)
k=1

More general results and functional limit theorems concerning performance measures of semi-
Markov systems are available (cf. | |), with further extensions to
broader settings (see [ | and | D).
Example 5.1. Consider a semi-Markov process (Z;);>o with a state space E = {0, 1,2}, driven
by a Markov renewal process (Jn, Sn),, ey The real-reward function L(x) is given by L(x) = 0.6z
for x > 0 and the time interval is 0 < ¢ < 10. The sequence of state transitions and associated
sojourn times is a follows:
{(Jo=2,X0=0),(J/1=1,X1 =25),(Ja =2,X2 =2)

(5.5)
(J3=0,X3=15),(Jys=1,X4=26),...}

From the given trajectory of the stochastic process ®(t) at time ¢, we can express it as follows:

1.2t for t € [0,2.5),
34 0.6(t — 2.5) for t € [2.5,4.5),
O(t) =< 4.2+1.2(t—4.5) forte[4.5,6),
6 for t € [6,8.6),
6+0.6(t—8.6)  fortc[8.6,55).
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Figure 5.1: Trajectory of the semi-Markov process.
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Figure 5.1 presents a sample path of the semi-Markov process (Z;);>p corresponding to the

Markov renewal process realization specified in expression (5.5).

o(t)

Time

Figure 5.2: A trajectory of the integral functional of semi-Markov process.

Figure 5.2 illustrates the temporal evolution of the performance function ®(¢) associated with
a semi-Markov process (Z;)i>0, over the interval [0,10]. The function ®(¢) represents the cu-
mulative reward up to time ¢, obtained by integrating a real-valued reward function along the

trajectory of the process.

Definition 5.1.1. The mean performance at time t > 0, denoted by ®(t), is defined by

B(t)i= Bl2(0)] = - aidi(t) = Y Y- ail) | Pyluldu (56)

t
i€E iCE jCE 0

where ®;(t) = E;[®(t)] = > jer L() fg P;j(u)du and the row vector a = [a; : 1 € E] where
a; = P (Jy =1) defines an initial distribution of (Jp)neN-

Prior to stating the main result, we introduce an intermediate result that provides the strong

law of large numbers for the performance and mean performance processes.

Lemma 5.1.1. / | For any state i, we have the following results:
(i) M) P p > T ()L(), t— +oo,
t ¢
jeE
a(t) P;,—a.s.

— ' wL, t— +4oo.
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5.2 Empirical Estimation of SMP’s Performance

Let Y(M) represent the trajectory of the Markov renewal process (Jy,Sn),cn, as previously
defined in Equation (3.1). This holds for all 4,j € E, t > 0, and t < M, we define the empirical
estimator ®;(t, M) for the mean performance ®;(t) at a fixed time ¢, by

o, M) =S L(j / (s, M)ds. (5.7)
JeEE

This study focuses on estimating ®(t¢) from a sample path observed over [0, M], and to
investigate the consistency and asymptotic normality of the empirical estimator (5.7) as M

tends to infinity.

Theorem 5.2.1. ur [2006] For any fixred 0 < t < M and ¢ € E, under (H.1) —
(H.2), the estimator ®;(t, M) of ®;(t) is strongly uniformly consistent, that is

max sup %,-(t,M)—Ei(t) 2250, M — oo
i€ te(0,M]

Proof of Theorem 5.2.1. See Appendix 5.4.5. a
Next, we state a result related to the asymptotic normality of the empirical estimator (5.7).

Theorem 5.2.2. [2000] For any fizedt, t € [0, 00), \/M(%(t, M)—®(t)) converges

m distribution to a centered normal random variable with variance

Z Zﬂu { 2% Qij — (Bij * Qij)?

=1 j=1

; / N [ | - u))dAAu)]zd@ij(w

U / (t = w))d A¢<u>dczw<x>r

+2/0 Bij(t—az)/ L) A (¢ = u))dAs(u)dQy; (x)
—2(Bij * Qij) (t) x (Ai x (L(j)(z A-))) (1)}

where fort € Ry :

t) = ZakL(i)\I’ki(t), By (t Z Z a; (Wi x W5 % 1;) (1), and aAb:=min{a,b}.
=1

i=1 jeU

Proof of Theorem 5.2.2. See Appendiz 5.4.3. ad

5.3 Kernel Estimation of SMP’s Performance

Let Y(M) denote the sample path of a Markov renewal processes (Jn, Sn), e as defined earlier
on Equation (3.1). For all i,j € E, t > 0, and ¢t < M, based on Equations (5.6), (3.10) and
(3.11), we define an nonparametric kernel estimator of the mean performance %(t, M) by the
following expression:

o, M) =33 il / Pyi(u, M)d (5.8)

i€lk jeE
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5.3.1 Asymptotic Properties

Before investigating the asymptotic properties of the kernel estimators, we first present the
necessary assumptions to derive their asymptotic behavior as defined in (5.8). Taking into
account the assumptions (H.1)-(H.5) presented in Section 3.2.2, we proceed.

Now we are ready to show that the kernel estimator proposed in (5.8) have good asymptotic

properties.

5.3.2 Main Results

Our first result in Section 5.3 concerns the strong uniform consistency of the kernel estimator

proposed in Equation (5.8).

Theorem 5.3.1. / | For any firtedt > 0, t < M and i € E, under (H.1)-
(H.6), the kernel estimator ®(t, M) of ®(t) is strongly uniformly consistent, that is

max sup ‘Ei(t,M)—ai(t) %0 as M — oco.

€ te(0,M]

Proof of Theorem 5.3.1. We have

max sup %(t,M)—@-(t)’ =max sup | L(y / (u, M)du
€ te(0,M] ' ’ i€E telo,M) Z Y

JjeEE
-~ LG / (u)du |
JEE
< L(j)tmax sup ‘ \TIZ M *ﬁ M) (t
3 Loy s (Bis M)« H (-, 0)) (1)
— (Ui + Hj) (t)]
< L(j)tmax sup ‘\/I}Z t,M)— W, t’
; nax sup | Uij(t, M) = Wi )
+ » L(j)tmax sup “Ilz (t, M) — Wy;(t) *H(t M)
;E;E €E te(0,M] !
+ 5" L(j)tmax sup (ﬁ(t,M)—H-(t) £ Wi(0).
]GZE €E te(0,M] ! ! !
Thus
max sup %l t,M)—®;(t) | < L(j)t max sup @Z@) t, M —Qz@t
na sup | B0 M) B0 ZE <>7§1~6Etew\ D, - Q)|
+ LGy max sup [QU (¢, 0) = QU (®)| + Hy (¢ M)
ik —o ‘€F tefo,Mm)
+ » L(j)tmax sup ‘I?(t,M)—H»(t) « Wi (t)
JEZE i€E telo,M) ! ! !

Foralli,j € £, n € N* and M € R, based on a straightforward adaptation of the proof for the
strong uniform consistency from Theorem 3.2.1 (iv), we get that the estimator ijjn) (t,M) ) is



5.3 Kernel Estimation of SMP’s Performance 69

uniformly strong consistent in [0, M]. In addition, the uniform strong consistency of the kernel
estimator flj(t, M) is stated in Theorem 4.1 of | |. Then,

max sup | ®;(t, M) — ®;(t) |30, as M — oco.
€E e[0,M)
O

Now, we introduce the following lemma that will be necessary to prove our second result in
Section 5.3.

Lemma 5.3.1. / | Forn=1,2. If (H.3)-(H.5) hold, we have
1 too L (v—x teo
K dQar(x) < qar(v) K" (2)dz + O(hgr ).
harv Jo Pr, v oo

Proof of Lemma 5.3.1. By using a change of variable and an integration by parts followed

by Taylor’s expansion, we have

v

oo — har, M
! /0 K" <v :E) dQar(x) = /_ 7 K" (2) qar (v — har v2)dz

han th,M [e%S)

# n ! *
:/ MR (2) [qdr(v) — har, M2, (v )] dz

o0
=) [ R Gz b 0) [ 2K )
—00 —o0
+00 , +oo
< qar(v) K" (2) dz — har mqg, (v7) / 2K" (2)dz
—o0 —0o0
“+o00
< qar(v) K" (z)dz + O(harm),
—Oo
where v — hgr prz < v* < w. O

Next, we present results regarding the asymptotic normality of the proposed estimator (5.8).
Theorem 5.3.2. / | For any fized 0 <t < M, if (H.1)-(H.6) hold, we have
Mhos [E(t,M) - 6@)} Ly N (0,62(1)), as M —s o0,

with hyr = mi% {hijm} and the asymptotic variance
1,)€

)

t +oo
2 2 * 17\ 2 z z u)au .
a¢<t><EZEKZEuZZ/O (=0 (o) [ K@) | 59
where
R;j = Z Z aqL(r) (Vg + U« H,) (5.10)
deErekE
and
Di=> " agL(r)l—y V. (5.11)

deEreE
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Proof of Theorem 5.3.2. We have

M [%(t, M) - 6(::)] =33 auL(r)y/Mhy [ / By, M) — PdT(u)du}

deErcE 0 0
deEreE 0

Note that the last right side can be written as follows:

~

>3 aaL(r)v/Mhy [ / (e 30) = 900 )) = (T, 00) = T () ) i
deEr€E 0

~

# [ (v« (B0 = T,0)) @t [ ((Barl30) = 00,00) <T9) ()]

For every t > 0,t < M, and for every d,r € E, \/M[ﬁ,,«(t, M) — H,(t)] converges in distribution
to a normal random variable (see Theorem 4.3 in [2022]), as M — oo, and |
U gy (t, M) — W g, (t) |g 0 as M — oo (see Theorem 3.2.1 (v)).

So, using Slutsky’s Theorem we obtain that /M [(¥ — U) = (H — H))ar(t) L 0as M — oo.

Thus, applying Slutsky’s Theorem we obtain that /Mhys [5(15, M) — E(t)] has the same limit

in distribution as

VTt 3 S et )| [ (W)« (B0 = 7.00)) (ah

deE reFE
t
b [ (a2 = 0 ) < T,0) ]

Furthermore, we have

= VMhas [ (8, M) - () xAQx ()| (1)

dr
+ vV Mhy [‘I'()*AQ*@()]dr (t)>

For every t > 0,t < M, and for every d,r € E, VM [AQgr](t) converges in distribution to
a normal random variable (see Corollary 4.4 (ii) in | ), as M — oo, and
Uy (t, M) — T gp(t) 5 0 as M — oo.

Then, using Slutsky’s Theorem we obtain that /M [(¥ — ¥) x AQ* W] 4,.(t) 5 0as M — oo.
Thus, applying again Slutsky’s Theorem we get that /Mhys [\/I\l(,M) — \If(-)}dr (t) has the
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same limit in distribution as /Mhp [P (-) * AQ * ¥ (+)] 4 (t).
Where AQ = (Q — Q), which is written as follows:

1 N(M)

=X
Na(M) ,; [G< >]1{"l-1d’JlT} = Qar()L(s_i=ay | -

har,nt

Aer ( ) =
Furthermore,

Uy (ﬁ _ E) == Uy AQu == D> Loy Par * AQui.

kek keEmeE

Then /Mh [%(t, M) — 5(1&)} has the same limit as

v/ Mhs Z Z agL(r) [—/0 Z Z (]l{m:T}\I/dr * Aka) (u)du

deEreckE melE kek

t
+/0 D> (Hix Wam * Uiy x AQur) (u)du

meFk kel
1 N(M) I, -
S L = /h H,yox Uy 5 Upor — 111 Uy
7 S et X %%MM)M[/O (T, Wi = Wy — 1y V)
=X
" <G <hmk1\/lf> Lnor=mn=ry = ka(‘)n{Jl_lm}>:| (“)du]
S STIEE S S SR Vine | [ 16 )
= agL(r) ~ =~ Vh [ H, « Uy %0,
mdeEreE I =1 meEkeENm(M) M 0 d k
=X
" <G <hmk1\/lf> Lnor=mn=ry = ka(‘)]l{Jl_lm}>:| (“)du]
LS S Y XY Vine | [ 16 )
R OéL('I”) e —— hM|: ]lm:r\:[lr
VM 2 =TT L L 2 N (M) L (m=ry ¥
=X
* <G <hmk]\/l[> ]l{Jz_lim,Jl:k} - ka(-)]l{Jl_lm}>:| (u)du] .

By using (5.10) and (5.11), this formula is equal to

\/IM Z) % N:(/If\/f)\/@ [/Ot [Rmk x (G <h_ Xl) Ly =mg=k} — ka(-)ﬂ{JZ_lm})} (u)du

I=1 meE keE mk, M

t =X
—/0 |:Dm * (G (hmk]\;> L y=m gk} — ka(')]l{Jl_l—m})] (U)du]

N(M

L N o . .
VM ; mZGEkGZE W\/@ [/0 [(Rmk = D)+ (G (hmk,M> Hoici=m k)
_ka(')]l{Jl—1=m})] (u)du]

| N
VAT ; J(Ji—1, I, X).

Apply central limit theorem related to semi-Markov processes (see | )
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to the function Wy(t) such that

N(M)
= Z f( i1, 1, Xa)

Z Z Z [/Ot [(Rmk — D) * (G < — Xl) Lo i=m,p=k)

h
=1 meE k:eE mk,M

_ka(')]l{JlA:m})] (u)du] )

where, for any fixed ¢ > 0, we have defined the function f: E x E xR — R by

307~ E 5 g [ [ 00 (6 (155

h
meE keE mk,M

—ka(')ﬂ{i:m})} (u)du] )

In order to apply the Pyke and Schaufeles’ CLT, we need to compute the quantities Ag,, Aq, Bay, Ba, 74, mf, 03
and then a%(t), using Fubini’s theorem and Lemma 5.3.1 with assumptions (H.3)-(H.5). We

have

A=) Ay

JEE

-3 [ G day)

JjEE

WA - A G AR G v B

h
JEE keEmeE mk,M

~Quk () fi=my)] (u >du] dQyj(x)
- /U[ v (i)

- Z ik — sz( )] (u)du

keE

_Z Ni( [// R — D;) U_U)<hiiM/0+mK<Z;;)inj(x)>dvdu

_ Z/ / R — D;) (u — v)gir(v )/0+00 inj(:U)dvdu]

keE

Bt [// e - o

JjEE

- Z/ / Ry, — - U)Qik(v)pijdvdu] i

keE

dQij(z)
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Thus

JGE Ni hM [/ / (Fij = Di) < hijm /O+OOK (Z;;) inj(fL‘)> dvdu

—Z// (Rix = Dy) (= 0)qie(v)pijdvdu

keE

< WD M/ ) % (Qug() + Olhizan) = > (Ra = Dy) @ko] (w)du
JEE Z keE

Z 7y VR / # (0 (hijar))] (u)du.

JjEE Z

For B; and by using Jensen’s inequality and Lemma 5.1.1, we have

B‘:ZB“

JjEE

o [P

JjEE

Z/ [WW[/O om0 (5)

_ kz;ﬂ (Rip — D;) * Qik(-)] (U)du] 2 dQij(z)
-2 [ (sm) o[ w2000 (22)

jerE

2
- Z (Rir, — D;) » Qik(~)] (U)dU] dQi;(x)

keE
<5 [ () e[ [ 0ot 0 (L x (322))

2
_Z/ (Rir. — D;) (u — v)qip(v )dU] du]d@()

keFE

<X (xm )2 A e )
+ > (Rik — Di)? (u— ) (v)

keFE

23" (Ra — Di) (Ryy — D) (u— 0)qae(v) ;K <ZJ_;>] dvdu] 4Qii ().

keE i, M
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Then
+oo 9
B; <) < ) / / [ )2 (u—v) <qij(v) K2(2)dz + O(hij,M)>
jeE -
+ Z i — Di)” (u—v)hargy(v)
ker
—2 Z (Rzk - Dl) (Rij - Dl) (u — v)qik(v)hM (qij(v) + O(h”,M))] dvdu.
keE
Since % 3 ﬁ (see [ ]), when M — 400 and from the assumption

(H.6), the second and the third term in the last inequality converge to zero, we get

2 e
< [ o= (0 [ 1 @) ]
jEE -

Furthermore,
rd—ZA'udd 0 as M — o0,
i€E H“
1
mp=—rqg =0 as M — oo,
Hdd
1
2 2
o=(t) = —o5(1),
(b)) = oy a(t)
where

IS w
pa [ 2 oo
<ua X S [y -0 (@) [ R )|
ik jep Mii Jo —00

1 _
Then, since pu); = — (see [ ) and pi; = m (see

Vi i
| |), we have

+o00o

ZZ“%/ [ ij — Di)* <Qij(‘)

i€k jeE

K2 (2) dzﬂ (u)du.

—00

We obtain from the CLT that M {a(t M) —®(t )} converges in distribution, as M tends to
infinity, to a normal random variable with zero mean and the variance af( ) given by inequality

(5.9). O

5.4 Applications

The cumulative operational time is considered as one of the key performance indicators in relia-
bility analysis. In this section, we introduce a nonparametric kernel estimator for the expected
cumulative operational time in semi-Markov systems. We then establish its asymptotic proper-
ties, including uniform strong consistency and asymptotic normality. To illustrate these results,

we apply them to a three-state continuous-time semi-Markov process.
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5.4.1 The cumulative Operational Time

In reliability studies, the state space FE is typically divided into two disjoint subsets. One subset,
denoted by U, consists of up states (operational states), while the other, denoted by D, consists
of down states (non-operational states). Key events, such as component failures or full repairs,
are often represented by transitions between these states. Assuming the system is repairable,
the process alternates between the subsets U and D.

The cumulative operational time is defined by

t
W(t):/o ]I{ZUEU}du'

It is the total spent by the semi-Markov process Z in the set of up states U during the time
interval [0, t].
Based on proposition 4.1.1 and under the assumptions (H.1)-(H.2), we have the following

result:
" > vim;
t .
lim () = €U .
t—+00 t Z Vpmy
keE

The quantity that we want to study is the expected cumulative operational time of a semi-
Markov system, denoted by W(t) := E[W (t)]. Which is given by

W(t)=E Uotn{zue(]}du]
= Z/Otp(zu = j)du

JEU
s ¢
i=1 jeu /0

and can be written as

i€E jeU
From equation (5.12), the kernel estimator of W(t) is given by the following expression:
—~ t, -
Wit ) =33 a [ (.00« 7, 00)) (i
icE jeu 70

The expected cumulative operational time is an important indicator in the maintenance

studies since it allows us to derive the average system availability given by
a0 = 0 =1 33 [ Pyt
== = - i (u)du.
t t L o Y
i€E jeU

In the sequel we will estimate W(t) from a sample path truncated to the time interval [0, M]
of this process, and to study its uniform strong consistency and asymptotic normality when M

goes to infinity.
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The nonparametric kernel estimator W(t, M) of W(t) is given by

WeEM) =3 a /0 P (u, M)du. (5.13)

icE jeU
We are, now in position to state the asymptotic properties of the proposed estimator (5.13).

Corollary 5.4.1. / | For any fizedt > 0, t < M, under the same assumptions
of Theorem 5.3.1, the estimator of the expected operational time, W(t, M) is strongly consistent,
that is
sup \ﬁ(t,M) ~WH) 1230 as M — oo
te[0,M]
Proof of Corollary 5.4.1. This corollary is a special case of Theorem 5.3.1, and therefore,
its proof is omitted. O

The next result establishes the asymptotic normality of the proposed estimator (5.13).

o~

Corollary 5.4.2. / | For any fizedt € Ry, t < M, we have /Mhyy [W(t, M) —W(t)

converges in law to a zero mean normal random variable with the asymptotic variance

7o) <3 o [

t +oo
reU 0

—00

[(Ydr — Cy)” * (er(» K*(2) dz)} (u)du,

where

Yor = Z Zai (Hj % Wi+ ¥g;)  and Cp = Z Z il =y Wij-

i€E jeU i€E jeU

Proof of Corollary 5.4.2. The proof of this result is based on the same principles as in
the proof of Theorem 5.3.2. O

5.4.2 Confidence Intervals

The main purpose of the confidence interval is to supplement the point estimate with information
about the uncertainty of this estimate. It is considered a direct application of the central limit
theorem (CLT). To provide a confidence interval for the expected cumulative operational time
W(t), we first need to propose a consistent estimator for the variance O'QW(t). A natural consistent
estimator for this variance, denoted by Ezw(t,M ), is obtained by estimating the parameters
involved in this quantity, such as Qi (t), H;(t), and Win(t).

Indeed, from the strong consistency of @mk(t, M), H;(t,M) and \Tlim(t, M), (see the proof of
Theorems 5.3.1 and 5.3.2 as well as Theorem 4.1 and Theorem 4.2 (v) in | D,
we deduce the strong consistency of sz(t, M).

Consequently, from Corollary 5.4.2, we get that
Mhar [W(t, M) — W(t)} Ly N (0,825t M)) .

Then

%% [ﬁ(t, M) = W] 2 N (0,1).
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Therefore, hence for a € (0,1), an asymptotic 100(1 — )% confidence interval for W(t, M) that

can be straightforwardly computed is

I— <W(f, M)+ Zgaw(t’M)> ,

M by

where za is the upper § quantile of the standard normal distribution.

5.4.3 Numerical Application

Let us consider a three state semi-Markov system as illustrated in Figure 5.3. States 1 and 2 are
up states and state 3 is a down state. We have two exponential and two Weibull distribution

functions as conditional transitions, for all x > 0, say Fia(x) = 1 —exp(—A\x), Fisi(z) =
g B
1—exp (—Aox), Foz(z)=1—exp [— (o%) 2] , Iyi(x) =1—exp [— (%) 1]. The parameters

of these distributions are : A1 = 0.1, X =0.2, a3 =03, (1 =2, ay=01, py=2.

EXp(Ol) EXP(OZ)

W(0.3,2)

-
W(0.1,2)

Figure 5.3: A three state semi-Markov system.

The transition probability matrix of the embedded Markov chain (.J,,) is:

0 1 0
P=1 095 0 0.05
1 0 0

where the system is defined by the initial distribution v = (1/3,1/3,1/3).

To construct the kernel estimator for the mean performance of a continuous-time semi-
Markov process. the smoothed function K (-) is chosen to be the quadratic function defined as
K(u) =3 (1 —u?) for |u| < 1 and the cumulative distribution function G(u) = [* 2 (1 — 2?) 1_1,1(2)dz.
The bandwidth hr has been obtained by the "PBbw" method, which computes the plug-in band-
width of the Polansky and Baker method, (cf. [ |). We have considered
that the observation period is the interval [0, 7] with 7" = 20000.
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Figure 5.4: Comparison between the kernel estimator of the mean performance for dif-

ferent sample sizes and the true value.

Figure 5.4 gives a comparison between the kernel estimator of the mean performance for
different sample sizes (M = 2000, M = 10000 and M = 20000 ). We observe that this estimator

converges to the true value of the mean performance as M increases.

One way of illustrating the accuracy of the estimator is by providing the Mean square error

(MSE). We have carried out N = 100 repetitions of the experiment, and we have taken 100

points of discretisation.

MsE () = | (Wee. a0 - W) |

Table 5.1: MSEs for the both methods, kernel and empirical estimation.

Kernel estimation

Empirical estimation

—

MSE (W

)

0.4985763

0.8522993

The results presented in the table 5.1 give the MSEs values for the both methods. It can be

seen that the kernel method generates better result than the empirical one.
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Figure 5.5: Comparison between the true values of the mean performance and their

estimators the empirical and the kernel.

Figure 5.5 gives a comparison between the empirical and the kernel estimators of the mean

performance. We remark easily that, our method provides better results than the empirical one.



Conclusion and Prospects

General conclusion

The main objective of this thesis was to develop nonparametric estimators for several funda-
mental characteristics of continuous-time semi-Markov processes, relying on kernel smoothing
techniques and long-term observations of the system. From the very outset of this study, our ob-
jective was to develop flexible and robust nonparametric estimators of capturing the complexity
inherent in semi-Markov dynamics, while remaining free from restrictive parametric assumptions.
Within this framework, we have established theoretical results, proposed practical estimation

procedures, and validated their performance through numerical illustrations.

(i) Estimation of the stationary distribution and related characteristics. In the first
part of the thesis, we introduced a nonparametric estimator, based on the Parzen-Rosenblatt
kernel method, for the stationary distribution of a continuous-time semi-Markov process. We
also considered associated quantities such as the mean sojourn time in a current state, the mean
sojourn time, and the mean recurrence time. We proved strong consistency and asymptotic
normality of the proposed estimators. Compared to classical empirical estimators, which are
discontinuous by nature, the kernel-based approach yields smoother and more realistic results
when the underlying distributions are continuous. A numerical application to a three-state semi-
Markov process have illustrated both the accuracy of our estimators and the practical relevance
of our theoretical findings. Since the stationary distribution governs the long-term behavior
of the system and plays a crucial role in the computation of reliability indicators (availability,
failure rate, mean time to failure, mean time to repair, etc.), these contributions have direct

implications for reliability analysis and stochastic modeling.

(ii) Estimation of the mean performance. In the second contribution of this thesis, we
focused on the mean performance of semi-Markov systems. Using the same kernel strategy, we
constructed an estimator for this quantity and established its strong consistency and asymptotic
normality. Our results highlight once again the advantages of smoothing techniques in providing
accurate, continuous, and stable estimates, especially when contrasted with empirical estimators

that often suffer from abrupt discontinuities.

(iii) Estimation of the cumulative operational time. In the third part of this thesis, a
special case of our study was devoted to the cumulative operational time of semi-Markov systems,
a quantity of major importance for maintenance optimization, cost minimization, and system
performance evaluation. For this indicator, we conclude the uniform strong consistency and the

asymptotic normality, constructed confidence intervals, and conducted simulation studies. These

80
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simulations clearly demonstrated the superiority of the kernel estimator compared to standard

empirical approaches.

Overall, the contributions of this thesis provide a coherent theoretical and practical frame-
work for the nonparametric analysis of continuous-time semi-Markov processes. The proposed
kernel estimators exhibit solid asymptotic properties and practical effectiveness, thus offering
valuable alternatives to classical empirical methods. The results obtained here not only ad-
vance the nonparametric theory of semi-Markov systems but also create new opportunities for
their application in reliability engineering, survival analysis, and other fields involving complex

stochastic dynamics.

Perspectives

Although this thesis provides answers to several important questions concerning nonparametric
estimation for continuous-time semi-Markov processes, numerous research directions remain to

be explored. We outline below some promising perspectives that naturally extend our work.

Bandwidth selection and convergence rates. While our estimators were shown to be con-
sistent and asymptotically normal under mild assumptions, establishing optimal convergence
rates requires stronger regularity conditions. Because kernel estimators rely on a delicate bias
variance trade-off, identifying optimal or data-driven bandwidth selection procedures is an im-

portant avenue for improving both theoretical and practical performance.

Advanced smoothing techniques. We focused primarily on classical kernel estimators, but
other smoothing approaches such as local linear methods, recursive estimators, or basis expan-
sions may offer additional benefits, including reduced boundary effects and improved mini-max
properties. Extending our results to these techniques would broaden the methodological scope

of nonparametric semi-Markov analysis.

Censoring mechanisms. In many real-world settings, and particularly in survival analysis,
the observed sojourn times may be censored. Adapting our estimation methodology to incorpo-
rate various censoring structures would not only increase its practical relevance but also raise
significant theoretical questions concerning identifiability and the asymptotic behavior of the

resulting estimators.

Hidden semi-Markov models. An important research direction involves semi-Markov pro-
cesses with an unobservable underlying chain. In such hidden semi-Markov models (HSMM),
only an observable process is available, creating new methodological challenges. Developing
nonparametric kernel estimators within this framework would considerably enlarge the range of

potential applications.

Inhomogeneous and multivariate semi-Markov systems. All results presented in this the-
sis are based on homogeneous semi-Markov processes. Extending them to time-inhomogeneous
or multivariate settings would generalize the theoretical framework and provide useful tools for

real-world systems whose transition mechanisms evolve over time.

In conclusion, the methods and results developed in this thesis constitute a first step toward a

comprehensive nonparametric theory for continuous-time semi-Markov processes. We hope that
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this work will inspire future investigations and contribute to a deeper understanding of these
models, which remain essential tools in reliability engineering, applied probability, and many

fields of modern science.



Appendix

Mathematical Background

Definition 5.4.1. (Stopping time or Markov time) A random variable T, defined on
(Q, F,P), with values in N = NU {0}, is called a stopping time with respect to the sequence
(Xn)pen if the occurrence of the event {T' = n} is determined by the past of the chain up to time
n, (Xg; k <n). More precisely, let F,, = o (Xo,...,Xpn),n >0, be the o-algebra generated by
Xo, ..., Xy, i.e., the information known at time n. The random variable T is called a stopping
time if, for everyn € N, {T =n} € F,.

Definition 5.4.2. (Strong Markov property) A Markov chain (Xp), oy 45 said to have the
strong Markov property if, for any stopping time T, for any integer m € N and state j € E we
have

P(Xpsr =7 | Xi, k <T) =Px, (X =J) a.s.

Proposition 5.4.1. Any Markov chain has the strong Markov property.
For double series (u(m, n))m neny we have the following result:

Proposition 5.4.2. (Dominated convergence theorem for sequences). Let u(m,n)m, nen
be a double sequence such that lim,, . u(m,n) exists for each n and that |u(m,n)| < v(n), with
oo yv(n) < oo. Then:

oo oo
Tr}iinooz;)u(m,n) = Z;)W%iinoou(m, n) < oo.
n= n=

Theorem 5.4.1. Let (X,,),cy be a martingale with respect to the filtration F = (Fy), ey, Such

that supE (| X,,|) < co. Then, there exists a random variable X, integrable, such that
neN

Xn a.s. Xoo

n—oo

The following result is the Lindeberg-Lévy Central limit theorem for martingales (see

[1995]).

Theorem 5.4.2. (Central limit theorem for martingales). Let (Xy), cn-, be a martingale
with respect to the filtration F = (Fp),cn and define the process Yy, := X — Xp_1,n € N*, (with
Y1 := Xy ), called a difference martingale. If

n
L AN BN | Foa] —— 07> 0;
k=1

83
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1 2
2. ZIE [Yk 1{|Yk‘>€\/ﬁ}:| — 0, for all € > 0, then

k=1
XTL a.sS.
aon 0
n n—oo
and
Ly _Lyy, o 2
%Xn_ \/ﬁng —— N (0,07)
Proofs

Proof of Theorem 1.1.1. Suppose X ~ E(\), then

P(X >s+t) et
PX>s+t|X >s)= (IF’(X>3)): pey —eM=P(X >1t)

On the other hand, suppose that X has the memoryless property whenever P(X > s) > 0. Then
h(t) =P(X > t) satisfies
h(s+t) = h(s)h(t) forall s,t>0

We assumed X > 0 so that h(1/n) > 0 for some n. Then, by induction

h(l):h<;+...+;>:h<i>n>0

so h(1) = e for some 0 < A\ < co. Furthermore, h(r) = e=*" for all rationals r > 0. For real

t > 0, choose rationals r,s > 0 with r <t < s. Since h is decreasing,

e N = h(r) > h(t) > h(s) = e

and, since we can choose r and s arbitrarily close to ¢, this forces h(t) = e,

so X ~ Exp(A). O
Proof of Lemma 1.4.1. We can compute p;j(s+t) by considering all possible states the chain
could be at time s. We then apply condition and uncondition, using the Markov property to

simplify the conditioning process, i.e.,
pij(s +1) =P(Jspr = | Jo =1)
=Y P(Jepr =4, Je=ul| Jo=1i)

uek

= Pl =ulJo=i)P(Jsre =] | Js =, Jo =)
uck

= Z P(Js=u|Jo=1)P(Jsqt =j | Js =u) (Markov property)
uck

= Z Piu($)puj(t) (stationary transition probabilities).
uck
O

Proof of Lemma 1.4.2. The argument going forward in time is straightforward: By Lemma
1.4.1, if p;j(s) > 0, then

pij(s+1) =) pik(s)pr;(t) = pij(s)pjj(t) = pij(s)e™s" >0 forall t>0,
!
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because p;;(t) is bounded below by the probability of no transition at all from state j in time ¢,
which is eBiit, and Bj; is the total rate of leaving state j. O
Proof of Theorem 1.4.2. First we obtain

mp(t) = melt = Z EWA” =nlg + Z ﬂﬂAn =r+0=m,
n=0 n=1

For every t > 0, where 0 signifies the zero measure on E. Consequently, Theorem 1.4.1 implies
P(Jyy = s os iy = Gn) = Y cipiy (1) Pjrja (2 = t1) - Dj 1 (bn = tn1)
i€ER
= @i Pjija (b2 = 11) - - Dj_yjin (b — tn1)

=D aipijy (b1 +5) Pjuj (b2 = 01) - Py (tn = tu1)
1€ER
=P (Jy4s =15 s Jtp+s = Jn)
For any times t; < ... < t, with n € N, and states j1,...,J, € E, the process J is stationary.
Conversely, if v is a stationary distribution, it follows that 7p(t) = meA? = 7 for all t > 0.
Consequently, this implies that > 7, %WA" = 0, leading to the result A = 0 due to the
uniqueness of the zero power series. O

Proof of Proposition 2.2.1. From the definition of conditional probabilities, we have
Fij(t) = P(Xpt1 <t|Jn =14, Jnt1 = j)
P(Xn—H < ta Jn = ia Jn+1 = ])
]P(Jn =i, Jpy1 = ])

P(Xpi1 <t,Jp=1,Jpnt1 =) P(J, =1)
P(J, = 1) P(J, =4, Jpt1 = 7)

P(Jn—i—l = jv Xn—i—l < t’Jn = l)
P(Jns1 = jlJn =)

Qi (t)

Dij

Proof of Theorem 3.2.1. For any fixed t € R, ,t < M, we have

(i) The consistency of p;;(M) is a direct consequence of Lemma 3.1.3 for more details (see

[2001]).

(ii) The strong consistency of the empirical estimator Ej(t, M) can be directly obtained by
using the SLLN and Glivenko Cantelli theorem.

Let us denote by {nl, ng, ... ,nNiJ.(M)} the transition times from state ¢ to state j, up to

time M. Note that we have

_ 1 Nij (M)

Fi;(t, M) = 1 :
K NZ](M) ; {X"l St}

For any I € {1,2,..., N;;(M)} we have

E [1{){”13}} = P(X,, <t) = Fy(t).
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(iii)

Since N;;(M) ]\;—S> 00, applying the SLLN to the sequences of i.i.d. random variables
—00

{1{an§k} }16{1,2,...,Nij(M)}’ we have

Nij(M)
- 1 . a.s.
Fat M) = 500 ; Lix,e 5 B[] = Fo .

In order to obtain uniform consistency, from the Glivenko-Cantelli theorem (cf.

[ |) we have
1 «— as.
28, | 2 sy ~ Fo )] 5500
1 ,
Let us define &, := 0r<ntzi>§n ;]1{ X<ty — Fij (t)|. The previous convergence tells us

that &, ——— 0. As N(M) ——— oo, applying Theorem 5.4.2 we obtain En () = 0,
m—00 m—00 Moo

which reads

i~ a.s.,
OISI%%}]{V[ Fii(t, M) — Fj;(t) frand 0.

As the state space E is finite, we take the maximum with respect to i,j € E and the
desired result for E'j (t, M) follows.

From the definition of Q;;(t) and that of @ij(t, M), we obtain that

Qij(t) =P (Jng1 = J, X1 < t| Jp = 1) = pi; (1),
Qij(t, M) = pi (M) Fy;(t, M).

Now, we have

g ey Qe M)~ Q)

= max max | i (M) Fij(t, M) — pij (M) Fi(t)

+ pij (M) Fij(t) — pij Fij(t) |

< max (M + max max
RIS ‘pl] ) ng‘ 1,jEE 0<t<M

Fyj(t, M) — Fy (1)),

and from the consistency of p;;(M) and Ej(k:, M), we have the following result,

max sup ‘Qw (t, M) — Qi;(t )‘ 2250 as M — .
LIEE tejo,M)

For m = 1, the result holds by (iii) in Theorem 3.2.1. For m > 2, we observe that

(m) ~(m—1) (m—1)
max sup ‘QZ (t,M) —Q;; ‘ < max sup ‘Qi- t,M)—Q,;, t ‘
HI€E tejo,M] 7 )= @) wi€E o) ( ) i 0

+ s-max sup ‘QU (t, M) — Qi;(t )‘
LIEE te[0,M]

Thus, the result follows from the principle of mathematical induction. For more details,

see [ |.
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(v) Let consider a constant kg > 0 such that max Z Q(ko)( t) < 1. Based on (iv) in The-
1€
J=

orem 3.2.1, we obtain the uniformly strong cons1stent forallm > 1. Set e = 1 —
max > i1 Q(ko)( t). For all w € €, there exists Ty(w), such that for all M > My(w)

maxiQ( )(t M) < < max Z {Q(ko)(t M) — Qg@)(t)} +
7j=1

1€l <

Moreover, for all m > ko, there exists (¢,7) € N* x N such that m = ¢k + r where
0 <7 < ky and we see that,

maxQ (t,M = maxZQm *an]ko (t, M)

,JEE 7]EE

< maXZQm (t, M) qko)(t M)

1,jEE
Therefore, we have
~ o kol €\q > €\4q
\I/ij(t,M) < qzo ; (1—5) _kog (1—§> < 0.

Thus by the Lebesgue’s dominated convergence theorem, we get
\T/ij(t, M) i) \I/Z'j(t) as M — .

To prove that the estimator of the Markov renewal matrix is uniformly strongly con-
sistent on compact [0, M], for M € R*, observe that ¥;;(¢) is monotone and continuous.
So, for each fixed t and i,j € E, we deduce that the convergence is uniform on [0, M].

Therefore,
a.s.

max Sup ’\Ifm(t M)—V;(t)] —0 as M — oo.

LIEE tefo,M]

(vi) Let us define the matrices A(t) = (I — diag(Q(t) - 1)) and A(t, M) = (I — diag(Q(t, M) - 1))
For any fixed i,j € E, we have
Pij(t, M) = Pyj(t) = (W0, M)« A, M)) (1) = (¥ % A (1)
Accordingly, we obtain the following inequality

max Ssup ﬁij(t, M) — Pij(t)’ < max sup ’(\Tl * g)ij(t, M) — (U « A)ij(t, M))
LIEE tel0,M] LIEE tefo, M)

+ max sup ’(\T/ * A)i(t, M) — (U = A)ij(t)‘
LI€E teo,M]

< max sup ’\I’ij(ta M) — ‘I’ij(t)’
4ICE te[0,M]

+ max sup ‘(@j(t, M) —\I'ij(t)) .diag(@(t,M).n‘
4LI€E ¢e[0,M]

+ max sup ‘diag((@ -Q)- 1)jj(t,M)‘ W45 (M).
4LI€E ¢e[0,M]
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Since W;;(t) is finite (see [ |). Moreover, by (iii) and (v) in Theorem
3.2.1, which establish the uniform strong consistency of the estimators of both the semi-
Markov kernel and the Markov renewal function on the interval [0, M], it follows that both
diag((Q — Q) - 1);;(t, M) and the difference \T/ij (t, M) — W;;(t) converge almost surely to

zero as M — oo. O

Proof of Theorem 3.2.2. For any fixed t € Ry, ¢t < M, we have

(i)

(iii)

Let w1 and w9 be arbitrary constants. To prove the asymptotic joint normality it suffices
to show that
wr M2 [ (M) = pig) + o M2 [ Hi(t, M) — Hi(t)| (5.14)
converges in distribution to a normal random variable for all wy and we. We rewrite Equa-
tion (5.14) as the product of [M/N;(M)] M~1/2 and using Theorem 5.4.2, we consider
that the function f as follows
D=1 i, X)) = {wr [Lgg,2y — pij] +wa [e(t — Xp) — Hi(®)] } Ly =iy
For this function
A =wil,—; [prj — pij| + wol,—; [H,(t) — Hi(t)] =0,
and
B = {w} [prj + p}j — 2prjpis] + w3 [He(t) + HP () — 2H, (t) Hi(t)] } L.

Hence, based on Theorem 5.4.2, we conclude that r; = 0, and the third sum in (5.14) is

zero. Consequently, the asymptotic variance is defined by

S

o? = ZBT 5:’ = wipij [1 — pij] + we Hi(t) [1 — Hy(t)] .

r=1 rr

We have

N(b)
- M
M2 [Qij(tv M) — Qz‘j(t)] = N(M)M_I/Q Z (Lggmjxi<y — Qij(1) Ty =i}
¢ =1

Consider the function

(=1, 4, Xp) = (]l{JFj,XzSt} - Qlj(t)) ]1{J171=i}'

By the Pyke and Schaufele CLT (see Theorem 5.4.2), and since N;(M)/M converges to
1/ (a.s.), we get the desired result.

By the Markov renewal equation, we see that
MY2 |W5(t, M) — \I]ij(t)] = M2 [E’ij(t) — (U 0)i5(t) + (U W)y5(t) — ‘I’ij(t)}
= MY2 [ (1= W)ls(t) + (8 = 1)+ Wis(0)]
= MY (T % QW) (1) + (T 5 @+ W)y (1)
= M1/2[\T/ * AQ * \If]z](t)
= MY2[U 5« AQ * W % AQ * W]y;(t)
+ MY2[0 % AQ % Wy;(t). (5.15)
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Since for all i, k,l,r,v,w € E,

‘ljlr ) : \I’vw(t) < 400,

s<t

sup (Iv’ik('vM)*\I’lr()*lI’vw } [Z /Bz]

we conclude by (iv), that the first term of 5.15 converges in probability to zero as M tends

towards infinity.

The last term can be written as follows:

MY2[® « AQ * ®];;(t)

—M1/2 ZZ ( i ( M) — Q)i * \IJT’J') (t)

=1 r=1
_Ml/QZZ( Zl*QlT’ , )*\I/m) (t)_\/MZZ(\Pll*QZT*\I]T])(t)
r=1 =1r=1
= 1M) ) =1
M1/2 Z Z Nl Z il * ]I{Jn—lzlvjn:szn:'} * \IIT]) (t)
=1 [=1

— (U * Quellyy, gy * ‘I’rj) t)] -

Since N;(M)/M ];—S—> 1/, using Slutsky’s Theorem we obtain that M1/2 | [ ij(t, M) — Wy5(t)
—00

has the same limit in distribution as

N(M) s

M1/2 Z Z Ha Z Wi x L=t Jp=rx0=1 * Urj) (1)

n=1 [=1 r=1
Wi * Qulyg, =) * ¥rj) (t)]

\/7\/72f (Jn—1, I, Xn)

where the random variables f(J,—1, Jn, X;,) are defined by

F(In=1,Jn, Xp) := Z/m Z [(War s Lyy, g = * Vrj) (£)

r=1

— (W * Qulyy, =y * Ury) (k)] -

By Lemma 3.1.2, we deduce that the second term of 5.15 converges in law to a normal

random variable with mean zero and variance Ufj (t).

(iv) Let define AP;; = (PU (t,M) — Pyt )) AQ;j = (Q” (t,M)— Qij(t)), from 3.7, we have

MY2AP; =M1? [\pw s (I — diag(Q1));; — Wij + (I — dmg(Ql))w}
=M (35 = W)+ (1 = diag(Q1));;
—W;;  diag([Q — Q1)
(W~ W) # diag(1Q — Q1) 5] -

(5.16)
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Based on Lemma 2 in | |, vM <\TIU — ij> x diag ([Q — Q]l) N
i
converges in probability to zero as M — oco. Consequently, Ml/QABj (t, M) has the same

limit in distribution as

M1/2 [(ff/w - \I/ij) (I — diag(Q1));; — Uy * diag([Q — Q]l)jy} :

From Theorem 3 in [ |, it has the same limit as
M1/2 [(1 - Z Qjm) * <Z ZB’LTLIC_] * Aan) - \I/ij * (Z AQJ"‘?>]
m=1 n=1 k=1 k=1
=Yy K -> @) ik * AQu| = 3" MWy AQ.
n=1 k=1 m=1 k=1

Let f be a real function defined on E x E x R4 by

f(T, m, :L‘) = [(1 — Z le> * Binkj — q/ijl{nj}] X
=1
X 1{7":71,} (1{m:k,x§t} - an) .
Therefore, MY/2AP;;(t, M) = M'/2W;(t), where

Np,
s s Zf(Jl—lajlaXl)

Wi =33 "

n=1k=1

We obtain the desired findings using Pyke and Schaufele’s ( [1964])

central limit theorem 5.4.2.

O
Proof of Lemma 4.2.1. For all i € F, we have:
(i) From the law of large numbers for Markov chains (cf. | ]), we obtain
Ni(M) as.
NZ((M)) 2>1/Z- as M — oo.

(ii) Hence, the consistency of the estimator is established. The asymptotic normality of the
proposed estimator can be derived using the central limit theorem for Markov chains and

Anscombe’s theorem.

From the above lemma and the boundedness of 7;(M), it also follows that

It is worth noting that if the Markov chain is stationary, i.e., with initial distribution u = v,
then the proposed empirical estimator coincides with the maximum likelihood estimator of the
stationary distribution. Furthermore, the same asymptotic properties hold. For more details,
see | |.

O
Proof of Proposition 4.2.1. We have
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1. The strong consistency of the empirical estimator ji};(M ) has been established (see

[2001]).

2. To demonstrate asymptotic normality, we use the delta method, since the mean recurrence
time in state ¢ € E can be expressed as a function of the stationary distribution in the

same state. Based on puj; = Vi Consequently, we have

VM (15 (M) — piz;) — N (0, 1/4031.) as M — oo,

)

and Proposition 4.2.1 is proven.

Proof of Lemma 4.2.2.

1. For any ¢ € E, we have

§z
5
[l
z
5 —
=z
N
2
Il
(V]
=z

) Ny (M)
O Ny 2 i

where X;;; is the [th sojourn time in state 7 before going to state j. We have that

Nij (M
! JZ)XH == E[Xy.
Nl](M) = J M—o0 J

We get that the estimator m;(M) converges almost surely, as M — oo, to

> puBXy] = Zpij/ tdFi;(t)
jeE jeE 0
o ¢
= > py / —dQi;(t)
jeE 0 Pij
= m;.

Hence, m;(M) is strongly consistent, as M tends to infinity.

2. To prove the normality of the sojourn time estimator, we apply Anscombe’s central limit
Theorem 3.1.2,

N;(M)

1
X —my i>/\/’(0,0'Z-2), as M — oo,
=1

Ni(M) Ni(M) £

where 07 := var(X;1) = [;7(t — my)2dHy(t).

From Lemma 3.1.3, we have for any ¢ € E, N;(M)/M Mg 1/ i3, and hence
—00

NZ(M)
1 D 9
VM § X —my | —=N(0, 0° M —s .

Ni(M) = it = My N(0,07), as

Proof of Theorem 4.2.1.
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1. Using the results of Lemma 4.2.1 and Lemma 4.2.2, we obtain

max[%i(M)—m\ % 0.
i€ER M—o0

2. For any fixed arbitrary state i, we can assume that the initially visited state Jy is i.
Let S;(M) denote the total time spent by the SMP in state ¢ up to time M, without

considering the last censored time up := M — Sy, Le.,
N;(M)
Si(M) =Y Xy =mmi(M)N;(M).
=1

Similarly, let S} (M) denote the total time spent by the SMP in state i up to time M,

considering the last censored time, i.e.,
S;(M) = Si(M) + unmly gy (a)=i.

From Equations (4.7) and (4.12), we obtain

vi(M) _ N; (M) _ N;(M)

SiepVi(M)mi(M) o SN0 xSy |

Consequently, we have

7 (M) = N;(M)m; (M) _ N;(M)m;(M) _ S;(M)
J SN(M) M — uny M—

Furthermore,

) - V[ SO T [Senp
VIR0 ) = V|| var [ BOOPE
— Sj(M) Sj(M) UM
= Vi |20 - ]+ B 0,
Since 5.(0) o
J ~ J a.s, My
M J(M) M Mjoo s < 0Q.
Thus
m[ﬁj(M)_ﬂj]:m[ B _Wj]_m]l“ww)jw 2 var )
Hence, up1y gy (a=j1 < 00 a.s., and therefore %H{JN(M):j} Mg 0.
—00
S5 (M)

By using Slutsky’s theorem, v M [7;(M) — 7] and v M [ 7 — ﬂ'j} have the same limit
in distribution. Finally, by applying Taga’s Theorem 3.1.7, we obtain the desired result.

O
Proof of Theorem 5.2.1. Based on Theorem 7 of [ | (see also

[ |), we have

sup ﬁij(t,M)—Pij(t) a—'s%O, M — oo.
te[0,M]
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According to the inequality

i (s, M) — Pij(s)‘ ds <t sup
s€0,t]

Py(s, M) = Py(s)].
0

Using relation (5.4) and the finiteness of E, the desired result follows.

O
Proof of Theorem 5.2.2. Let I;(t) = fot H j(u)du and li(t,M) = fg Hj(u, M)du. Clearly,
VM@t M) = B(t) = > 3 LIV [ (T W35) (¢, M) = (1 5 W) (1)
i=1 jeE
- NYevalt: 5 5.17
:ZZO@L(]) M [(Ij—lj) * (\Ilij_q/ij) (t) ( )
i=1 jeE
+(I~j —I») £ 0, ) () +1I; % (\Tfij —\I/ij) (t)}
From [1950], the first term on the right-hand side of the first term of (5.17) converges to
zero. Then, VM (®(t, M) — ®(t)) has the same limit in distribution as
s 1 N; (M)
DD wL(OIVM | o > (LG) (X At) = 1)« Tyy) (1)
= N; (M)
i=1 jeU =1
+ (Z D Iw Wy ‘I’rj> * (@kr - Qm) (t)]
k=17r=1
s N;(M)
=Y > wL(GIWVM | M) Yo (Xunt—I)«¥y) (¢)
i=1 jeU =1
Ny (M)
<Z Z I+ Wy \I’m Nk; Z (]l{Jle'r,XlS-} - ri) (t) Lig=ry |
k=1r=1 =1
equivalently,
S S \/M Nk(M)
Z > NeOT) > [Mpgmwpev =y (Xi At = Ip) x Ag) (2)
=17r=1 =1
(Bkr * (]l{Jl+1=T,XLS'} - ri) (t)) ]l{JZZk}] :
Since % — Urk, when M goes to infinity, we can consider the function
F (s T, Xn) = pak A+ (X AE) — Ii) gk ke, g4 =r}
+ bk Brok * (L, =r <) — Qg) (L5213
By the central limit theorem for semi-Markov processes (see | |), applied

to this function, we derive the desired result.
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